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Ilepsriit BapuanT »TOif KHMIM BbILIEJ B CBET OKOJO TPHINATH JIET HA3ajl,
KOIJa UHCJIEHHBIE METOAbl M UX [PUJIOXKEHHH [epexXuBaJn OypHBIl pocT, a
CIIelI1aJINCTDhL B OGJIZLCTI/I THUCJIECHIBIX MCTOOOB 6IJIJII/I BeCbMad. yYBarKa€MbI B 06—
LEeCTBe.

«BLI‘II/IC.HHTQJII/I» CTapoiero IIOKOJIeHn#d, MHOI'ME€ N3 KOTOPLIX, KaK H HI/IKO—
gail Ilerpopuu 2KuKOB, yiKe yULIM W3 JKU3HU, BHECIH HEOIEHUMBIA BKJIAJL
B Pa3BUTHE HAYIHOrO W ITPOMBIIIEHHOIO IIOTEHI[HAJI HAIed CTPaHbl, B pa3-
BUTHE €ee O0DOPOHOCIIOCOOHOCTH.

B cBasu ¢ o0menocTynHOCTHIO BBHIMHCIHTENLHON TEXHUKH HACTOMAIIEE Bpe-
MsI XapPAKTEPHO CHUXXKEHUEM WHTEJUIEKTYAJILHOINO YPOBHS 33Ja4, TPeOYIOIHX
BHUMAHHS MAaTEMAaTHKOB, B YACTHOCTH CIEIHAJIHUCTOB B OOJACTH YHMCIEHHBIX
METOJIOB.

OHAKO MBI COXPAHUIM OOIIMH TEOPETHYECKHH HACTPONH KHUIHM, UCXOAA W3
CIeAYIONIUX COOOparkeHuii.

Teopust IHUCIEHHBIX METOIOB, OMHAXKIBI BO3ZHHUKHYB, PA3BHBAETCSI IO CBOUM
BHYTDEHHHM 3aKOHaM TaK JK€, KaK H Jpyrue (QyHIaMeHTAJIbHBIC Pa3IeiIbl
MaTEeMaTHUKU.

CrenuayucTel B OOJIACTH TEOPHM YHCJIEHHBIX METONOB W IPAKTHKH HX
OpUMeHeHHs OyJlyT HEMHHYEeMO BOCTpPeOOBAHLI B HPOIECCE PA3BUTHS [TPOMBI-
IJIEHHOCTH H HaYKH.

Cumxenve oOueill MaTeMaTHIECKOH 0Opa30BAHHOCTM U OOIIEIOCTYIHOCTD
BBIUHCJINTEJILHON TEeXHUKHU [eJIAIOT HEeOOXOIMMBIM CO3JaHHE KOMILIEKCOB IPO-
rpaMM, JOIYCKAIOIIMX WX HCIIOJb30BAHME HCCIEIOBATENSIMH HEBLICOKOH MaTe-
MaTH4YeCcKOi Kpayimdukauuu. Pa3paboTka TaKUX KOMIIJIEKCOB HEBO3MOXKHA 0Oe3
JAJbHEeHIIero pa3BUTHSA TEOPHUU YHUCIEHHBIX METOMOB.

Aproprr npusnarenbunl O.B. Apymanany, C.®.3anerkuny, B.U. JleGe-
Aesy u E.B. YmKoHKOBY 3a psij MOJIE3HBIX 3aMedanuil, a Ttakke H.II. Ba-
Jenunckoit, u ocobernno C.I. Kobenskory u B.M. CraposepoBy 3a Gonbuiyio
OOMOIIL B O(OPMJIEHAN OPUTHHAJI-MAKETa KHUIH.
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Tlonsitaerca onpemesnTs MeCTO TEOPHH UHMCIEHHBIX METOIOB B CHCTEME JpPY-
rux obJacTell 3HAHMI H pAaccKa3aTh O IpobiieMaX, BO3HHKAIOIIUX B CBS3H C
ee TpPUMEHEHHEM, MpEeXJe UeM TEepeXOJUuTh K HEeNOCPeNCTBEHHOMY €€ H3JIO0-
KEHHUIO.

MareMaTuKa KaK HayKa BO3HHKJIA B CBA3U C HEOOXOOMMOCTBHIO PEIUEHHS
MPAKTHYECKUX 330349 HIMEPEHWH HA MECTHOCTH, HABHITAIMH W T.1. Beuen-
CTBHE 3TOr0 MATEMATHKA ObLIa THCJIEHHON MATEMATHKOH, €€ MEeJNbH) SBJIAIOCH
[IOJIYUEHHWE DeEIIeHHs] B BHJE UHCJIA.

YuciieHHoe pelieHne TPHUKJIAIHBIX 33148 BCEr/a HHTEPECOBAJIO MAaTeMAaTH-
KoB. Kpymueiimmne mpejcTaBUTeJ M IPOLIIOrO COUETAJH B CBOUX HCCICIOBAHH-
9X H3y4YEHHE SIBJCHUH NPHUPOILI, IOJYUEHHEe HX MATEMATHUECKOTO OIIUCAHUSA,
KaK HHOTJA TOBOPAT, MATEMATHIECCKOH MOMEIH SIBJIEHHS, U €ro HCCIe0Ba-
Hve. AHAJIH3 YUIOKHEHHLIX Momesieil moTpeboBa CO3/AHUS CIEHMUANLHBIX, KaK
MPAaBWJIO YMCIEHHBIX WM ACHUMIITOTHYECKHX METOJOB pelleHus 3agad. Hazsa-
HUS HEKOTOPBhIX M3 TaKHX MEeTOJ0B — Meronbl HprooTona, Diiiepa, Jlobauescko-
ro, laycca, Yebrimena, Ipmura, KpLLioBa — CBUAETEIBCTBYIOT O TOM, UITO HX
pa3pabOTKON 3aHUMAJHCh KPYIHEHIIHE yUeHLIE CBOEr0 BPEMEHH.

Hacrosiimee Bpems XapaKTepHO Pe3KHM PacCHIMDEHHEM PHJIOKEHHH MaTe-
MAaTHKH, BO MHOIOM CBH3aHHBIM C CO3JAHHUEM ¥ PA3BUTHEM CPEACTB BBIYH-
CJINTESIbHOR TexHUKH. B pesysiprare nossienus IBM (3/eKTpOHHO-BBIYKCIH-
TEJBHBIX MAIUUH HJIM, KAK YacTO TOBOPAT, KOMIBIOTEPOB) € IIPOrPAMMHDIM
yIIPDaBJIeHHEM MeHee 4YeM 33 MAThIECAT JIET CKOPOCTb BBIIOJIHEHWs apHpMe-
THYIECKUX onepaiit Bo3pociaa or 0,1 omepamuy B CEKYHAY NPH PYIHOM CUe-
te so 10'? omepammit Ha coBpeMeHHBIX cepuitHEIX DBM, T.e. mpmMepHO B
10*3 pas.

Pocr BozMokHOCTEHl B CBA3M € CO3TAHHEM BBIYUCIUTEIBLHON TeXHHKH HO-
CHT KadeCTBEHHBI XapaKTep M HHOILA CDABHHBAETCH C MPOMBIIIJIEHHOH DEBO-
Jrorueil, BBI3BAHHON u300peTeHMeM MApOBOM MAINMHBI. YMECTHO BCIIOMHHUTH,
YTO B HMTOr€ IPOMBIIUIEHHON DEBOIOIAN U TMOCHEAYIONIEro Ha MPOTAKEHUN
JIBYX BEKOB Da3BHUTHA HAYKH M TEXHUKH CKODOCThH MEPEIBHIKEHHsS BO3DOCIA
oT ckopoctu memexoga 6 KMm/u Jo ckopoctu kocmoHabTa 30000 m/4, T.e.
B 5000 pas.

Pacnpocrpanernoe MHEHHE O BCEMOryYIECTBE coppemenHbix 9BM  wacro
TMOPOXKJAeT BIEYATIIEHHe, UTO MATEMATHUKH H30ABHJIMCHL IIOUYTH OT BCEX XJIO-
IIOT, CBA3AHHBIX C YHCIEHHBIM DEIleHHeM 33Jad, ¥ pa3paboTKa HOBBEIX METO-
JOB OJid MX PelIeHHs] yXe He CTONbL CyIIecTBeHHa. B jgelcTBHTENBHOCTH Je-
710 0OCTOMT MHAaYe, HOCKONBLKY TMOTPEGHOCTH 3BOMIOLAM, KaK IIPABHIIO, CTABAT
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Hepen HayKOM 3aJadd, HAXOAALMECS Ha I'DAHH ee BO3MOXHocTel. Pacmm-
peHHe BO3MOXKHOCTEH IPHJIOXKEHHUS MATEMATHKU OOYCIOBHJIO MAaTEMATH3AIUIO
XHUMWH, SKOHOMHUKH, OGHOJIOrMH, reosorud, reorpaduu, IICHXOJOTHH, SKOJIOTHH,
METeOpOJIOrMH, MEIUIMHBI, KOHKPETHBIX pa3fesioB TexHuku u gp. CyTp Ma-
TeMaTH3aI[Ml COCTOUT B [OCTPOEHMHM MATEMATHYECKMX MoAesel IPOIEeCCOoB H
ABJIeHU# W B pa3paboTKe METOIOB WX HCCJIEIOBAHUS.

B ¢dusuke wim MexXaHHKe, HalpUMeEp, [OCTPOCHHE MaTEeMaTHYEeCKHX MOJe-
JIefl IJIs ONHCAHWS PA3JMYHLIX SBJEHHH M W3YUEeHHe 3THX MOJeJeH ¢ Ienblo
00bACHEHHA CTAPBIX WIJM MPENCKA3aHUS HOBBIX 3(P¢EKTOB SBJISAIOTCA TPaJH-
[IMOHHLIMH.

Ongako B 1esoM paboTa B 3TOM HANPABJIEHHH 3349aCTYI0 NPOABHTAIACH
OTHOCHTENBbHO MEIJIEHHO, MOCKONLKY ODBIYHO HE YJABAJIOCH MOJYYUHUTH pelle-
HUE BO3HHMKAIOIIMX MATEMATHYIECKHX 3331 U [PHXOAUJIOCH OIDAHWYUBATHCH
paccMoTpeHneM Tpocreimux mozaeneit. Ilpumenenne 9BM u pacmmperue Ma-
TEMATHIECKOTO OOPAa30BAHUS PE3KO YBEIUIUIO BO3MOXKHOCTH IIOCTPOCHHA H
HCCJICIOBAHMSA MATEeMATHUYECKHX Mojeneit. Bece vame pesyabTaTsl pacdeToB ITO-
3BOJIAIOT OOHADPYXKMBATHL M IMpPEACKA3LIBATL paHee HHUKOrAA He HaBJIOmaBIIHECs
ABJICHUS; 3TO JAeT OCHOBAHHS TOBOPUTH O MATEMATHYECKOM IKCIEPHMEHTE.
B mHekoTOphIX HCCIEOBAHUSX MOBEpPHE K pe3yJbTaTaM YHCIEHHBIX PaciIeTOB
TAK BEJIMKO, YTO IIPH PACXOXKIECHHM MEXJy PpPe3yJbTaTaMH pacdeTOB M 3IKC-
[IEPHMEHTOB B IIEPBYIO OYEpPEAb HULYT HOrPEIIHOCTh B Pe3yibTaTax 3KCIEepH-
MEHTOB.

CoBpeMeHHBIE YCIIEXH B peNICHHM TAKWX, Halpumep, npobjgeM Kak aTOM-
Hble M KOCMHUYECKHE BpsAHA Ju ObLiu Obl BO3MOXHEI 6e3 mpumenenuss 9BM u
IUCJIEHHBIX METO/OB.

TpeboBaHHe YHCIEHHOIO pEIIeHHs] HOBBIX 3334 MPUBEJIO K IOIBIIEHHUIO
00ILIIOr0 KOJAHUYUEeCTBA HOBBIX MeTOAOB. Hapsaiay ¢ 3TuM mociieqHue NOJIBEKA
[IPOMCXOAWIO HHTEHCHUBHOE TEOPETHYECKOE NEPEOCMBICIMBAHME H CTAphIX Me-
TOJIOB, 4 TAKX€ CHUCTEMATH3AIMd BCEX METOMOB. JTH TEOPETHYECKHE HCCIe-
JOBAaHUS OKA3bIBAIOT OOJBILIYI0 MOMOIIs NP PEIIEHHH KOHKPETHBIX 33134 M
HI'PAIOT CYIIECTBEHHYIO DOJNb B HADNIOMAeMOM cefvac IIHPOKOM PaCIpOCTpa-
HeHun cdepsl npunoxenuit IBM u MmaremaTuru Boobime.

Kak yxe orMedanoch, ¢ moOMoOIbIo coBpeMeHHbIX DBM ymamoch ycnemrno
PeMUTh P BaXXHBIX HAYYHO-TEXHHYECKHX 33aJa4Y. Y HEMOCBAIIEHHOIO YeJo-
BEKa MOXET BO3ZHHKHYTH IIPEBPATHOE BIIEYATJIEHHWE, YTO YCIIEXH B NPUMEHEHUH
OBM o06yciioBieHbl TONBKO NOBBILIEHAEM HX ObICTpomeiicTBHA. PeasbHO Iei1o
00CTOMT HHAYE U CJIOXKHEE.

ITpaBusnbHee Gymer cKazaTh, 4TO JOCTHXEHHMS B 0OBJACTH HCIOML3OBAHHS
9BM ofycnoBnensl codeTaHHeM pAfa CyIMIECTBEHHLIX (aKTOPOB, 6e3 Ipomop-
LHMOHAJIbHOTO Pa3BUTHHA KOTOPBIX OHM Obutm 6B MHOrO CKpOMHeE:

1) yBenmuenwme 6victpomeiicteus DBM, pacvpense NOaMsaTH, COBEPIICH-
CTBOBaHMe CTPYKTypbl O9BM, HeykiomHOe CHEMXKeHME CTOMMOCTH apudMeTH-
YECKOH Olepaly W eNVHMIBI ITaMSTH;

2) paspaboTKa NMpPOrpPaMMHBIX Cpe/icTB obmreHuss ¢ DBM, Bkiouamomas co-
34aHHE ONEPANKMOHHBIX CHCTEM, S3HIKOB MPOrPAMMHUDOBaHHH, OGHGIMOTEK M Ia-



10 Bsenenne

KETOB CTAaHAAPTHBIX HNPOTPAMM, CHHXKeHHe TpeDoBaHuili (B ¢aydae IePCOHAIb-
Hplx 9BM) Kk MareMaTwuyeckodl M TPOIrPAMMHCTCKOM KYyJIBTYpe;

3) pocT nmoMMMAHMA TPOUECCOB W SABJICHUH HAYKH, TEXHHKHW, TPHPOALL N
obrrecTBa M CO3JAHME MX MATEMATHUIECKHX MOoJleJiell;

4) COBEPIIEHCTBOBAHME METOJIOB PEINEHUs TPAJUIMOHHBIX MATEMATHUYECKHAX
¥ IPUKIQJHLIX 3339 B CO3MaHWEe METONOB DENICHHA HOBLIX 334,

5) pocT noHMMaHMST BO3IMOXHOCTEH mnpumenenusi DBM cpenut wmpoknx
c1oeB OOIIECTBA; PACIPOCTPDAHEHHE TaK HA3BIBAEMOM KOMIBIOTEPHOH IPAMOT-
HOCTH; KOODAHMHALMS YCHJIMH CIENUATHCTOB PA3HOIO TPO(MHII 1O HCIONL30-
BAHHMIO BBIYHMCIUTEIBHON TEXHUKH.

Jocruxenus, nepedncjieHuble B NN. 3), 5), NO3BOJAIOT OTBETHTH HA BO-
poc, Kakue 3aJadd CJeayerT pemnars ¢ noMompbio IBM, u oprammzoBarh ux
pemenne, B mn. 2), 4) —kak X pewars, W B Oi. 1), 2) — paior miud 3TOro
TEXHUIECKHE W TPOTPAMMHBIC CPEICTBA.

IIpocMoTp METOHOB PElIeHUs] CHOKHLIX NPHKJIAJIHBIX 33429 IOKA3LIBAET,
9T0, KaK npaBwiIo, 3pdeKrT, HOCTHUraeMblil 3a CUET COBEpPUIEHCTBOBAHHS ‘M-
CITEHHDLIX METOIOB, MO HOPSIKY CPaBHAM ¢ 3(BQEKTOM, AOCTHIAMLIM 33 CUeT
HoBbIIIeHUsT NpousBoauTensHocT IBM. Tpynao chopMyanpoBars KpHTEPHI,
10 KOTOPOMY MOXHO OBLIO OBl OUEHHMBATH 3(M@PEKT NPUMEHEHUs] HOBBIX ‘TH-
CIIGHHBIX METONOB, W €Ie TPYMHEE OATh €r0 [OCTOBEPHYK KOJHIECTBEHIIYIO
onenky. Bce ke, ecin cka3aTh, 9T0 3P(PEKT OT IPUMEHEHHS HOBBIX UHCIIEH-
HBbIX MeTOHOB (npu 13mMepeHun 3QrpexTa B JorapudMUIECKON IIKaIe) IPH pe-
NEHHY TPUKIAIHBIX ECTECTBEHHOHAYYHLIX 3ajau gaer 40% obmero sddekra,
JOCTHTAEMOro 33 C4YeT IIPHMEeHEeHHUS] HOBOM BBITHCIMTENBHON TEXHHKH U HOBBIX
UMCIEHHBIX MCTONOB, TO 9Ta OUECHKA He OyleT 3aBbIIIeHHOH.

Paccmorpum npuMep, WILTIOCTPUPYIOIIAR 3TO yTBEpXKAeHnue. Pemenne nud-
(bepeHnMANBEHBIX YpAaBHEHMHA B YUACTHLIX IIPOMU3BOAHLIX CBOJUTCS K PEIIEHHIO
CHUCTEM JIMHEHHBIX aJireDpantuecKux yDaBHEHMH ¢ MaTpUIled, B KaXXJoid CcTpo-
Ke KoTopoii mMmeercsa 5-10 menynesbix sneMenToB. HakanyHe nosisienuns 9BM
TaKHEe CHCTEMBI YDABHEHH{ pEUIaM B CJIYYAE UMNCJI3 HEUIBECTHBIX TIOPSIKa
10— 10%; cefivac HEPEJKH CIydad, KOIJA PEIUAIOTCsS CACTEMBI ¢ HCJIOM HEH3-
BecTHBIX Topsaaka 10°-10°. B runoreTwmueckoM ciiydae pelIeHHsl 3THX 3a/at
Ha coBpeMeHHBIX IBM MeTomamu, W3BECTHEIMM TPHAUATHL JeT Ha3al, IIPH-
LIJTOCh OBl OTPAHHYATHCA CHCTEMAMH YPABHEHHH € YHCIOM HEM3BECTHDLIX II0-
panxa 10°-10* (npu Tex ke sarTparax Bpemenn I9BM). Koseunocrs ckopocrn
pacnpocrpanerns cuarsaja — 300000 kM/c—craBuT yXkKe cef¥ac CyIECTBEH-
HOC OUDAHHUYMEHHE HA BO3IMOXKHBIA POCT OBICTPOIERCTBHS OAHONPOLECCOPHBIX
9BM, mosroMy 3HaveHHE NATHHEHRIIEr0 Pa3BHTHA TEOPUM HHCJICHHBIX METONORB
TPYZAHO TEPEONEHATH. B YaCTHOCTH, cTaHOBUTCH Bce Dojiee AKTYyaNnbHOH Mmpo-
6ieMa pa3paboTKU IHCIEHHBIX METOJIOB ¥ IIPOrPAMMHUBIX CPEACTB ST MHO-
ronponeccopuerx IJBM.

BricTpoe NpOHMKHOBEHME MATEeMATHUKH BO MHOrMe O(JIACTM 3HAHHMA, B YACT-
HOCTH, OOBSCHAETCS TE€M, YTO MATEMATHYECKHE MOJENHM H METOIbI MX HCCIIe-
JOBaHHUSA MPUMEHMMBI CPa3y KO MHOTHM SIBJIEHHSM, CXOIHBIM IIO cBOed ¢op-
MaJIbHOH CTPYKType. JacTo MaTeMaTHuyecKas MOJEJb, ONHCHLIBAIOUAS KAKOE-
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aubo sBJeHHE, IOABJSIETCS IIPW M3y<YeHHH JPYCHX sBJeHUN mim npu ab-
CTPAKTHBIX MATEMATHUYECKHMX INOCTPOCHHAX 3aJ0Jr0 JO KOHKPETHOTO PAacCMO-
TpeHMs JAHHOIO sIBJeHHS. B YacTHOCTHM, M B TEOPHH YHCICHHBIX METOJIOB,
TaK XKe KaK B <«UHCTOH» MaTeMATHKe, Iojle3Ha palpaborka obmmx mnocTpoe-
muit. OMHAKO €CThL PA3HHIA B MOJAXOJAE «IHCTOrO» M «IIPHKJIAJIHOIO» MaTeMa-
THKa K peumieHuio Kakod-iubo mpobinembl. Ha a3bike mepsoro momaTHe <«pe-
ITHATH 3a/Ja9y» O3HAUAeT JOKA3aTh CYIIECTBOBAHHME DPEIIEHHS H NPEIJIOKUTH
npounece, cxoidummiics K pemreruio. CaMu 1o cebe 3TH Ppe3yJIbTAThl NOJIE3HEBI
sl TIPUKJIAJHUKA, HO, KPOME 3TOro, €My HYXKHO, 4TOOLI IIpOLecC IIOJIyte-
Hust OpubinmXkeHus He TpeboBas OONLITHX 3aTpaT, HAUPUMED BpeMEHH MJIU
maMaru IBM. Emy BaXHO He TONBKO TO, ITO IIPOLECC CXOAUTCS, HO H TO,
KaK ObIcTpo OH cxomurcd. llpu 4MCIEHHOM pemieHdr 3aJa9 BO3HUKAIOT TaK-
e HOBbIE BOIIPOCHI, CBSI3AHHBLIE C YCTONIHBOCTHIO PE3yJIbTATd OTHOCHTEILHO
BO3MYIICHMN MCXONHLIX JAHHBIX W OKDYTJIEHHH ITPH BLIYUCIICHUSX.

Hapsimy ¢ Teopueil InCIEeHHBIX METOJOB LepHoj, OYpHOTO PAa3BUTHA Iepe-
JKHBAET M Psji APYyruX pasjiesioB MATEMATHKH, HETOCPEACTBEHHO 00I3aHHBIX
9BM c¢BoMM BO3HMKHOBeHHEM. llpuMeHenue dqmucjieHHBIX MeToq0B 1 9BM K
PeIIeHNI0 eCTECTBEHHOHAYUHBIX 33Jad OKA3BIBAET BJHSHUE M HA TPAJUIMOH-
HbIE pa3jiefibl MATEeMATHKHU.

MareMaTnKa BO3HHMKJIA H Pa3BHBAETCA KAK YACTH €CTECTBO3HAHUSA, W JOJ-
roe BpeMs €€ PasBHTHE CYIIEeCTBEHHBbIM 0Opa30oM OIpenessyioch NOTPeOHOCTS-
MH HuUHKE B MexXaHHKU. TpeboBanue MaTeMaTH3AIUd HOBBLIX DPA3JIEJ0B Hay-
KM HeH36eKHO UPHBOJUT K OODPATHOMY BJIMAHHIO ITHX PA3JENIOB HA PA3BUTHE
MATEMATHKHA KM JOJDKHO CYIIECTBEHHO HM3MEHUTDL JIMIO CaMOH MAaTEMATHKH.

PaspuTre KaK TEOPETHYECKHX, TAK U TPHKJIJIHBIX PA3IEI0B MATEMATHKH
B KOHEUYHOM CUEeTe OIPEAEsIeTcs MOTpebHOCTIMH ObIIecTBA H €ro MaTepHallb-
HBIM BKJIAJOM B pPa3BUTHE HAYKH, B 4YacTHOCTH B obpasoanume. Heckoiabko
JECATHICTHI HA3a] OTHONIEHUE BJIOXKEHWUH B HAyKy K ODIIMM BIIOXKEHHSAM B
HAPOJHOE XO3dHCTBO COCTaBAAa0 gonu npouenta. Celfuac B WHAYCTPHAIILIIO
Pa3BHTHIX CTPAHAX 3TO OTHOIIEHHE HACTOIBKO BEJIMKO, YTO €ro jAalibHeHImmi
CYUIECTBEHHBIM POCT HEBO3MOXKeH. [J03TOMY NPOUCXOMUT IEpPEepacipele/cHue
BJOXKEHHN B Pa3jWYHble HAIPABJICHHA HAYKH. IDTO OOYCIIABIMUBAET CUIE OHUH
KaHaJl BJIASHUS NPUKJIAAHOM CTOPOHB MATEMATHKH HA PA3BHUTHE €€ Teope-
TUYECKHX pa3fenoB. lIpukiajHble HCCIEOBAHMS KMMEIOT HENOCPEeJICTBEHHYIO
OTIAMy; 9TO YCUJHMBAET NOBEpPHE OOIIECTBA K MaTEMaTHKE, PACHIHNPSIET IMIOHHU-
MaHHe ee mpobjieM ¥ KaK CJIeJCTBHE CHOCOGCTBYET YBEIWYUEHUIO BIOXKEHHS
CPEICTB € LENbI0 ee Pa3BHUTHS.

IIpu peansHOit paGore B 06/MACTH NPUIIOXKEHHH MaTeMAaTUKH BO3HUKAET
GonMpIIoe KOMHYECTBO OCIOXKHEHUMH CaMOTO DPa3lHYHOTO, 3aMACTYI0 HEMaTeMa-
THYECKOTO XapaKTepa.

Xorda TpYAHO HameATbCsA, YTO KaKHe-J60 TeOpeTHYECKHe HPABOYYEHHS MO-
TYT 3aMEHMTh COGCTBEHHBINH OIBIT paBOTHI, HONBITAEMCS OBDATHTH BHHMAHHE
Ha HEKOTODHIE BOIPOCH OOIMEro XapakTepa, BaXKHbiE Jiasd paborel B obmacTu
TIPHIOXKEHUA MarTeMaTHKH. lIpoBoIuMMas HHIXKe CHCTEMATH3AUUS 3THX BOIPO-
COB ABJIAETCA AOBOJIBHO CIYYaWHOH, yCJIOBHOM; IO-BHIMMOMY, MOXKHO IIDPEIJIO-
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JKHUTb €5lle JoOpbIil Jecarok momobHbIx KiaccuduKanui, MMelomax He MEHb-
ee NMpaBo Ha CYIECTBOBAHUE.

1. IlepsocTeneHHOE 3HAYEHHWE WMeeT BhIOOp HampaBieHHsa ucciienoanus. Cso-
600a BbIOOpa OOLIYHO JOBOJHPHO HEBEIWKA, TaK KAK OCHOBHBIE KOHTYDHI Ha~
UPABIIEHUA WUCCIEIOBAHUAS OOBITTHO 33JAI0TCA <«U3BHE>.

Ilpu BeiGOpe HampaBsieHHs HCCIEAOBAHAA B IIpeJesiaX MMEIOIIUXCH BO3-
MOXKHOCTEH II0JIE3HO HMMETh B BHJIY CJEIYIOLIEE <«IIPABHJIO TPEX dYacTei», II0
CBOEMY BHEImIHeMY BUIYy I[IOXoxkee Ha IyTKy. [Ipobnembr nenarca ma: [-—
gerkue, [I— Tpynusie, III —ovens tTpynueie. Ilpobnemamu I 3anuMarbca He
CTOHT, oHH OynyT pemeHbl B xoiue cobpiTuii m Ge3 Ballero BMelnaTeshCTBA,
mpobaemer 111 Bpax siv ypacTcs DPelIMTh B HACTOSINEE BPEMdA, IIO3TOMY CTOMT
obpatuThea K npobiemam IL

2. Hyxno ymers chopMyaupoBaTh HA S3bIKE MATEMATHKU KOHKDETHBIE 3a-
Jaayr (PU3MKK, MEXAaHWKHW, SKOHOMMKH, HHXKEHEDHBIE 3aJatH U T.M., T.e. IO0-
CTPOATH MATEMATHUYECKYI0 MOJIEIb DACCMATPHBACMOTO SIBJICHUL.

B Teopermueckoit mayke WMCCIIEOBATENH, YMEIOIIUN NPABUIBHO (DOPMYJIH-
poBaTh, KaK IOBOPAT, CTABHTH HOBBIE 33J(aY#, KaK NPABUIIO UEHUTCA BLIIIE,
YeM HCCIENOBATENb, YMEIOIMUA pemarh KeM-TO IIOCTABJEHHBbIE 3amaun. Kme
foslee BO3pacTaeT POJL TAKUX YUEHBIX B IIPUKJIAIHOH HAYKe.

Haunnaromuit paboTy MareMaTHK 4YaCTO KAJLYETCS HA TPYAHOCTH KOHTAK-
TOB C IPEOCTABUTENSAMH APYTUX HAYK, KOTOPBIE «IaXKe» He MOrYT chopmyJiu-
poOBaTh CTOAINUX 1epen HUMH 33aad. IlpaBumbHoe (pOpMynaupoBaNHe 331394 —
3T0 HayvyHasa npobiema, He MeHee CJIOXKHAs, YeM CaMO pelleHWe 33aa4d, U
He HYXHO HAJEATHCs, YTO KTO-TO JPYIOH IENMKOM CHeaeT 3TO 3a Bac. llpwu
MOCTAHOBKE HpOBJIEMBbI EPBOCTENEHHOEe BHHMAHKE JOJKHO OBITH yJeJIeHO BbI-
SICHEHHIO UEIM HCCICNOBAHHUsI; NPUHUMAEMAas MATEMATHJIECKAs MOJENTh dBJe-
HHSA HE eCTh 4TO-TO OJHO3HAUHOE, PA3 HABCEr[a CBI3AHHOE C 3THUM SIBJIEHHUEM,
a 3aBHUCHT OT ULEeNH HCcienoBanusi. llpexjae ueM BbIMUCHIBATL AupdepeHiin-
aJbHBIC YDaBHEHUs!, BLIOMDATH MeToJ peirenusa U obpamarnca K 9BM, crour
AOOyMaTh, a He OyayTr nn Geciione3Hbl Bce pe3ysibTaThl BbluucaeHuii? B To xe
BpeMsi HAaJ[0 BOCIIPHHUMATH KaK JOJIKHOE, UTO GONbIIasg 4YacTh PEe3YJbTATOR
BRIYUCJIEHNH Oyner BuibporneHa cpaly ke mocjie uX noaydeHHs. emo B ToM,
UTO NpPOM3BOAMMAs PaboOTa 3a9aCTyi0 HOCHT HCCHAENOBATENBCKAN XapaxTep H
TPY/IHO 3apaHee TIPeACKa3aTh, 9TO H B Kako# (opme crenyer molayvmrh, Ha
KaKOM IIyTH HY>KHO HCKaThL YHIEHHOe DelleHue 3anauu. Llens mcorenoBanug
U omucaHdAe NpobiaeMbl OOBIYHO YTOUHSIIOTCS B MPOIECCE KOHTAKTOB IPEICTa-
BUTeJIell KOHKDETHBIX HAyK MJIH PYKOBOICTBA OPraHu3aiuil (3aKa3dUKOB) U
MaTeMaTHKOB (McCiiefoBaTes el WM HCIOMHUTENEH ).

3. VYcmex B upHKIaAHON HayKe TpebyeT HMIMPOKOH MaTeMaTHYecKOH IIOAroToB-
KH, IIOCKOJIbKY TOJIbKO TaKasd IIOJTOTOBKA MOXeT obecr#4uTh mnpucrocobise-
MOCTL K HEIIPEDPBLIBHO MEHAIOIMMMCH THIAM 33134, UPEIbABISEMBbIX K pelre-
amo. OfHON M3 NpUYMH HEOOXOIMMOCTHM W3ydeHHWS Ha TEPBBIH B3ruan «becmo-
JIE3HBIX» JJIs NPAKTHKKA PAa3/JeNOB MATEMATHKM #ABJISETCH JJHOCTHXKeHue Golee
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YBEDEHHOIO H BoJtee CBO60,ILHOI‘O BJIAIEHHST <«HYXHBIMU» pa3dejlaMu MaTema-
THUKH.

HprI ODOCTPOECHHUHU M aHaJNU3€ MATCMATHYICCKHX X\IO,ILeHeﬁ IIPDUBBIYKA MaTe-
MAaTHKa <«JOKAIIbLIBATHCA N0 KOHIA», IOABEPraTh BCE€ COMHEHHIO, O6yCJIOBJIeH-
Hadg €ero CTpOoruM MaTeMaTHICCKUM o6pa,3013aHHeM, JaCTO HE MEHee BaXHa,
ueM HHTYHIUA W COO6pa)KeHI/I$I 3paBOr'0 CMBICIA. Tunuunoe AJIsT ICJIOBEKa C
MAaTEMATHICCKUM 06pa3013aHHeM CTpeMJieHHue K O6IHHOCTH OXBaTa Pa3JHIHBIX
ABJIEHUA YaCTO IIOMOraeT BBLICJIATDH Haunbosee CYUICCTBCHHBIC “I€PTHI ABJICHUA
u OT6pOCI/ITI> BTOPOCTECIICHHBIEC.

4. He cnemyer ayMmarh, 9UTO COBEpPIIEHHOE 3HAHHE MATEMATHKH, YHCJICHHBIX
METOIOB M HaBblkh paborbl ¢ DBM mossossiorT cpa3dy pemurts J1i00yio mpu-
KJIQJHYI0 MaTEMATUYECKYIO 3amady. Bo MHOrumx ciydaax Tpebyercd «IOBOJI-
Ka» METOIOB, MpHUCMocobiIeHre MX K PeleHuI0 KOHKpeTHBIX 3amad. Ilpm srom
TUNMUYHa OOCTAHOBKA, KOIJIA HCIONB3YIOTCS METOMBI, TPUMEHEeHHe KOTODBIX Te-
OpPETHUYECKH He OODOCHOBAHO, HJIH TEOPETHUECKHE OIEHKH IIOIDEHIHOCTH HH-
CJICHHOTO METO[A HENpHeMJEMbl JJId HPAKTHIECKOr0 WCIOIB30BAHUA BCIE-
CTBHE HX TPOMO3JIKOCTH; HpH BhIBOpe MeToNa pelleHHd 33Ja49d H aHaJIu3e
PE3YJABTATOB MPUXOJUTCA IOMATATHCS HA ONBIT MPEIIIECTBYIONIETO DPEINICHUS
34734, HA HHTYUIHMK) W CPABHEHHE C AKCIHEPHUMEHTOM M IPH 3TOM IIPHXOJHUT-
€ OTBEYATH 33 JIOCTOBEPHOCTH pe3yJibrara. llodToMy s ycmexa B pabo-
Te HeOOXOMUMBI Pa3BUTOe HedOPMAaJbHOE MBIILICHUE, YMEHHE PACcCyXKIATh IIO
AHAJIOTHHM, [AIONINE OCHOBAHHMSA PYYIATBCI 38 HOCTOBEPHOCTH DpE3YJILTATA TaM,
rge C MO3WIMI JOTMKH ¥ MaTeMaTHKH, BOOOIIE TOBOPS, PYYaTbCsl HEIb3s.

B paccmarpuBaeMoM BOIIpOCEe €CTh U jApyras cropoHa. Ilpu wuciennom pe-
IIEHUH KOHKPETHBIX TPYJAHBIX 3373, BOZHHUKAIONUX B JPYyTHX oOIACTAX 3HA-
HU#, MATEMATHK [eHCTBYyeT KAaK €CTECTBOHCIBLITATEJNb, MOJATAsICh BO MHOTOM
JIMIIL, Ha ONBIT K «IpaBaononobHsies paccyxienwusa. Kpaiine KejaTeslbHO,
9T0OBI TaKasg IMIUPHUECKAS paboTa MOAKPEIUISIACh TEOPETHYIECKHUMH pa3pa-
BoTKAMH METOJIOB, AKKYPATHOM NPOBEPKON KateCcTBa METOAOB HA KOHTPOJIb-
HBIX 33J1a9aX C HM3BECTHLIM DEIIeHuEM WM YACTHBIM CPAaBHEHHEM C IKCHEPH-
MenTtoM. llpu AJUTEBEHOM NOPOABHIKEHHH B KaKOM-TO HAIIpaBieHHH 0e3 Ta-
KOTO MOJKPEIJICHUSI MOMKET TepAThCAd IEepCIeKTHBa pabOTHI, YBEPEHHOCTH B
OPAaBUJILHOCTH IIOJYYAEMbIX DPE3YyJbTaTOB. M3BecTHOE BBICKA3SBIBAHHE, UTO XO-
pOIINii TEOPEeTHK MOXKET MCTOJKOBAThH B JKEJAEMOM HAIPABJIEHUH JIOObIE pe-
3yJBTATHl KAK DPACUETOB, TAK M IKCIEPHMEHTA, CONEPXKHUT OONMBIUIYI0 JOIIO HC-
TUHBL.

5. Ilocne 3aBepuieHMs pacdyeToOB HACTYMaeT 3TANl HCIOIB30BAHHS PE3YJIBTATOB
BBIYHUCICHHA B INIPAKTHYIECKON MAedATeNbHOCTH, WM, KaK YacTO TOBOPAT, JTAll
BHeJIpeHUd pe3ynbraToB. [IpaBuibHee OyneT cKa3aTh, YTO MOJANOTOBKA K HC-
TIOJIb30BAHUIO PE3YNBTATOB HAUMHAETCH Y>KEe C aHajJHU3a IIOCTAHOBKH 33/1a4u
U B MpOIECCe ee pemeHUd W, IO CYHIeCTBY, BCeé MOMEHTBHI DelleHHd 33Jadn
U BHEJDEHUS Dpe3YyJbTATOB HEPa3PBLIBHO CBA3aHLI MeEXAY coboii; B Ipouec-
ce ¢OpMYJIMDOBAHMS 3aJa9U M ee pellleHHs 3aKAa3YUK U HCIOJNHUTENTb B3a-
MMHO YTOYHSAIOT IOCTAHOBKY 33Jiau¥ M TE€M CaMbIM IOATOTABIHBAIOT IOYBY
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JJ1S TIPUJIOXKEHUA NOJIYUeHHBIX Pe3yJbraros. IloCKonbKy MareMaTHKa B cOde-
ranuy ¢ 9BM wucnonbp3yerca B caMbBiX pa3HOOOPA3HBIX 063aCTaX, TO HaCTO
MPUXOJATCH HMETh JEJI0 € 3aKa3YMKaAMH, HE HMMEIOUIMMH OMBITA NPUMEHECHUSI
OBM. B mponecce koHTAKTa € TAKUMH <«HAUMHAOIIMMES 33aKa34UHKAMM 0OCO-
OEHHO BaXXKHO NPEOJOJeTh HX MEPBOHAYMAIBLHOC HEZOBEPHE K BTOPXKEHHIO Ma-
TEMATHKH B MX OBJACTH HCGIEAOBAHUA; PE3YJALTATHI BBIYHCIEHHUE OyIyT HC-
MOJIB30BATLCA TOJLKO TOTAR, KOLJA 3aKA3YHK OCMBICJIHAT UX CO CBOWX MO3HLHMM
n ybeauTcs B TOM, UTO HX JEHCTBATEIBLHO MOXKHO H HYXKHO HCIIONB30BATH.
Ipy npaBHAbHOM TOAXOME K B3AWMHBIM KOHTAKTAM K KOHILy TpOUecca peitie-
HUS 33Ja49H <«HAYHHAIOIMI» 3aKa39THK MOPUXOAUT K MOHUMaHHIO, uTo DBM
M MATEMaTHKa MOryT JATh €My He BCE, HO JIOBOJIBHO MHOTO, & <HATHHAIO-
IU#» MATEMATHK — K HOHMMAHHIO TOrO, ITO OH JaeT 3aKAa3UHKY KOe-uTO, HO
JAJEKO HEe BCe HYXKHOE JJIs PEAaJIbHOTO PeIeHUs 33a9H.

Bonbimoe 3Havenne wMeeT HALMAAHOCTE, JIOCTYIHOCTH IPEICTABICHHI 3a-
Ka3YUKY IPOMEXYTOUHBIX M OKOHYATENBHBIX PE3YIBTATOB HCCJIEIOBAHMS: Ta~
Omunpl, Tpaduky, BeBOA HHGOPMAIIMH HA SKPAH: HEJB3H IPEJIoaraTb Ha-
auunAg WM TpeboBaTh OT 3aKa3uuka OoibIrero o0beMa 3HAHWIA, Y€M 3TO Tpe-
Oyerca cymecrBoM Jena. llemecoobpaznee, wToOB GHONOr HCTOIB30BAJ CBOE
yMenue auddepeHnUpoBaTh JJIg MOCTPOEHHS H HCCIIEOBAHUS MaTeMaTHIe-
CKOH MOJIeNTH, a He JJIsi ONEHKH MOTPEIIHOCTH METOJ[a YHUCJIEHHOrO0 HHTErPH-
pOBAHUS.

MareMaTHk monKeH IPUHATL BO BHUMAHHE ODPA30BAHWE H IICHXOJOTHIO
JIofeH, IPUMEHSIOIIMX pa3paboTaHHble UM METOALI M IporpaMMbl. Hampumep,
IpoCTelinass TporpaMMa HCIEHHOTO HWHTErPUPOBAHUS, TMPEIHA3HAYCHHAN JJIs
HINPOKOro Kpyra HeMATeMAaTHKOB, HCHonb3ylomux 3BM B CBOMX KOHKpeTHBIX
HCCNEeOBAHUAX, JOMKHA OBITH DACCUMTAHA HA YENIOBEKA, MOTONOK MATEMATH-
YeCKHX 3HAHHH KOTOPOI'O HAXOMUTCH HA HHTYMTHBHOM IOHHMAHHMH TOTO, YTO
HHTETrpal — 3T0 IIOWaAb. UTOOBI He 3ATPYIHSATH MOAbL30BATENS, B OIMUCAHWH
MPOCTEMIINX MIPOTPAMM JlaXKe HHUYErO He TOBOPHUTCA O TOYHOCTH PE3yJIBTATA.
IIpenmnonaraercda, 9TO IONB30BATENs YJOBJIETBOPUT HEBLICOKAA TOYHOCTH pe-
3yJIbTATa, ¥ LIPOrPpaMMa peaJH3yeTcsl, HAIPHUMED, TaK, 4TOOB B GOJILIIAHCTBE
CIIyuaeB OTHOCHUTEJIbHAs IOTPEINHOCTH pe3ysibTaTa He IpeBocxommia 1% (rak
Ha3biBaeMasi rpaduvecKas TOYIHOCTD).

6. CyumiecTBeHHBLIM MOMEHTOM B NPHKA3AHON pabore aBiagercs Heobxomu-
MOCTH TIOJIy9E€HHS DE3YJIbTATOB B YCTAHOBJIEHHBIM CPOK. 3aKa34HK, JJIs KOTO-
pOro IpoOBOJASATCA WCCIEJOBAHHUM, PACUETHl, YaCTO OUDAHHYEH CPOKOM 3aBepIie-
HHS HCCJIEIOBAHUN M NPHUHATHSA peureHHd Ha HUX OCHOBe. Ecim HMcciemoBaHus
He 6ymyT 3aBepuieHHI K CpOKy, TO pellleHHe Bce paBHO OymeT IPHHATO, HO
Ha ocHOBe Oomnee rpybOro, IMIMPHUYECKOTO HJIH MHPOCTO «BOJIEBOIO» IIOAXOMA.
IloTepsHHOe B TakOM ciiydae JOBEpDHE CO CTOPOHBI 3aKA34HKa YacTO ObIBAET
HEBO3MOXHO BOCCTAHOBUTb. N

B Takoif curyanum mnyuure HaHTH IO BO3MOMKHOCTH YJIOBJIETBOPHTEILHOE
penlenye 3aJadM, HO B CPOK, HUe€M IIOIYyIMNTL IIOJIHOE DellleHHe 3343a4Yd K TO-
My BpEMeHH, KOorzna OHo craHeT becriome3sbiM. lloaToMy, B UaCTHOCTH, Ieseco-
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00pa3HO HAYHHATH HCCIEIOBAINAE HOBBIX 3aJlad C PACCMOTPEHMAN NMPOCTEHIINX
MOJIeJIeH], ITPHUMEHdsT TIPU YUCIEHHOM PENICHWH HCTIBITAHHBIE METOMBI.

7. TaxksKe CYOICCTBEHHBIM MOMEHTOM B IDHKJIAQJIHOI pabore spydercsa To 00-
CTOSITEILCTBO, 4UTO paboTa, KaK MPABWIO, I[IPOBOJAUTCS KOJLIEKTHBOM. OnHA
U3 IPUYMH 3TOI0 COCTOMT B TOM, UTO HOCTPOEHHE MAaTeMaTHYeCKOH MoJie-
JI4, BBLIOOD METOAA PeIIeHHsl, HemocpeacTReHHoe obmenue ¢ I9BM u amanus
pesyJbIaToB TPEOYIOT PA3JIMYHBIX 3HaHMi U Kpaanduranuu. lpyrag npuan-
H3 KpOeTcs B YIOMSIIYTOW YKe HeoOXOMMMOCTH PEHICHHUS 3aJatil B YCTAHO-
BJIEHHBIH CPOK. ITO TpebDOBAHME IPUBOAUT K HEOOXOHUMOCTH PACIAPAJLIENH-
BaHUsl JaXKe OMHOTHIMHOH paboThl Mexay OGONLIUM YHCAOM HCIOJHUTENCH,
HAIIDHMED IYTEM HE3aBUCHMOIO HATMCAIMS PA3JIHYHBIX GJOKOB MPOrpaMMbl
OTNENbHBIMUA HCIIOMHUTENSMHA. [lapaiutenbHo MOryT uATH OTpaboTKa pa3jind-
HBIX METOMOB Ha MOJAEJIBHLIX 33Ja4aX, 0DCYeT YHPOIUEIIHBIX MOAejed, Mmoji-
roTOBUTEBHASA paboTa 110 HANHUCAHWIO OKOHUATESBHOII IPOrpaMMbl PENICHHs
3048 M.

Moykno mpuBecTH MHOIO PeajiLELIX HPHMEPOB HEYIAUHOro penieHus 00Jib-
IIHX BHIMHCIUTEIBHBIX 33T W PADOT MO CO3JAHMIO IIPOrPAMMHOrO obecre-
YEHUs!, BLISBAHHDLIX CJemyromeil npuuunsoil. Pacnpenesenne ob6sa3anHoOCTER Me-
KLY HCHOTHUATCIAMU He ObUIO B JIOCTATOYHOH cTeneHn (PpOPMAaIH30BaHo, T.C.
e ObLIO BLIAAHO OJHO3HAMHOTO OITMCAHHS OKOHYATEJILHOTO pe3yibrata pabo-
TBE KAXKJIOTO HCTIOJHHTENA. B pesysptaTe WiAM OCHOBHAZL JOJsI BpEeMEHH yXo-
JWJIa, HA HENPEPBHIBHOE COIJIACOBAHUE OTAENLHLIX dYacTeil paborbi, WM 110Cie
UCTEUEHUS CYUICCTBCITHOTO TMPOMEXKYTKA BPEMEHH OKA3bIBAJIOCH, YTO 3TH Ya-
crr pabornl He cThiKytoTcd. [losTomy opraHM3aTOpCKUe CIOCOBHOCTH YUEHOrO,
OCYHIECTBJISIOMEro obuiee pYKOBOJCTBO DPEILIEHUCM 3aJati, 3aMaCTyI0 He Me-
Hee BAXKHLI, YeM CI'0 MaTeMATUIECKHE CII0CODHOCTH.

ITpuBeseHHLIe BLIIE PACCYXKJIEHUS B ONPEJICIEHNON CTENeHH HIUTIOCTPUPY-
107 cuenupuKy paboTel B 00JACTH TPHKIAIHON MATEMATHKYN W TIOKA3LIBAIOT,
9TO CIEHUAJUCTBL B 3TOH OOJIACTH KPOME IHPOKOH MATEMATHYECKOW Ipy iu-
OAY JOJDKHBL 00JIaHaTh TaKXKe JAPYIMMH BasKHBIMHA CBOHCTBAMHI “I€JIOBETIeCKO-
0 MHTEJJIEKTA H XapaKTepa.
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MorpeluHOCTb pe3ynbTaTa
YUCIIEHHOro peLleHus 3a8au4u
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B sroii rnase 06bsicHSIOTCS HCTOYHMKM BOSHHKHOBEHMS MOTPCITHOCTH pelre-
HUA 3aJ39H, JAIOTCA OCHOBHBIE IPABUHJIA 33JaHHs TPHUOIHKEHHBIX BEJHYAH U
OLIEHUBaeTCd IOTPEIIHOCTh KAK HOPOCTEHINNX, TAK u Oosee CIOXKHBIX (DYHK-
Uil OT TPHOJHIKEHHO 33JaHHBIX BEJINYTHH.

B nanpmeiiimeM KOHKpeTHBIE ONEHKH 3T0H IJIABBI MO CYIMIECTBY HE HCIIONb-
3YI0TCH, HO CaM pa3roBOp O HUX HeoDXomuM JJisi HOHUMAHHSA peajibHOH o06-
CTAHOBKH, B KOTODOH HCIONBL3YIOTCA PACCMATPHBAEMBIE B KHHT€ METOIBI pe-
MEHAs 3aJa4.

§ 1. UcTounuku u KjaaccupuKanms MOrpenrHoCcTu

HorpemuocTs perenusa 3aJ349d 0OOYCIABIMBAETCS CJIEAYIONIAME IPHIMHAMHE:

1) MaTeMaTHYeCKOe ONUCAHWE 3AINAUN SIBJISETCH HETOYHBIM, B YACTHOCTH
HETOYHO 3aJaHbl HMCXOJAHBbIE JAHHbIE ONHCAHHUA;

2) mpUMeHSeMBIH i pEIIeHHs MEeTOJ[ YACTO HEe SIBJISETCS TOYHBIM: IIO-
JIy4eHHEe TOYHOIO pEeIleHHs] BO3HHMKAIOMICH MATEMATHUIECKOH 3amaum Tpebyer
HEOTDAHUYIEHHOTO WM HempueMyieMO OOJbIoro 4uucia apapMeTHUYECKHX OIle-
panui; [OITOMY BMECTO TOYHOIO PEINeHHS 33JadM [PHXOJUTCH IpuderaTs K
OpUOJIHKEHHOMY

3) npum BBONE NAHHLIX B MAIIMHY, [IPH BBIIOJHEHHH apH(METHYECKHX OIe-
panmuif W OpH BBIBOJE JMAHHBIX IIPOM3BOAATCH OKDPYIJIEHUS.

IlorpemHocTi, COOTBETCTBYIOIMHE THM MHPHUYMHAM, HA3BLIBAIOT:

1) meyempanumoti nozpeusHocmuvIo,

2) nozpewnocmuvio memoda,

3) euvucaumeavHol nozpewHOCMbIO.

YacTo HEyCcTpaHMMYIO NOTPEIIHOCTb MOAPA3NEIAIOT Ha IBE YaCTH:

a) HEeYCMPaHuUMOU NOZPeWHOCMbI0 HA3BIBAIOT JIMIIb MOTPEIIHOCTh, SABJIS-
IOINYIOCd CJICJICTBHEM HETOYHOCTH 3aJaHHMS YHCJIOBLIX MNAHHBIX, BXONSIIUX B
MaTEeMaTH4IeCKOe ONMCAHME 33349,

6) HOrpenIHOCTD, SBISIONIYIOCH CJIEACTBHEM HECOOTBETCTBHS MATEMATHIE-
CKOro OIHCAHUS 33a4a4YM PEeaJIbHOCTH, HA3BLIBAIOT, COOTBETCTBEHHO, NOZPEULHO-
CMYI0 MAMEMaAmusecKoli modeau.
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JanuM MILTIOCTPAIKIo 9TUX oupenenennil. IlycTs y Hac HMeeTcs MasgTHHK
(puc. 1.1.1)Y, mauupaionurit aApuzeHne © MOMeHT ¢ = tg. Tpefyercs mpejcka-
3aTh yTON OTKJOHEHHs (¢ OT BEPTHKAJM B MOMEHT 1.

ndpepennuainpiioe ypasHeHHe, OIMCHLIBAOIIeEe KoAebaHne 3TOT0 MAATHH-
ka, bGeperca B BHIC

d?p i dp
ZEQ— —|-gsmcp+/1,—d—t:(), (1)

rge | — JUIMHAa MASITHUKA, ¢ — YCKOPCHHE CHJILI THKECTH, [ -— KO3 QUIHEHT
TPpEeHusl.

Kak Tonbko npuHHHUMAETCS TaKoe ONHCAHNWE 3aJa'Hf, PCIICHHC YKE IIpH-
ofpeTaetr HEyCTPAHMMYIO IOTPEIIHOCTL, B YACTHOCTH, TOTOMY, UTO peasbHOe
TPEHHE 3aBUCUT OT CKOPOCTH He COBCeM JIHHen-
HO; JpPYIod HCTOYHUK HEYCTPAHUMOIl IIOrpenrHo-
CTH COCTOMT B NOIPEINHOCTSX OlpeacieHust [, g,

¢ 1y to o(to), @ (o). Haspamme 3Toi mnorpemsocTH —
«HEYCTPAHUMAA» — COOTBETCTBYCT €€ CyIeCTBY: OHA
) HEKOHTPOIUPYEMA B IIPOICCCE TUCIICHHOLO Delielnd

3aJa8MM U MOXKET YMEHBIIUTLCA TONLKO 3a cuer Ho-
Jiee TOTHOIO onucanusi (bu3maeckod z3amavu u Go-
Jiee TOUHOTO onpegesenusi napaserpos. Iudydepen-
nuanbHoe ypasuenne (1) He pemraercst B aBHOM BH-
Je; i ero penieHus TpeGyeTcsd MpHMEHHThL KaKOH-
Puc. 1.1.1 b0 IMCICHHEBI Meroy. Boremcrsue 310l IPUTHHLI
M BO3HUKAET T[OTPENIHOCTE METOJA.
BrrancanrespHas mMOTPENTHOCTL MOXKET BO3ZHHKHYTL, HAIPUMED, u3-33 KO-
HEUHOCTH KOJIMYECTBY, PA3PSIOB “HCEN, YUYACTBYIONIUX B BLINHCICHHNX.
Beenem QopMabHbIE OINpeAcHeHu .
[ycrs I-—TOYHOE 3HAYEHHE OTBLICKMBAEMOrO IapaMeTpa (B JAHHOM CIIy-

Yae — PeASbHLIA YroJl OTKJIOHEHHs] MAasTHAKA (0 B MOMEHT Bpemenu ti), I —
BHATEHHE ITOr0 NAPAMETPA, COOTBETCTBYIOUIGE IPHISATOMY MATEMATHIECKO-
My OIHCaHuIO (B JAHHOM Cllyuae — 3HaveHHe (t;) pemmennst ypasHenus (1)),
Ij, — pelenue 3azavu, HOAyUaEMOe IpHU PCATTM3AIMH  IMCIEHHOTO METOHa B
TIPEATONONKENHN OTCYTCTBUsI OKpyIvieHu#, I — npubinkenue K pPELIEHHIO 3a-
JAUH, ITOJYyTaeMO€ TPH PEAJLHLIX BBIMHCICHUSIX. TOTIA

m=I-1 — HeycTpaHuMas IOIDENTHOCTb,
po =1I,—1 -~ IIOrpeImHOCTE MeTojaA, (2)
p3=1; — I, — BHIYMCIATEIBHAA MOTPEINHOCTD.

U Tpoiinas HyMepamms: pHCYHKOB 1 $OopMyJT YKa3bIBAET rnaBy? naparpad, HoMep bopMyJIb
HJIM DHCYHKa; IBOHMHAaA, MpUMeHseMas TOAbKO ais (opMyn, — naparpad ¥ HOMep (B JaHHON
IJIaBe); OAWHADHAS, IPHMEHsIeMas TaK¥Ke TOJbLKO s (POPMYJI, — TOJNLKO HOMEp (B JAHHOM Tia-
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Honmas norpemHocts pp = I; — I, paBHad DPA3HOCTH MEX/Y PEaNbHO Moiy-
qaeMbIM U TOYHBIM PENIEHHSIMH 33Ja4H, YJOBJIETBOPAET PaBCHCTBY

po = p1+ p2 + p3. (3)

Bo mHOrEx ciayvastx 0OJ TEPMHHOM nNO2PeULHOCMb TOTO WA HHOI'O BHIA
[IOHMMAIOT HE PACCMOTPEHHBIE BBIMIE DPA3HOCTH MEXJY UPHONMKEHUAMH, a
HEKOTOpLIE MepRI OJU30CTH MexJay HuMH. Hampumep, B cKaJgpHOM ciiyuae
MOJIATAIOT

~ ~ ~ ~ ~ ~
po =i —1), o= [T=1], o=l = 1|, ps = | I ~ I
IPH TakNX ODO3HAMEHHUAX BMecTO (3) moayTaeMm

po < prLt+p2 +ps. (4)

B nmpyrux ciaywasx pewmenwe | u npubmwxenus I, I, I ) OKA3BLIBAIOTCS 3JIEMET-
TAMH HEKOTOPBIX (DYHKIMOHAJIBHBIX IIPOCTPAHCTE, 1aCTO PA3NUTHLIX. Harnpumep,
I Moxer GBITH 3seMenTOM mpocTpaHcTBa F HenpephBHbIX Ha [0, 1] dymkmmii, a
I), — snemenToMm npoctpancTsa Fy, ceTounbIX (PYHKIHIL f),, OUPEICTEHHBIX B TOUKAX
zn =nh, n=0,1,..., A~ h™! —nenoe. Torza B KauecTBe Mepbl [TOrPEMIHOCTH
BBOJAT HEKOTOPYIO Mepy Gaunzoctu p(zy, 22), rie 23 U 2z MOTYT OBITh 3J€MEHTAMH
KAaK OJHOIO, TAK W PA3JIHUIHBIX NpocTpancTs. TpeboBanus Ha 3Ty Mepy GJIH30CTH —
BO3MOXKHOCTE IIPHHATH €€ 33 eCTECTBEHHYIO MEPY MOTPENTHOCTH U BBINOJHEHHE He-
PaBEHCTBA TPEYTrOJBHHKA

p(zl7 23) g P(zh Z:?) + p(227 23) (5)
npu JO0OBIX 2y, 23, z3 € F, Fj. Ilpn 3TOM He HaK/IaJLIBAETCA YCJIOBHE: €CJIH
p(z1, z2) = 0, T0 21 = 22; TakuM oOpasoMm, byukums p(zy, z2) He 0BA3ATENLHO

ABJIAETCA PACCTOAHNEM B HEKOTODPOM METPHYECKOM IIPOCTpAaHCTBE.

Hanpumep, MOXKHO MOJIOYKHTD

plis, f2) = max |fy(nh) = fo(nh)

ngh!

11€3aBUCUMO OT TOr0O, KAKHM MPOCTPAHCTBAM NPHHAIJIEKAT f1 U fa.

Mozker BO3HHKHYTBH TaKOH BOIPOC MO MOBOAY NPOGIEMbl WCCIEJAOBAHUA He-
YCTPaHHMOH NOTPEINHOCTH: 3atMeM H3ydvaTh HEYCTPAHWMYIO IIOTDEINHOCTE pe-
ImeHust 3aJaH, eciii OHA <«HeycTpanuma» ! [lo kpalinelt mepe Takas TOYKa
3pEHMA KaXKeTCd ONpPABNANHOM, €CH MATEMATHK IOJydaeT JJIf YHCIEHHOI'O
pelIeHus 3aJ31M y>Ke TOTOBBIE YDaBHEHHS, He y4acTBys B obcyxueHuu ¢u-
3UYECKOH IIOCTAHOBKH 33JIaYM.

OTO BO3pa)KeHWe Heb3s IPU3HATH Pa3yMHBIM. JacTO MATEMATHK CaM 3a-
HUMaeTCs NCCIENOBAHHEM IIOCTAHOBKM 33JIavd, aHAJINU30OM M YIOPOINEHHEM pac-
CMATPUBAEMBIX ypasHeHHMH. [locKonmbKy BCe ABIEHHMA B NpHPONE B3AUMOCBHA-
3aHbI, B MPUHIHANE HEBO3MOXKHO MATEMATHUYECKM TOYHO ONUCATH HUKAKOH pe-
aJIbHBIA Nponecc, mpoucxossamuii B npupose. OnHaKo aHajU3 BIUSHHA Pa3-
JIMYHBLIX (PAKTOPOB HA MOTPEMIHOCTH PEIMIeHHS MOXET ITO3BOJIHTH HOJIyIHTh
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mpocTelilliee OMUCAHHE IIPOLECCAa € JOIMYyCTHMOH HOTpemrHOCThI0. O6LIMHO Ma-
TeMATHK HMeeT IpeicTaBJieHde O TpeOyeMOil OKOHYATEJILHOM TOYHOCTH pe-
3yJBTATA, M, MCXOJsS M3 ITOrO, OH MOXKET UPOM3BOAUTL HEOOXOZMMBIE YIPO-
IeHHd HCXONHOHW 3aJadH.

Ecnin mMmaremMaTmk He ydacTByeT B 0OCyXJeHuM (PU3MIECKOH ITOCTAHOB-
KM 330a4Y¥, TO IMPEACTABJIEHHE O BEJIMYMHE HEYCTPAHUMOM IIOIDENIHOCTH eMy
BCe paBHO HeobxomuMmo Mo ciejpywoniedt npuddnsde. llpu peniensn OSosbluwH-
CTBa, 33Ja4 HET OCODOro CMLICHa ITPUMEHATL MEeTOM, DelIeHW:d 3aJa4d C [Oo-
TPEITHOCTDIO, CYMIECTBEHHO MeHLINeH, weM BeJWUnHA HeyCTPAHUMOH TIorpen-
nocru. [losToMy, wMess mpefCcTaBjieHWe O BeIWUHIe HEYCTPAHWMOM IOrPeLIHO-
CTH, MOXHO Pa3yMHO CcpopMysaupoBarh TpebOBAHWS K TOUYHOCTH PE3YIBTATA
QUCAEHHOIO pelieHus 3aJadvn.

Henomeprsie TpeboBaHust 3aKa39YdKA K TOUHOCTH DpE3YJhTATA HACTO BhI-
3BAHBE TEM, YTO OH WMEET NPEYBEJHUEHHBIC MPEJCTABJIEHUS O BO3MOXKHOCTHAX
9BM u nosTroMy cephe3HO He HpO/YMBIBAET, UTO BCE-TAKU €My HYXKHO.

Takue TpebOBAHMSI FACTO CHUMAIOTCS B Mpolecce 0O0CYXKISHUS 3aJadH HA
OCHOBE CIIEAYIONHUX CcOOOpaxKeHui:

1) mpu 6osee JAeTaBHOM MOAXOJE K HM3YYEHHIO 33J@9¥ B IEJOM OKa3hiBa-
€TCA, YTO CTOJMh BBICOKAST TOYHOCTL U HE HYXKHA;

2a) MaTeMaTUYecKas MOJEIb SIBJIGHM: HACTONLKO Tpyba, 4YTo TpeboBaTh
CTONTb BBICOKYIO TOYHOCTEH GECCMBICJIEHHO;

26) mapamMerphl MOZENU He MOryT OBITh ONDEIHEJIEHbI C BHICOKOH TOUHO-
CTBIO;

3) zaka3uMKy Hy>KeH BoOOLIE He KOJMYECTBEHHBIH, a KAveCTBEHHBIH pe-
3yJIbTAT, HANPUMED TAKOro Ttuma: bymer U paboTaTh JAHHOE YCTPOMCTRBO B
33JIAHHOM DeXXKUMe HIIH HET.

PazbepeM HEKOTOpbIE BCTPETHMBIUHECS HaM peasbHble 331a4u. K pemennio Obl-
Jla TmpexbsABeHa CUCTEMA WHTErPAJIbHBIX YPABHEHHH C CHJILHO OCIHLINAPYIOMIMMHA
ANPAMH C 9HCIOM NepeMeH y sgep mopaaxa A~ = N = 10%. Tpebosanocs nosmy-
YUTBb PElleHHe ¢ OTHOCHTENbHON IOTPELIHOCThIO (ONpeIeseHre CM. Aasiee) NOPsIKa
107%. ra cucrema ommucbBaTa peXKHM PabOTHI HEKOTOPOTO ONTHYECKOrO YCTPOii-
cTBa. PenreHne TaKOM CUCTEMbI MHTErPAJIbHBIX YPABHEHUN HEIIOMEPHO CJIOXKHO AAIKe
st coppeMenabix DBM, nosromy Obl npeanpuHaT ee noapobubit ananus. Okasa-
JIOCH, YTO OTHOCUTEJILHBIE MOPPEITHOCTH XapaKTEePUCTHK CUCTEMBbI, O0YCIOBIECHHEIE
TEXHOJOIHEH H3rOTOBIEHAA yCTPORCTRA, ABAAIOTCA BEIMINHAMY Tiopaaxa 10™4, no-
3TOMY HET CMbICJIa PeliaTh 3334y CO CTOJb BBICOKOH TOYHOCTHIO, KaK TpeboBanoch
BHauaze. B pesysibrare TpeGOBAHUS K TOTHOCTH HCKOMOT'O PEUICHHA ObLIN CHIAKEHDI
10 oTHOCHTebHON norpemHocTr 1074, OmHaKo U Takas TOYHOCTHL BCE PABHO eIl
TpefOBaNIA HEMOMEPHBIX 3ATPAT MAIUWHHOIO BPEMCHH.

JanbHefiunuit aHanu3 334249 N0KA3ad, YTO TO CYIIECTBY 3aKA3THK3 MHTEPEeCOBAJI
OTBET TOJBKO HA OAMH BONMPOC — OymeT jy JAHHOE YCTPO@CTBO yCTOWYNBO DYyHKIMU-
OHHDOBATH WJIM HET?

EcrecTsenno 6bU10 TPEANIOAOKATL OBE BO3MOKHOCTH:
1) npu manbix 3Hadenunx napamerpa A = 1/N pemenue mIasBHO 3aBUCUT OT ITOLO
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HapaMerpa, IIO3TOMY NIPH A, MEHBIIMX IOCTATOYHO MAJOro Ag, cucrema Oyler pa-
6oTaTh B OQHOM PEXKHMe — WJIH BCEraa yCTOIYHBO, UH BCET/Ia HEYCTOWIHUBO,

2) mpyu MAJIbIX 3HAYEHHUAX A PelleHHe CYIUeCTBEHHO MEHAETCA MPH U3MEHEHHH 3TOrO
HapaMeTpa, U UHTEPBAJIbl 3HAYEHUH napaMerpa A, TJe PeXKHUM paboThl yCTOHYHB,
NEePeMEeXalTCs ¢ UHTEePBAIaMH 3HAYEHH, I/le pe’KUM PabOTBL HEyCTOHYHB.

B cBA3u ¢ 3THM OBLIM NPEANPUHSITHI pACUeThl DU JOBOJIBHO KPYIHOM 3HAYEHHH
A = 1/10 ¢ nocienyomuM yMeHbUICHHeM 3HAYeHU A ¢ TeM, YTOOBI MOHATE, KaKad
M3 ABYX YKa3aHHBIX BBIIIE BO3MOXKHOCTel peau3yeTcs.

Pacuersl NOKa3bIBaJIM, YTO IIPU M3MEHEHMH X B npemenax oT 1071 go 1072 umen
MECTO yCTOMUYHMBBLIH peXXKMM paboThbl yCTPOHCTBA W OBLT CAENAH BBIBOL (IOATBED-
KICHHBIM IIOTOM 3KCIIEPHMEHTAJILHO, [OC/Ie KOHCTPYHPOBAHHS PEAbHOTO YCTPOIf-
crBa) 06 ycroifynBocTH ero paboTel Mpu A = 107%. B cny4ae BTOpO# BO3MOXKHOCTH,
BCIIEJICTBHE TPYOOCTH M3TOTOBJIEHHS yCTPOHCTBA, BPAL JIU yIanoch Ob1 BOOOIIE HC-
CIIeNOBATH BONPOC 00 YCTOMYHBOCTH ero paboThl mpu A = 1075,

Zlpyroit, Ha [epBbIH B3TJIs] BBINISOSUMEA KYPBbE3HBIM, HO HA CAMOM [Iejle BEChbMa
THIHMYHBIH [IpUMep pealibHok curyauun. [lepen mareMarnkamu OBLIA HOCTABICHA,
33,Ja94a CO3JaHUS ATOPAUTMA M IPOTrPaMMbI OBICTPOTo (MeHee ueM 32 1 ¢ MaIIMHHOTO
BPEMEHH) BLIYHCJIEHUS MHTEIPAJIOB CHENUAIBHOIO BUJA C OTHOCUTEBHOMH Morper-
nocThio 1074, Dra 3a1aua 6LLIA HMH YCIENIHO pelreHa, T. e. 66L1 pa3paboTan MeTos
BBIUHCJIEHHS] TAKHX HHTErPAJIOB M HAa €ro OCHOBE CO3JAHA CTAHJADTHAsA HPOrpaM-
Ma. B cBo1o o4epenp HecnenoBately, NOCTABUBIINAE 334a4y, He CKYILACh Ha 3aTPaTh
MAIIYHHOIO BPEMEHH, [JIA IPOBEPKH KAUeCTBA NPEJIOYKEHHOIO MATEMATHKAMHU Me-
TOMA U HAJAEXKHOCTH MPOTPAMMBI CAMU BLIYHCIUINA TMPUOMHKEHHO OIMH M3 TaKuX
HHTErPaJioB ¢ OTHOCHTENILHOM [OrPEIIHOCTbIo, Ho ux MuenHio, 1078, Ho okaszanocs,
YTO BCe MNOMBITKU PELINTL 3Ty, TAK HA3bIBAEMYIO MECOSY 337ady C IIOCDEI-
HOCTBIO, Jydmielf, wem 1072, ¢ MOMOIIBIO CO3JAHHON MATEMATHKAMHU IIPOTPAMMEL
OKAHYMBAJIHCH Heyaadeil. BO3HUKIIO NpeiionoyKeHne O IIOMPEIHOCTH B CaMOH Te-
cToBoil 3aj1a4ue. OKa3a10Ch, YTO IUCI0 T OBLIO B3ATO paBHLIM 3,14, 4TO BHOCHIO
B TECTOBLIH IPHUMED HEYCMPAHUMYIO TOTPCIIHOCTDL, KOTOPAsA, €CTECTBEHHO, HE MO-
ra ObITh YCTpAHEHA HUKAKMMH YCHIMAMH MATEMATHKOB, CO34ABABIIMX AJITOPHTM
U IIpOTrpamMmy.

§ 2. 3ammuck uucesa B 3ABM

Cospemennbie 9BM omepupyroT ¢ YuciIaMM, 3allHCAHHBIMM B OJHON H3 HpPH-
BEJIEHHBIX HHUKe (bOpM.

Iepsast dopma 3zamucu — ¢ bUKCUpOBAHHON 3amsaTol: BCe umciaa B IBM
HMEIOT MOAYJNhb, MeHbIIMH 1; wuciio 3HAKOB nocie 3auaTtoit ¢gpuxcuposano. Ta-
KM 00pa3oM, MalIMHA ONEepUpyeT ¢ YUCIAMH

t
_ § : -k _ .
T==4 arq _i(alv ey at)a (1)
k=1
30eCh g — IeJIoe — OCHOBAHHUE CHCTEMbI CIdCJIEeHnd, 1, ..., ¢ — LOeJjible B npe-

gemax 0 € o < gq.
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[Ipu omepayysax HaJ 4uciaMu & ¢ |z < 1 MOryT HOABASTHCS UHCIA Y C
ly] = 1, u Torga mpom3oiineT ocraHOBKa paboThl IBM («MamIMHHBIN OCTAHOB»
wim «ABOCT»). Yrobnr m3bexxkaTh 3TOro, NPOM3BOOUTCA MacCIITabMpOBaHUE
3aJa49u — BBEJIeHMEe HOBbIX MaciuTaboB. VHorma sapaHee HeJb3fl yKa3arTh HYXK-
Hple MacmTabbl; B IDPYIUX Clydadx BBeJeHHe O4YeHb OOJBINHX MacmTaboB ¢
CaMOro HaYaja MPUBENET K TOMY, UTO B MCXOZHBIX [JAHHLIX OOJIBIIOE KOJIHYE-
CTBO TEPBBIX M3 (; OOPATHTCI B HYJIb M IIPOH30HIET CYIIeCTBEHHAs IOTEPS
uaopmanuu. [[o3TOMYy €acTO HpelLyCMATPUBAIOT HU3MeHEeHHe MaciuTaboB yixe
B IIpONECCe peIleHus 3alaqu.

Bropas ¢dopma zanucu, Hambosee pacnpocTpaHenHas B 9BM, mpeamasmua-
YEHHBIX JJId HAyTIHBIX PACUeTOB, — C IUIABAIOIIEH 3andaToil: MaIlMHA ONEpUDY-
eT ¢ YUCJIAMU

£
T=2q" Y opg P =2 (..., m); (2)
k=1

HOPANOK THCIA P YHOBJIETBOPsieT HepaseHCTBY |p| < po.

HaubBonee pacnpocrpanen ciyuaii JBOMMHOH CHCTEMBI CUMCIEHWUS, KOTA
qg = 2.

IIpu pabore B pexuiMe C MIABAIOUIEH 3aIISITOR TOJIB30BATENb MOJIYYAET J0-
NOJIHUTEJIbHBIE yHNoOCTBA, TAK KaK He HaJo 3aD0TUThCH 0 MaciiTabaX; OZHAKO
TIPU 9TOM MPOHUCXOAMT HEKOTOpoe 3amennenue paborsl IBM.

8 3. ABGcoiroTHAst 1 OTHOCUTEJbHAA MOTPENIHOCTMH.
dopmbl 3aIUCU JAHHBIX

Ecnu o — Toudoe 3HaMeHHE HEKOTOPOW BEJIWUHMHDLI, 4 0 — M3BECTHOE NPUOJIH-
JKeHHe K HeMY, TO abCoamommol no2peuinocmsto TPUOINKEHHOTO 3HAYeHud af
HA3bIBAIOT OOBIYHO HEKOTOPYIO BesuuuHy A{e*), Mpo KOTOPYIO H3BECTHO, YTO

la* —a| < A(a”).

Omuocumeabnotll nozpewHocmsio TPUOIUKEHHOT0 3HAYEHHA HA3LIBAIOT He-
KOTOpyI0 BesimuuHy d(a*), npo KOTOPYIO H3BECTHO, UTO
a* —a

—| < o(a”).
a

OTHOCI/ITQJIbHyIO HOTPEeNTHOCTE YaCTO BLIPAXKAKT B IIPOIICHTAX.

Ecmu a — usBecTHOE uncs10, HanpuMep 7, TO HHOTAA TOBOPST 006 abcomorHolt A{a)
H OTHOCHTENbHOH d(a) morpemHocTsx 3amanuss sTore uuciaa: uacna Aa) u d(a)
Ha3BIBAIOT COOTBETCTBEHHO abCOMIOTHON ¥ OTHOCHTENBLHOM MOrPEIIHOCTBIO YHCTIA, @,

2 % < 5(a).

€c/IM TIPO HUX M3BECTHO, 4TO |a* — a| < A(a),
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Wuoraa B muTeparype abCOMOTHONH HOTPEIHOCTHIO HA3LIBAIOT BeJU9Hny a* — a, a

a*—a
OTHOCHTENBHOH — BeJMYHHY ———: Mbl Oy/1eM NPUICDIKHBATHCA HCXOAHBIX ONPe-
a
JesteHni, u noatomy y uac Bcerga 0 < Aa*), §(a*).

Ilo Xomy wM3JIOXKeHMaA MaTepHaia OyayT yHIoTPeONsThCA BBIDAMKEHHUI: (OAD-
WOE YUCAO, OUEHDL DOABULOE “YUCAO, CUALHUL POCT HYHKUUU.

Yalre Beero 9MCIO T MLl HA3LIBAEM (oavwum, ecnn |z| > 1, no ormocH-
TesbHAsST TOTPEITHOCTE Pe3yJIbTaTa DelleHus 3adddn Topsaka |x|270 apmserca
JOILYyCTUMOH.

Ecnu oTHOCHTENbHAS HOTPEINHOCTh HOpsiKa |20 SBIISeTCs HemomycTHMO
GOIBIIOA, TO UMCIO I HA3BIBAEM OUeHb DONDBULUM.

Bripaxenne @ynrxyus Cuavio pacmernmn Talie BCEFO O3HATaeT, UTO OHA BO3-
PACTA€T B OUEHDb OOJILIIOE TIHCIO Pas.

Snevausumu yudpasmu THCTA TA3BIRAIOT Bee UUPLI B €ro 3AlTUCH, HATH-
Had ¢ TepBOH HEHYJICBOH CJeBa.

Ipumep. VYV =micen o = 0,03045, o* = 0,03045000 suawamumu mud)paru
SABIIAIOTCH  TOMUEPKHYTHIE Eppbl. Mucino 3mavamux nudp B TepBOM
cayuae papuo 4, Bo BTOpOM — 7.

Suavamy nudpy HA3BIBAIOT GepHoll, €id abCOMIOTIIAT 1IOTPELINOCTh UH-
€J1a HE TPEeBOCKXOAUT EIUHHIIBI Pa3psijid, COOTBETCTBYIOWEro 3TOH mudpe.

IIpumepsr. o = 0,03045, A(a*) = 0,000003; o* = 0,03045000, A(a*) =
0,0000007; moguepkHYTHIE MHMPbLI ABJSIIOTCS BEPHBLIMU.

Muorja ycaaBmaBaiOTCs HA3BIBATD 3HAYALIYIO TH(DPY &epHotl, eclu abCoIoTHAS
HOrpEIIHOCTD He MPEBOCXOIUT MOIOBHHLI ¢ANHHI PA3PsIA, COOTBETCTBYIOUIHNX 3T
nudpe.

Ecnm Bce 3Havampe uudpbl BEpHbIE, TO TOBOPST, UTO THCIO 3AMHACAHO €O
GCEMU BEPHBIMU YuPpam.

Ipumep. Ilpu a* = 0,03045, A(a*) = 0,000003 umcao a* 3amucano co BceMH
BEpPHBIMA [HQPAMMU.

Wuorma ynoTpebiseTcs TEPMHUH “UCAO GEPHBIL UUPp nocae 3anamoti: IOoM-
CUUTBIBACTCH YHCIO Lmdp 1oCe 3amaToil oT 1epBoil mudpsl 40 TOCHEIHEH
BepHoit nndpsl. B nocnemsem mpumepe 5TO UMCIO PaBHO 5.

HoBosnbHo wacTo MHGOPMAIMA O HEKOTOPOH BEJIMUHHE 3aJaeTcs Ipelesia-
MU €e WU3MepeHHd:

ay gagag, (1)

HAIIpUMeED
1,119 < a < 1,127.

[Ipuusaro s3anmuceiBates 3TH npenessl ¢ OOWHAKOBBIM UYHCJIOM 3HAKOB IIOCTE 3a-
OATOH; Tak KaK OOLIMHO JocTarodno rpyboro mpemcTaBleRuss O HOTPENTHO-
CTH, TO B YHCIAX ai, G2 9acTO OepYT CTONBKO 3HAYAMIMX AECATHUYHLIX mudp,
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CKOJILKO HY>XHO, 9TOOBI DAa3HOCTb G — G2 COAEpXKaJia OOHY-ABe 3HaJYalllhe I-

¢psL

YnorpebisieMble Kajiee OTOBOPKH «UaCTO», «ODBLITHOY, «IPHHATO» CIENHAIHHO YIIO-
Tpebaaiorcs HaMu, 4ToOBl He CO3HABAJIOCH BlieUaTNeRus 00 00sS3aTeNbHOCTH Ka-
KHX-TO CTAHIAPTHBHIX GOPM 3a1a8HA HHQPOPMALIMKM O BEJIMYHHE IIOTPEIIHOCTH. DTH
¢dopMBbI 3aJaHKUSA MHPOPMAIMH PACCMATPHBAIOTCS JIMIIIL [TOTOMY, UTO OHY Hanbosiee
PacIpOCTPaHEHbl, a CJIEIOBATEIbHO, Hanbosiee yOOOHBI IPU KOHTAKTAX.

AGCOMOTHYI0 HJIM OTHOCHUTEIBHYIO TOIPEITHOCTH OOBIMHO 3AIUCHIBAIOT B
BHAE YHCIA, CONEPKAIIETO OANHY HJM J(Be 3HAYAINMX IUMPBHL

WNudopmamuio o ToM, 9TO a* sBifeTcd NPHOIUKEHHBIM 3HAUCHHEM YHCIIA
a ¢ abcomorHoM morpemuocThio A(a*), MHOIZA 3AITUCHIBAIOT B BHUIE

a=a*+ A(a*); (2)
qucna a¢* n A(a*) NPUHATO 3AMUCHLIBATL ¢ OJIMHAKOBBIM YHCIOM 3HAKOB IOCIE
3angaroii. Hanpumep, 3amucu

a=1,123+0,004, a=1123+4-107°3
OTHOCATCH X OOMENpHHATBHIM ¥ O3HAYAIOT, UTO
1,123 — 0,004 < a < 1,123 + 0,004.

CootsercTBeHHO HHGDOPMANMIO O TOM, UTO a* HBILETCH NPUAOJIMIKCHHBIM
3HAYEHHMEM UHCIA @ C OTHOCHTEJbHO# NOIpemHOCTBHIO 0(a*), 3auMCLIBAIOT B
BHJIE

=a"(1 £ §(a")). (3)
Hampumep, 3amucu
a=1,123(1 £0,003), a = 1,123(1 £3-107%), a = 1,123(1 £ 0,3%)
O3HAYAIOT, YTO

(1 —0,003)1,123 < a < (1 + 0,003)1,123.

ITpn nepexozne or oaHO U3 (HPOPM 3aMUCH K JPYTOA HAJMO CIAETATD, YTOOLI IPeesbl
M3MEPEHNd, yKa3blBaeMble HOBOM ¢opMol 3anmvcu, ObLIN HIMpPE CTAPBIX, HHAYE Ta-
Koit nepexorn Oyner mesakounbiM. Hanmpumep, npu nepexoze or (1) k (2) mosmxsst
BBITOJIHATLCA HEPABEHCTBA

- A(a*) € a3, ay<a*+A(a*),
npy nepexone ot (2) x (3) — HepaBeHCTBA
a*(1-6(a”)) < a* - A(a*), a"+A(a") <a™(1+6(a")),

npu nepexome ot (3) k (2) AOMKHBI BEINONHATLCA TPOTHBONOJOKHBIE HEPABEHCTBA
Y
(mpeznenbl Bcerna pacumpsiorcs!).

Crnenyer pa3nw4daTh TPHHATYIO HaMM Bbimle (POPMAJIBLHO MAaTEMATHIECKYIO
K OOHXOAHYIO TEPMWHOJIOTHH B DAcCy>XKJeHWH O BeJIHYHHE IOTpemHOCTH. Ecin
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B IOCTAHOBKE 33[a4d TOBODHTCH, 4To TpebyeTcs HAWTH DelieHHe ¢ IIOTIDEII-
HocThiIo 1072, To uame BCero He HMeeTCs B BHJIY OOS3aTEIBHOCTH 3TOTO TPe-
Gosauus. llpenmonaraeTcs JIMIIb, YTO TOTPENIHOCTL WUMEET TaKOH MODAOK.
Ecnu, HampuMep, pelleHne 6yIeT maiijieno ¢ morpemsHocTeio 21072, To Ta-
KOl pPe3ysbTaT, CKOpee BCEro, TaKyKe VIOBJIETBOPUT 3aKa3UHKA.

§4. O BpIYUCIUTENBHON MMOTPENTHOCTH

Orpanuuenue Ha mnopsiaku umcen B IBM |p| < po umuorma mpusBomur K mpe-
KPAIEHUIO BBLIYHCJIEHWH; B JPYTUX CJIyUagX OTHOCUTEJIBHO HeOONbIIas pas-
pagHOCTE uucess B 9BM npuBoIUT K HEJOINYCTUMOMY WCKAa’KEHHMIO PE3YJIBTATA
BLIYHCIUTELHOW MOTPEITHOCTHIO. TaKue ajrOpuTMBbI, TIe BCJIECTBHE OTDAHU-
YEeHHOCTH P WM MAJOCTH © BO3HHMKAIOT MOMOOHBIE 3(PQeKTHI, HA3BIBAIOT <He-
YCTOMYIUBBIMHU ».

IlocTpoenne «yCTOHYHMBBIX» AJTOPUTMOB, IPU HMCIOIL30BAHHU KOTOPBIX HC-
KasKeHHe OKOHYATEIBHOrO PEe3yJBTaTa BHIYHCIUTENBHON I[OTPENIHOCTBIO HAXO-
IOUTCS B JOMYCTHMBIX MPEIEIIAX, COCTABJSIIOT CYIUIECTBEHHYIO YaCTh TEOPHH
YUCJIEHHBIX METOOB.

PacecmoTpuM mpuMep, TOKA3LIBAIONIME, HWTO MOBBIIIEHHE TOYHOCTH HWHOL/A
MOXKeT OBITB JOCTHTHYTO 33 CUET HEeCJIOXKHOr0 asredpam<Ieckoro mnpeobpaso-
BaHWUS.

IIycTh OTHLICKMBAETCS HAMMEHBIIMH KOpeHb ypasHeHHs y° — 140y 4+ 1 = 0.
Hast onpeneieHHOCTH YCAOBUMCS O CIEAYIOIMUX TPABHIAX OKPYTACHWsl. Bbram-
CIIEHUSI MPOM3BOUSITCA B JECITHYHOU CUCTEME CUUCJIEHHs, [IPUUEM B MAaHTHCCE
qUCIA TIOCTEe OKpyTJIeHud yaepxkmueaercs 4 paspsga. Mmeem

y =70 — /4899, /4899 = 69,992...;

IIocye OKPYIVIEHHS IIOJIyvaeM
V4899 ~ 69,99, 1y~ 70 — 69,99 = 0,0L.

To ke camoe 3HavYeHHE Y MOXKHO, «U30ABUBIIMCH OT HPPAIHMOHAJILHOCTH B
qucInTeNe, NpeacTasuTh B Buae y = 1/(70+1/4899). Ilocnemosarennuo npo-
U3BOJS BBITUCIEHHs, monyvaem 4899 =~ 69,99; 70 + 69,99 = 139,99 u nocae
OKDYTJICHHSA

70 + 69,99 = 140,0.

Hakomnern,
1/140 = 0,00714285.. .,

H T1I0CJe OKPYTJIEHUA
y = 0,007143.

[TpousBonst BBIMHCHCHMS C [OIOIHATEILHLIME pas3psiiaMu, MOXKHO TTPOBEPHUTD,
9T0 B OGOMX CIydYasXx BCE NOJYEPKHYTHIe THUMDPHI pPe3yJIbTATOB BEPHBIE; OJI-
HaKO BO BTOPOM (JIyda€¢ TOYHOCTb DE3YJIbTATA CyIlecTBeHHo Boime. Jlemo B
TOM, YTO B MNEPBOM CJIy4de MNPHILIOCh BBIYATATL ONM3KHE OONbIIMEe YHCIA;
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TaK KAK 3TN 49HEIA Oplim OoJpIlnue, TO OHH OBIIA OKPYIVICHBI ¢ OOIBIIOK
abCoMIOTHOH MOrPENIHOCTBLIO, B pPe3yibTaTe W OTBET HONYyUMICH ¢ OGOMbIION
abCoIOTHOM HOTPENTHOCTRIO. 37ECh HaM BIEPBbHIE BCTPETHIOCH SIBJICHHEE nNO-
mepu snavawur yudp (WM <nponadanuss 3HAMAUUT YuPp), UMEIOIEE MECTO
IPH BBIYUTAHHY OJIM3KWUX BEJIMUWH; 3TO SBJIEHWE, HAIPUMED, JOBOJbHO YACTO
[IPUBOAUT K CYINECTBEHHOMY WCKAXKEHHIO PE3YJIbTATA IIPH DEIIeHUH CHCTEM
JIMHERHBIX AJIPeOPANIECKHX YPABHEHUIH.

Paccmorpum apyroft THONYHBIN OpHMep, e HOPSIAOK BLINOIHEHUd Onepa-
Ui BAHSET Ha TOTPEHIHOCTh pesysbrara. Ha MamnHe ¢ miiasalomeil 3arsaroi
BBLITIU(JIAETCS 3HAYCHHE CYMMBI

1000000
1
51000000 = Z .

=1 7

Mox110 BBMUCAITE Sygoooap J1HO0 110 pekyppenToit dopmyne

1
Sn: n—1+;§a 77,:]-7--'7 10000007 SO:O’

aubo To peKyppeHTHON (opMmyste

Z:Zﬁ%, n=1000000,...,1, > =0, Y =Si0000-
0

n—1 10000060

Oxka3plBaeTcd, BO BTOPOM (JIY9Yae CYMMAPHAS BBIUHCAUTENBHAS IOIPEITHOCTD
OyaeT CyLIECTBEHHO MEHbILE.

Heno zakmouaercs B cienyomem. B GonbITMHCTBE CIyYACB CIOXKCHHE YH-
cen B IBM ocymecrsiserca no ciaeiyomei cxeme. IBa wucia ¢ n b ckna-
JpIBAIOTCS abCOMIOTHO TOYHO, & 3aTeM IIPOUCXOMUT OTOPACHLIBAHHNE MOCIEIHIX
3HAKOB WJHM OKDYIVIEHHE De3yJbTara ¢ TeM, 4Tobbl ocTanoch ¢ uam ¢ — 1
3Hadanux nudp. B pesynbrare mosyyaercd TpUOHUMKCHHOE 3HATCHHE CYMMBbI
a+b ¢ morpemHocThI0, He mpeBocxodamenr 2 fa+b|, 1o B HEOMATONPHATHOM
cnyuaae Gosprmeit, wem 27!'7f|a 4 b|. B mepsoM wiywae y HAC IpH KANKIOM
CJIOXKEHHU 3HAUeHHe CyMMbI Oojibiie | ¥ B MPUHIMIE BO3MOXKHO TMOLYICHHE
norpemnocr okono 109 - 27f. Bo mropom cayuae

3-0(3);
7
n

II03TOMY IHOTPENIHOCTh HAKAIUIMBAETCS CYNIECTBEHHO Mejjenuee. MoxkKHO mo-
Ka3aTh, YTO YTO IOIPEHIHOCTH OKOHUATEILHOTO PE3YJILTaTa Ue IPEBOCXOTHT
100 - 27t

Ha xonkpernoit 9BM OvLIO0 NpoBemeHO BBIYHCIEHHE S1gogogs HO 000-
UM ANCOPHTMaM ¥ OKa3aJIoCh, YTO Jis YIEPBOr0 AJIMOPUTMA, IIOTPENIHOCTH
~ 2-107%, a ans Broporo—= 6 - 10785, N

3aMeTrM, UTO B HACTOAINEC BpeMs NpoOJeMbl, BO3ZHMKAIOIIME B TAKOIO
pPoJia MpOCTEHINHX 3anadax, OOXOMSTCS 3a CYST BBITHUCICHHH C ABOMHOM TOUY-
HOCTBIO.
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§ 5. ITorpemHOCTL PYHKIIUU

JIoBOMBHO 4ACTO BO3HHKAET CJeaylomas 3alaua. VcKomas BelWuuHA i ABIIS-
ercst (pyHKIMEH OT TApaMeTpoB aj,..., d, : y = y(ay,..., a,). UsBecraa ob-
gacTh G B IPOCTPAHCTBE TIEPEMEHHBIX G, ..., Oy, KOTOPOH TPHHAJIENKAT ITH
napamerpbl. Tpebyercss mostyuuTs HpHOJIHXKEHHE K ¥ M OLEHHTL €ro HOrper-

HOCTb.
Ecnu y* — upubamkentoe 3HAYMEHHE BEJHITHHBL {, TO NpedesvHol abeoaron-

Hotl nozpewnocmvro  A(y*) HA3BIBAIOT HAWIYUNIYIO MpH UMeomeiica uugop-
MapHH OUEHKY IIOTPCIIHOCTH BCJINYHHDL l/*, COTJIACHO 3TOMY OUPEHCJICHUIO B
JaITHOM ciay4dae
* x|,
Al ) = sup  fylar....; ap) =y (1)
((L],...,ﬂ.,;{)EG
Aly")

Tlp(,’a@./l’b’l'tOYZ OTNHOCUMEALHOU NozPeUWHOCINvI0O HA3LIBAIOT BEJIAYHHY l
Y

Samaua 1. [okazare, wro npenenpHas abcomoTHag norpemnocts A(y*) mu-
mumanbHa npe y* = (Y1 + Y2)/2, e Y; = igfg/(al,..., an), Yo = supy(ai,
7 G

T

cey Q)

Pacemorpum  Hambosiee pacnpoCTpaHenUbIH Cioydait, Korma obmacts G -
IPAMOYTOILHIK:

* * .
’(1,]- —aj-] SA(@), j=1,...,n,
H 3a NpUGAMKEHHOE 3HAYEHUE UPHHUMACTCT

vt =uylal,..., a).

Ecnn y — senpepoisno auddepennupyevas GyHKIHA CBOUX APILYyMEHTOB, TO,
cornacuo ¢opmyse Jlarpauxka Uit QyHKOHE MHOTHX HEPEMEHILIX,

T
y(ar, ..., an) ~y* = > b;(0)(a; — a), (2)
i=1
rae
dy
b](g) = 5;; (aj+0(a1—a}),...,al, +0(an—ar)) » 0o
Orcona CJIelyeT OLEHKa IIOIPENIHOCTH
V3
y(ar,--., an) —y*| < Aoly") = Y BjA(a}), (3)
j=1
TIe
Oylar, ..., ap)

B; =sup
| G

aaj
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Tonoxum
i=1
ay(alw"’ an) .
Ecny upouspopusie — .~ HeTPEDHBHL, TO b;(@) =0;(0) +0(1) u
j
dy(ai,..., a))
B, = |21 4 o).
7 60/]’ ( )
3nech Beipaxkenne = = Yy + o(l) nonumaerca B cmeicne: ©—y — 0 npu p — 0.
Cnegopatensuo, Ag(y*) = A%(y*) + o(p), rne
n
oy(ai,..., a))
Ad(y*) = L0 Tl Alad
W) =3 |2 Aw))

=1
[lpu upakruyeckoit pabore BMECTO OUEHKW HOrpemtHocTH (3) OOBITHO MONL-

3yrorcst Oojyiee mpocToii, BooODIIE TOBOPS HEBEPHOW, <«OLICHKON»
ly(as,. -, an) = y*| < A°(yY), (4)
HA3BIBAEMOM AUHEUHOT OUCHKOT NO2PEWUHOCTIL.
Banaua 2. Joxazars, aro Ag(y*) — A(y*) = o(p), A°(y*) — A(y*) = o(p)
Pacmorpum mexoropnre 1pumeps! onpegesienus Besmunn A(y*), Ao(y*),

A%(y*) m mpousBemeM HX CpaBHEHHE.

1. y =al% o* =1, A(e*) = 0,001. Torma
y*=1,y,=10-a° b(0) =10, B= sup [10-a° =1009...,
Ja—1/<0,001
Al*) = sup |a'® —1]=1,001" —1=10,010045...,

la—1{<0,001
Ao(y*) = BA(a*) = 0,01009..., A%(y") = |b(0)| A(a*) = 0,01.
3ech onenka morpenrHocTH wepes Besuauny Ag(y*), npenenbno TouHas oneH-

ka (1) u smmeiinas oneHka (4) pasaMYAIOTCS HECYIIECTBEHHO.

1, A(a*) = 0,1. Torpa

2 Y = al()’ a* =
y* =1, B= sup 10-a°=10-1,1°=23, ..,
la—1]<0,1
Aly*)= sup [0 —1]=110-1=15...,
la—1{<0,1 N
Ao(y*) = BA(a*) =23..., A'y") = [b(0)| A(a*) = 1.

BJIGCI) pa3iiue MeXXJy 3STHMH OIEHKaMH 6oJiee 3aMETHO.
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3. IlposeaeM KOHKDETHYIO OLEHKY IHOIDEIIHOCTH B CJIydae BbIMUCICHUS
3HaveHui npocredmunx ¢ynskumi. Ilycrs

Yy =7v101+ -+ Ynon,

rae Yi,..-, Yn UPHHAMAIOT 3HadeHHs +1 wam —1; mycTh H3BECTHBI OIEHKH

* ) . — . . =
laj — a| < A(a}). B nammom xomkpernom ciydae bj(6) = v;, [b;(0)] = 1,
O3TOMY

A(y") = Aoly*) = A%(y") = Ala]) + - + A(ap).

TTockonbKy, TO ONpEeNesIeHHI0, MOrPEIHOCTHIO0 HA3BIBAIOT JIOOYIO OUEHKY JJIs
y — Y%, TO 3TO COOTHOIIEHHE MOKHO TAaK)Ke 3aIlHCcaTb B BHUIEL

A(ka] £---xa}) = Aa]) + -+ Alay). (5)

DTo paBeHCTBO WHOra (POPMYJIHUPYETCs B BHJE NPABHIA:

npedeavrad abCoNOMHAA NOZPEWHOCTNY CYMMDL UAL PASHOCTIU PAGHA CYMME
npedeabhuir noepewnocmed.

Ecim TOrperHocT# B BENMTHHAX GF 3aBMCHMBI, TO olienka (5) €acto Mo-
XeT OLITH yiIydmreHa. PacCMOTPHM INPOCTEHMME TIpUMep: a1 = a, az = 1 — a;
H3BECTHO, WTO B OOOMX CJIyUasX @ OJHO M TO ¥Ke, TOTNA HE3ABUCUMO OT IO-
IPEIMHOCTH B 3HAYEHHH @ CyMMa aGi + G3 PaBHA 1 M MOTPEIIHOCTb CyMMEL
paBHA HYJIO.

[Iycte rtemeps y = af'...al*; rorma mpm Beex j wumeem b;(0) =

pj((a}f)"l'y*) u
Aly*) = A(y") = Z\PJHG*I y*lA(a)).

Tlocne penenmst Ha |y*| monywaem

Aly) 4 Zl Jl leglé ©)

[y*| Iyl

IIo oTHOUIEHMIO K HACTHBIM CAYYaAM Y = @1-Gy WIH Y = G -Gy ' coornomenne
(6) wmuorma (bOpPMYNMpYIOT B BHJE IPaBUIA:

nNPEJEAbHAR OMHOCUMEABHAA TOPEWHOCTD NMPOUIGEJENUA UAU “ACTIHOZ0
NPUOAUICEHHO DABHA CYMME NPEJEABHBLE OTMHOCUMEALHUE no2pewHocmer.

4. JloBOJILHO YacTO BO3HUKAET 3aJ(a4a OIEHKM IIOrPemHOCTH (bYHKIINH,
3aJaHHOM HESIBHO yDABHEHHEM

F(y, a1y..., an) = 0. (7
duddepennupys (7) mo a;, umeem

OF dy | oF

=0
0y Ba;  da; ’
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dy OF\ (OF\ !
§f:_(§J(§J : (8)
da; a; Y

[Ipn samansbBIX a},..., @, MOXHO naiitu y* Kak KopeHb ypasuenus (7), a

3aTcM 3HAYUCHWA
IF\ (OF\™
(o) = _ [(9FN (oF . 9
b_](o) (()G]> (dg) I(y yQ7 e 0) ( )

C noMOIIBIO 3THUX BEJUYUMH MOMKHO TIONYUMTDL <«JIMHEAHYIO OIEHKY» HOIpeli-
nocra  (4).

BeresictBrte 3aBHCHMOCTH ITPOM3BOIHBIX OYy/0a; OT CaMOro 3HaYEHHs Y IIO-
nyuenne crpormx oneHok (1), (3) smecs mOBOXBHO TPYIOEMKO.

Yacro perrenge 3a1avil 3aBHCHT OT TPUOIMMKEHHO 33/1aBAEMBIX I1apaMe-
TPOB HACTOJIBKO CJIOXKHBIM 06pazoM, UTO MOJYUCHHE WX WCIOIb30BAHUE B~
HEIX (DOPMYJI IJIst TIPOH3BOAHBIK IO ITHUM NapaMerpaM HPAKTHYeCKH HeIpH-
eMJIEMO HU3-33 CBOEH TI'POMO3JKOCTA ¥ TpyjgoeMKoctd. B Takoii curyamwm
JUIST OLEHKW 9THUX MPOM3BOAHBIX [EIecO0OPA3HO BOCIONB30BATHCT KAKHME-
smbo upubimkenasivMu dopmyiamu  IuddhepeHIMpOBAHI, HAIIPUMED

fay = L0t = )

&

OTKYZIa

Tak, pou3sBomayto petnerus IughepeHnuaiIbHOTO YPABHEHUS 10 HAYAID-
HOMY YCIOBHIO, B IIDHHUMIIE, MOXKHO BBIYIUGIMTL, WHTETPHPYS COOTBCTCTBYIO-
mle¢ ypaBHEHHE B BapHAIUAX, DEUICHHEM KOTOPOI'O SBJSETCS 3T4 TIPOU3BOJ-
Hasgt. OUHAKO 9ACTO pasyMHee BOCIIONL30BATLCA Npenblaylneii (hbopMysIoil.

5. PaccMorpuM omun Hanbosee THMHUUHBLIA WaCTHLIA coyuad w3 n. 4. Vime-
ercd npubikenne y* K KODHIO YDPaBHEHHS

fy) =a;
Tpebyercss OIEHUTH €ro IOrpeNIHOCTL.
Buraucnum  sesmapHy
* *
a’ = f(y*)
Tlpu maneix y* —y w3 paseHcrsa

fy) = fy)=a—-a
cIenyeT, 'To
Ny —-y)=a—a"
", TakuMm obpazom,
O Rl et L0}
f'(y*) f'(y*)
B uacro BecrpevawomeMcs ciyuae a = 0 momyuaem

v T )
YTYE TRy

-
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6. O6paruMcs K OLEHKE IOUPeIIHOCTH KOPHeH KBaJpPATHOrO yDaBUEHUs
F(y.a1,a2) = y* +ary +ay =0 (10)

IpU 3aJAHHLIX NPUCIMKEHHBIX 3HAYEHUsX Kod(PUUMEHTOB af,a) M HX 1O
rpemnocTax A(af), A(a3).
IIycte y* — pemieHHe ypaBHEHWUs

Yy +alyt +ah=0.

Uz Qopmynsr (9) nmeem

9y y"
b = k) = — -
1) Jay 110192 2y* +al’
Oy 1
bo(0) = —= |( * ) = — ———
2( ) daty (a},a%) 20 + CLT
H, JI1eJ0BaTEeJJbHO,
* 5 Ala*
AO(y*) — ‘y ‘A(al) + (O‘Q) i (11)

12y* + ajl

Pacemorpum HEKoTopyio obmacts ai| < by, Jag] < by usmenenus koadu-
OUEHTOB a1,a9. VI3 ABHOrO BBIpaskeHMd KOpHEH

CJIEIYET, YTO KOPHH SIBSJISIIOTCH HENpPePLIBHLIMHE (DYHKIUAME KO3 DHIHEHTOR,
[I03TOMY
ly(a1,62) —ylal, a3)] < w(lar — ail, lay — ay));

npu (ay,a9), (af,ad) u3 s1oil obnacry, w(A, A2} = 0 mpu Ay, Ay — 0. IIpasas
yacts B (11) crpemurcs Kk oo npu 2y* + aj — 0; moITOMy <«JIMHeHHas OIEeH-
Ka» MOTPEHIHOCTH IIPH MOMOIIM (POPMyNsI (4) MOMXKET OKa3aThCs B HEKOTOPBIX
CIIy4yasX CUJIbHO 3aBLIIMIEHHON O CpaBHEHUIO C TOYHOM OIEHKOU IOIPEHIHOo-
cru (3). Jeno B TOM, WTO paHee HpEAIONarajach HenpepbiBHasg gaudddepenim-
pyemocts y(aj,..., ay) 0O aprymentam (ai,..., ap). Torma morpemsocTs y*
OKa3bIBAJIACH BEJIUYIMHON TOr0 K€ IMOPSJKA, UTO W MOI'PEITHOCTH APIyMEHTOB
A(a}-). B cayuae, xorna BenwuuHa Y* ONpENENIeTCs HEsIBHBIM 06pa3oM, Ipu
HEKOTOPBhIX 3HAUEHHMAX MapaMeTpPOB OHa OKa3bIBaeTcs HeaudypepeHIupyeMon

yHKIHE# apryMeHTOB @j W XapaKTep OLEHKH MEeHseTCs.

Ilyctn y* sBasieTcs JABYKPATHBIM KODHEM YDABHEHHIT (7L upu a; = aj,

ay = a5. Paznoxum nepyio uwacts (7) B psn Teitsopa B OKPECTHOCTH TOYKH

(y* a3, a}). Iockombky

F(y*,al,a3) = Fy(y' a},a3) =0
up# y* — AByKpaTHOM KopHe ypaBHemus (7), To ypaBuenue (7) HpHMET BHJ

d200(y — ¥*)? + doroas — a3) + dogr (a2 — @) + -+ =0,
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rae
SR k%
Fiall'ag(.‘/?a‘baQ)

Y
ik ’

dijk =

a OTOPOLICHHbIE WIEHBLI MMEIT HOpaaoK o(p). B cryvae ypassenusa (10) mox-
HO TIOKAa3aTh, YUTO

y—y = i\/;i()l()(al —a}) + doo (a2 — a}) + o(p).

Takum 06pa3oM, MOTPENIHOCTE MPUDIIHMKEHHOTO 3HAMEHNS KOPHS OKa3aJlach
BesuunHOM mopaaka O(,/p).

3anaga 3. llokazars, UTO B wiyvae, KOLJIa YPABHEHHE MMEET KODEHb KPAT-
noctH k, IOrpemHOCTh KOPHA uMeer nopsaok O(/p).

§ 6. Ob6paTHaga 3aga4ya

Yacro npuxoaurcs pemaTsh 0OpATHYIO 33Jady: C KaKOM TOYHOCTBI) HAJI0 3a-

JATh 3HAUYeHHS apryMeHTOB af,..., a, yHRun y = y(ai,..., ap), ITOOBI
morpemHocTs y(aj, ..., a}) He NIPEeBOCXOANIA 3aJaHHOH BeJUIMHBI €7
[Iycts Toukm (ay,..., a,) u (a},..., al), COOTBETCTBYOIINE HNCTHHHBIM |

OpuOIIKEHHBIM 3HAMEHUAM NapaMeTPoB aj, NPHHAIICIKAT HEKOTOPOH BHINY-

«

Kol obnactu G m cj = sup . Torma mMeeM OUEHKY NOrDPENIHOCTH

|0
n
ylar, ..., an) —ylal,..., ay) | < Z cjA(a}).
Jj=1
Jlrobas cosokynnocts (A(af),..., Ala})) abcomoTHBIX MDOrpENHOCTEH, YIO-

BJIETBOPSIIOIIMX HEPABEHCTBY
T
*
_S_ cjA(a]) <,
i=1

obecrieunBaer TpeGyeMyIo TOYHOCTD.

Ecmu dyskums y 3aBUCHT TONBKO OT OJHOrO apryMmenTta (n = 1), T0 mMeem
HepaBeHCTBO ¢1A(a)) < € W JIa JoCTHXKEHUs TPeGyeMOoil TOYMHOCTH JOCTATOY-
HO B3saTH Afa}) = €/c1.

B cnygae n > 1 nHOrIa pEeKOMEHIYIOT OTBECTH NOTPEITHOCTH KayKJIOro ap-
ryMEHTa DaBHYIO OO0, T.e. Bbi6pats A(af) us ycnosust c;A(af) =e/n, Te.

A(a;) =¢/(c;n). B apyrux ciyvasix mpeiaraloT JB34Th BCE OLEHKH HOrpemi-

HOCTEH PaBHbIMH, MaKCUMAJILbHO BO3MOXHBIMH, T.€. IIOJOXHUTDH

Ala}) = =Aar) =6, tme d=c/(ci+ - +cp).
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B mpocTeMmmMx ciydasx MOMKHO HOQIEIOBATH ITHM DEIEeNTaM, OIHAKO
B Gojee CIOKHBIX CAydasdx IeJaecoo0pasHO IOJOHTH K BONIpOCY O BBIOO-
pe BEPXHUX TPAHMI[ JJIs JOMYCTHMbIX MOTPermHocrelt aprymentos A(a}) 6o-
jgee axkkypaTHo. Jleso 3aKJI09aeTci B TOM, 9YTO JIOCTHXKEHHE OlIpeleJieH-
HOM TOYHOCTM B 3aJaHHM ADPIYMEHTA (; MOMKET CYNIECTBEHHO 3aBHCETh OT
Homepa j. lorma ciemyeT BBECTH B pAaCCMOTPeHHe (DYHKIMIO CTOMMOCTH
F(A(a}),..., A(a))) sarpar Ha 3agmanwe TOUYKM (a},..., a;) ¢ 3alaHHBIMH
abcomoTHBIME HOTpemHocTaMH KoopauuaaT A(af),..., Aa}) u Halitn MuHH-
myMm qysrmur F(zy,..., z,) B obaacru 1z + -+ ¢y <€, 0< 2q,. ., Ty,
Hycrs ou pocturaercsa B touxe x5, ..., 20, Jlamee cremyeT moOTOXHUTH Aa}) =

0

G J = 1,...,n.

B psiine tunwuaHbIX ciydaeB dysxoua F(zq,..., 1) AMeeT BUL

x

n
F(z1,...,22) = > Djz;%, Dj, dj >0, j=1,...,n.
j=1

fAcHo, 9TO HCKOMOE MUHMMAaJILHOE 3HaueHue byukumm F(zq,..., z,) moctu-
raeTcd B HEKOTOPOH TOYKeE (a:(f, :L‘g, R .’L'?L) HJIOCKOCTH C1Z1 + - + CpTy = E.

Pacemorprm ciywait n = 2. CocrasnsieM ¢yukuuo Jlarpanxa
D(z1,22) = F(z1,29) + Merzy + cazo — €)
¥, UpMpaBHMBas Hymio npoussoasele 0®/0z;, HOMyduM cHCTeMY ypaBHEHHUI
~dDiz7 " 4 Xer =0, —doDory® 7! 4 Aey = 0.

Orcrona

- Dldl 1/(d1+1) e D2d2 1/(d2+1) (1)
! )\Cl ’ 2 )\CQ '

Honcrasnsss ©; B paBeHCTBO C1Z1 + CpTy = €, UOIYIMM YDABHEHHE OTHOCH-

TEJILHO A:
(Dldl)l/(dl+1) <D2d2>1/(d2+1)
c1 + Co = €.
)\Cl )\Cg

Bunro, uro A — oo npu ¢ — 0. Ilycrs dy > do. Torma npu Gosmpmmx A
DJIABHBIM UJIEHOM B JIEBOH HaCTH SBJSIETCH NEPBBIM; MOITOMY MMeeM IpUOIH-

2KE€HHOEe pPaBEHCTBO
Dy d, 1/(dy+1)
C1 ~ £,

)\Cl

OTKyZIa Ccjenyer

2--903
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Moxacrasnaa A B (1), mosydum

=
Ala}) = 21 = —,
1

) Dadpey\ V@241 7 ¢ (di4D)/ (o) (2)
A(GQ) =T9 =X m —_ .

1

Ilockonbky di > ds, TO B paccMaTPHUBACMOM IHPHMEPE CTOHMOCTH 3IAJAHUI
IIEPBOTO APLYMEHTA, IPH MaJibiX € pacreT ObicTpee, €M CTOUMOCTH 33 AHUA
BTOPOTrO apryMeHTa. B COOTBETCTBMH C 3THM MbI [OJIYUHJIM, UTO BTOPOH ap-
IYMEHT CHeJyeT 3aJIaBATh ¢ TOYHOCTLIO 60jee BLICOKOTO HOPSJIKA MAJIOCTH
M0 €, B TO BpeM# KAK TOUYHOCTh 33JAHUs [EPBOTO APLYMEHTA IPAKTHYECKU
onpenensierca u3 paseHcTsa ¢1A(a]) = €.

Paznuunplit xapakrep 3aBUCHMOCTH (DYHKIMHM CTOMMOCTH OT IIOTPEIIHO-
cTell 3aJjaHUsd APIYMEHTOB MOXET ONpeNessiThca MHorumu (dakropamu. Eciy,
HaIpUMED, NMapaMeTPhl a; ONPEAEJSIOTCS THCIEHHBIM PpelleHHeM HEeKOTOPBIX
BCIIOMOTATENLHLIX 3334, To craraembie DjA(a;)™% xapaxrepusylor pas3ind-
HYI0 TPYJOEMKOCTH peUIeHWs 3THUX 334au. B Apyrux ciiydasx 3TOT XAPAKTep
MOXKEeT OIPEJIeNAThCH CIOXKHOCTBIO TOJIYUEHUS DKCIEPUMEHTANBHBIX IAHHBIX
MJIH TPYJHOCTBIO JIOCTHXKEHWST HYXKHOH TOYHOCTH TEX HJIH HHBbIX TapaMeTPOR
B PeaJlbHOH KOHCTPYKIIHH.

JInreparypa

1. Bepesun U. C., XKunxos H.II. Meroast peramcnenuit. T. 1. — M.: Hayka, 1966.
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3. Kpsuios B. U., Bo6kos B. B., Monacreipneit I1. M. Beranciurenpnsle Mmetogp. T. 1. —
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Fnasa 2 — =

UHTeprnionauusa U YncneHHoe
v depeHUumpoBaHue

B sroit mase wmsmaraorcs mambonee mMpOKO HCHONB3yeMBIC CIOCOOBI BBI-
YHCIECHUsS IPUOIHKEHHBIX 3HAUYCHHH (DYHKIMH M ee MPOU3BOLHBIX B CIyUae,
KOLJ@d WM3BCCTHLI 3HadeHdst (DYHKIMH B HEKOTOPBIX (PHKCHPOBAHHBIX TOUKAX.
MHOXKECTBO 9THX TOUYEK HHOTZA 3AJACTCS HAM BHEHIHAMH OBCTOATENLCTBAMM,
a HHOTJA MBI MOXeM BBIODATH WX IO CBOEMY YCMOTDEHHIO.

Takoro pona samaun npubimkeHna u npubiauxkendoro aud pepenupona-
HHA 9ACTO BO3HHMKAIOT KAK CAMOCTOATENLHLIE B CHTYAIMSIX, HEKOTOPBIE M3
KOTOPBIX GYAYT pPacCMOTpeHnl HHKe. KpoMme Toro, ajJropuTMbl PEIICHHsT ITHX
3329 MCIHOJBL3YIOTCA KAK BCIOMOTATEJLHBIE DU MOCTPOSHHH METOA0B BHIUH-
CJIEHWsI WHTErpajioB, pelnleHns Iu¢PepeHnuaibHbIX U MHTErPAJLHBIX YpapBHe-
nuii. Hanmmane ©GoMBIIOrO KOIMYECTBA METOJOB BLI3BAHO HCTOPHYECKHM pai-
BUTHEM TEOPHU W TPAKTHUKH DPEMICHHS NPHUKIAIHBIX 3371ad. MHOrme MeTozbl
BOZHHKJIH KAK BapHAHTHI MPEAIIECTBYIOIINX, OTJIMYAsCL OT HUX (HPopMoil 3a-
MUCH, W3MEHCHHEM [ODPSIKA BLIYHCJICHWH, MMEBIIMMH IeJIb YMEHBLIIHUTL BJIM-
SHUE MOTPENIHOCTH OKPYIJAEHWH TPH BLIYUCICHUIX.

B 10 xke Bpems pa3BUTHE BBIYHCINTEIBHON TEXHUKHA W TEOPHH UHCIIEHHBIX
METO/IOB TIPUBOJMUT K HEIPEPBIBHOMY TMEPECMOTPY M HEKOTOPOMY CYYKEHHIO
COBOKYITHOCTH IIPHMEHSICMBIX METOIOB.

Hekoropble MeTOABI BBIILUIH 3 YIOTPEOJEHHS IO CIAEAYIOUUM TPUUHHAM.
IIpouszomuio ysenuuenue paspsanoctu unces B I9BM, u Kak ciexcreue 3To-
IO OKa3ajloCh HECYUTECTBEHHLIM DA3JIMYHEe B BLIYUCIWATENLHOM TOTPENIHOCTH B
3aBUCHMOCTH OT IIOCIEJOBATENLHOCTH apu(DMETUICCKAX OMEPAlAi; B PE3yJib-
TATE ITOTO B TNPAKTHKE BLIMUCIEHHI TOCTENCHHO 3aKpeILIHCh IpocTeinine
mo ¢opme meronbl. C ADPYrofl CTOpPOHBI, YCIOXKHEHWE MONEJIH 380a9M W Tpe-
GoBaHMe YMEHBIIEHHsI IIOIPENIHOCTH METOAR, KaK MPaBuiio, TpebynoT u cyie-
CTBEHHOTO POCTA YHMCJIA BBINOJIHAEMbIX apudpMeTHueckux omnepanuii. Hecmorpsa
Ha TOBBIIIEHHE Pa3paAgHOCTH vuces B IBM, g pama Meromos sTo obcTo-
ATENLCTBO IPHBONHT K HEIONYCTHMO OOJBINIOMY 3HAYEHHIO BLIYHCIUTEIbHOI
TIOTPEITHOCTH (TaK Ha3BIBAEMOW neycmotinugocmu). I109TOMY NIpH NMOBBINIEHUH
TpebOBaHM: K TOYHOCTH PE3YJILTATA P METOJOB TakKxKe ObLT 3abpakoBaH H
U3BAT U3 BHIYMCIUTEILHOM NPAKTHKHA. 1eM He MeHee COXPAHAETCS TOMOKe-
HHE, KOTJa JJI PeIleHHs KaXIO0W KOHKPETHOH 3a/la9M MOXHO NPUMEHUTH
JOBOJIbHO MHOTO METOIOB.
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§ 1. ITocTaHoBKa 3aJa4yu npubin>keHuss GyHKINHK

Wnorna sosumkaer iemylomuil sonpoc. Moxker OwbiThb, Hajimume OOJLINIOTO
KOJIMYECTBA PAa3JIMYHBIX CI0COGOB MpUbIMKeHUs OOLACHSIETCS IPOCTO OTCYT-
CTBHEM HAYTHOrO IIOAXOAA K IOCTAHOBKE M perieHuIo upobjemsi; ecad 6wl
Takol Immonxond 6ObLI, TO, MOXET OBITh, yAAJOCH OBl IIPEIJIOKUTH ONMH OITH-
MaJIbHBLIH crocob mpubiudKeHus, MNPUTOHHLIA BO BCex cryvaax?! Takoit Bo-
IIPOC BO3HHKAET K IPU PACCMOTPEHHH APDYIUX Pa3JejOB YHCIEHHOTO AHAJIH-
3a. Ckonp 66l HE OBLIO 3aMaHYMBO Pas3paboTaTh €IUHBLIH IOAXOM K PelieHnio
BCeX 3ajiad, CJeIyeT BCe-TAKH IPHU3HATL, TTO MHOroobpashe METOIOB BbI3bI-
BAeTCA CYLIECTBOM J€J1a — MHOrOOOpasHeM DPa3JIMTIHBIX TOCTAHOBOK HPOBIEMBI.
B uacTHOCTH, Pa3NMIHLIE TEOPETUUECKHE DPA3Iebl TEOPHH IPUOAMKEHUH, Ha-
pUMEP HHTEPIONSIHE, MOXHO DACCMATDUBATL KaK H3yiueHHe abCTPaKTHBIX
MOJEJIel HEKOTOPHIX PeaJIbHBIX KJACCOB NpobJieM.

1. Ilpocreitmas 3aaa4a, TPHBOOAUIAS K NpHOIHIKeHHIO (DYHKIME, 3aKJIO-
YaeTcd B CHEAyIOnieM. B IHMCKpeTHBIE MOMEHTHI BPEMEHW Zy,..., L, HabIIO-
Jarorcs 3uadvenus QyHKimu f(z); TpebyeTcst BOCCTAIOBHTL €€ 3HANMEHUA NPHU
apyrux z. [lomobmasi 3ajilada BO3HHKAeT, B YACTHOCTH, B ciemylomed obcra-
unoske. [lo xoxy Beraumcienuit Ha DBM upuxogurcs MHOTOKPATHO BLIMMCISTL
ONHY U Ty K€ CJIOXKHYIO (DYHKUIHMIO B PA3JIMUHBIX TOIKAX. DBMECTO ee HElo-
CPEICTBEHHOTO BBIMUCJIEHMS] WHOLJA IEJNeCO00PA3H0 BLIMHCINTL €€ 3HATUCHUE B
OTHENAbHBIX BHIOMPAEMBIX HAMM II0 CBOEMY YCMOTPEHUIO TOUKAX, & B APYTHX
TOYKAX BHITUCIATH 10 KAKHM-IMO0 TPOCTBIM (DOPMYNaM, HCHOAL3YS WHGOD-
ManmIo 00 3THX M3BECTHBIX 3HAYCHHSIX.

Wnorma u3 Kakux-TO JOMOJHUTENBHBLIX CO0OpakKeHHil HM3BECTHO, YTO IIPH-
OMMKAIOILYIO0 (DYHKIHIO IENecoobpasnoe HCKaTh B BHAE

fz)y = g(z;a1,..., an).

Ecnu napamerpsl ai,..., G, ONpenensioTcss M3 YciaOBMsl coBuauenus f(x) u
npubsnxaiomefl QpYHKIUM B TOUKAX Z1,..., Lp, TAK HAZBIBAEMBIX Y3IAGT LiH-
MEPNOAAUUL,

g(wj;a17-"7a'ﬂ):f($j)ﬂ .7:1:"-7'”"
TO TAKO# CIIOCOD NPHOJIMKEHHs HA3LIBAIOT UNMEPROAAUUET HIH UNMEPNOAU-
PosaHULM.

2. Ilycte y; — HauMeHbilee W3 YMCEA T; — Y3JI0B HMHTEDIIOJNALMH, 4 g —
Hanbonbilee u3 HuX. ECaM TOUKa I, B KOTOPOH BhlMMUIgeTcs 3uadenwe f(z),
JIeXKUT BHE OTPE3Ka [y1, ¥2|, TO HADSAY ¢ TEPMHHOM UHMEPNOAAUUA YIIO-
TPEOINSIIOT TEPMUH SKCMPANOAAYUUR.

Hanpumep, u3BecTHO MOBeneHHME KaKOH-JIMOO IIEPEeMEHHOH g0 JAHHOrO MO-
MeHTa BpeMeHH M TpebyeTcs BBICKA3ATh KAKOE-TO CyXKIEHHE O ee JajbHe-
meM MNOBeZEeHUH. IJTO MOXKeT OBITH TeMIepaTypa, POCT IIPOH3BOJNCTBA HJIH
norpebiieHuss KaKoro-aubo TpOAYKTa, POCT HADGIOHACENEHMs, YPOXKAHMHOCTH
H T.II. 33Jal0TCd KAKHMH-TO MOMEHTAMH BDEMEHH, CTPOSIT HHTEPIOIUPYIO-
myio (GYyHKOUIO H ee 3HAUEHAE B KakoW-1o Gyayinuili MOMEHT OPHHHUMAIOT 32
MPOTHO3UPYEMOE (IKCTDANOIMPYEMOE) 3HAYeHHEe MCKOMOH BEJIHIHHBL
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Econ y3abl MHTEPHOJSIUA BLIODAHBI JAJEKO OT MOMEHTa BPEMEHH, TIAe
npubmkaercs (QYHKIU, TO TeM CaMbIM C1ab0 MCIIOJIb3YETCs CYyMECTBEHHAA
undopMallis O NOBEJEHWM IepeMeHHOH B mocleqHee Bpems. Kciu OHH BbI-
6paHbl OueHL OJIM3KO, TO YBEIHUMBAETCS POJIb IIOTPEUIHOCTEH B HCHONb3Ye-
moit mHdopManuu. Takum o6pa3oM, BOIPOC O BHIOOpE y3JI0B HMHTEPIOIALMH
U 3KCTPAIIOJIAIMM HENpOCT, OCODEHHO B 3aJa€ax, Ihe 3HAUeHHs HCCIeLyeMoi
byHKIMH 3aBHCAT OT MHOTHX CIYYafHLIX HJIM TPYOHO YYHTHIBAEMBIX (Pak-
TopoB. Cioma OTHOCATCS 334a49W POIHO33 ITOTOABI, YPOXKAHHOCTH, METUIMHDI
H T.J., B KOTOPBIX, KaK IPaBHJO, TpeOyeTcs NPUMEHsTH 6Gosee CIOXKHBIE (B
JACTHOCTH CTATHCTHYECKHME) METOIbI MMPOIHO3UPOBAHUS.

3. HaumbGosee wacTO HCIOILIYETCS PACCMATPUBAEMAsl HHXKe HHTEPIIOJISAIUS
MHOroYgIcHAMA. OJIHAKO 3TO HE €JUHCTBEHHBIH BO3MOXKHBIA BHJ, HHTEPIIOJN-
uuu. Hdhorna ynobrnee npubiamxarb (PYHKIHUH TPUTOHOMETPHIECKHMH ITOJIH-
HOMaMH; B JpPYTHX 3a7a9ax I[ejecoobpasnee MpUONMIKATL MHOTOWJIEHOM He
f(z), a In f(z), unn npubauxars f(r) He MHOIOWIEHOM OT I, & MHOLOYJe-
HOM oOT Inz.

YacTo 1menecoodpasHo HCHOJIL30BATE HHTEPIOJISIUIO APOOHO-pAlHOHAIbHBI-
MH  DYHKIUIMHI

4. B zamavax nacnuposanus dxcnepumenmos B Ouosoruu, (QU3NKe, XH-
MuH, reorpadpHH, MEIUIIMHE U APYTHX OOJACTIX HAYKH BO3IHHKAET CJIEAYIO-
masg npobiema. M3BecTen Bupa xopourero NpuOIHKeHHs (QYHKIWH, HANPH-
Mep dysKIua xopomo NpubiuikaeTcss MHOTOWJIEHOM BTOpoil cremeHun. B 1o
JKe BpeMs H3MepsdeMble 3HAUYeHHs (DYHKUMH COJEPXKAT OONBIIAE MOTPENIHOCTH.
TpebyeTcss mony<uTh HAMIYUINEE B ONPENENIEHHON HOopMe NpuONMXKeHue MpHU
MUHHMAJIBHOM YHCJIE H3MepeHHil 3HavMeHHH (PYHKIHNH.

5. 3amaua npubIHKEHUS MOSBISETCS MPH COCTABIEHMHM CTAHIAPTHILIX IIPO-
TPaMM BBIMHCJIEHUST 3JEMEHTAPHBIX M CIEHUAJBHBIX QPYHKOWHA. OOBIYHO TaKHe
dbyunxkuuu 06a5310T CBOMCTBAMHU, NO3BOJISIOIUMHM PE3KO YMEHBIIUTL 00bEM
BBLITUCIICHUH.

Bosrukatonias 3aech npobiemMa MOXeT ObITh CHOPMYINUPOBAHA CJIELYIOMUAM
obpasoM. PaccMmarpusatorcs Bce dyHkimu ¢(z), mporpaMma BLIMHCIEHUS KO-
TOpLIX TpebyeT HEKOTOPOro (UKCHPOBAHHOTO oObeMa mamsaTe IBM, Takwe,
YTO HEKOTopad HopMma norpemxocT ||f — g|| me npesocxomur €. Cpemu Bcex
TakuX (PYHKOUE HYXHO BBIOPAThH Ty, BLIYMCIEHHE KOTOPOH Tpebyer MUHU-
MaJIbHBIX 3aTpaT BpeMeHu IBM.

B 3aBucumocTH OT 0GCTOSTENHLCTB HOPMA MOXKET BHIOMPATHLCH ITO-PA3HOMY.

B GonpmmacTBe cnyuaes Geperca ||f|| = sup|f|, roe [a, b —oTpesok, Ha Ko-
b
TOpOM Tnpubnauxaerca QOyHKIUA. ¢
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JIOBOJIBHO 4acTO TpebyeTcss MOBBILEHHAST TOYHOCTH B OTAEIBHBIX TOYKAX.
HanpuMep, OfHa U3 CTAHAAPTHBLIX MPOTPAMM BBIYHCJIEHHs sinxz obecrnevunBaer
MAaJIOCTh TOrPEIMIHOCTH B HOPMe

- : ) — i 19 -1
Iflf = sup |p(z)f(z)], p(z)=min{107, 7}
[0,7/2

Beenenue MuOXuTEss p(z) BbI3bIBaeTCH TPeOOBAHMEM MAJOCTH OTHOCH-

TEJILHOM NOTPEIIHOCTH 3HAYEHMH SNz [IPH MAajbIX Z.

Touno Tak e Mmo-pasHOMY MOXKET TOJKOBATLCS TpeboBaHHEe MHHHMAJbHOCTH 3a-
TpaT mpoueccopuoro spemenu IBM. Barparsl, Boobiie roBops, MOIyT 3aBUCETD OT
TOYKH, B KOTODPO#l Bhlumciasgercsa 3Hadenne dynxipn. ObosHaunM ux uepes t(x).
Ecau ne uMeercst HH(POPMALMY O TOM, ¢ KaKOH YACTOTOH BBIMHCASIOTCS 3HAYEHUS
(DYHKIMH B T€X MJIM MHBIX JACTAX OTPE3KA, TO, HAIPUMED, MOXKHO B KauecTBe 00-
el Mepbl 33TPAT NPHHATH
T = supt(z).
x

Eciau takaa nadbOpMaLHg eCTh, TO MOXKHO HPHHATH
T = M(t(z)),

rae M (t(z)) — MaTeMaTH1eCKOe OXKUMAHNE Cy4YAlHON BENHYHHLI t(2).

6. Ilpn zanamuu bysKiur rpadV¥KOM WIHA  CJIOXKHBIM  AHATHTHIECKAM
BHIDA’KEHHEM BO3HHMKAIOT BAPHALNMOHHBIE 33Ja4¥ JAPYTUX THIMOB. Hampumep,
HOycTh pemieHo pa3burs OTpe3oKk [a, b] Ha [ wacreii:

[ai—1,ai], 1=1,...,l, ag=a, a =0>b,

U Ha KaXJOM OTpe3ke [a;_1, a;] OpubmmKaTh (DYHKIMIO MHOTOUIEHOM CTe-
meau n;. Cpeas Takux crrocoboB MPUOIHKCHUST OTBLICKUBAECTCS ONTAMANLHBIH
B TOM MJIM MHOM cMbiciie. Yalme Bcero zapanee HakJaJbIBaeTcsa TpeboBamue
n; = n, (QHAKCUPYETCS YUCIO OTPE3KOB pa3bueHuss [ U IPOBOIUTCA OITHMH-
3aIUST METOAA II0 Gl,..., A[_1-

B uyactHOM cniyuae ! = 1 BO3HHKAET 337348 HAWIYYIIEr0 HpUONUIKEHHA
mHorowreHamu. O6 2Toil 3ajaue peuyb nolger B i 4.

7. Bug npubnmkaromeil (pyHKUME CYIIECTBEHHO 3ABHCHT OT LEIH, C KO-
Topolt ocymecTpasercas npubnvxenue. [Ipenmonoxum, uro ¢ Tpebyemoill ToU-
HOCTBIO (DyHKHNUR MOXKET ObITh UPHOIMIKEHa MHOTOYJIEHOM JAECATONH CTeneHH
WM BhIPaXKeHHEM a) sin{wiz+¢;)+as sin{fwyz+¢s). Eciwm nonyvennoe npubnu-
JKEHHE HCIOJb3YeTCS B TEOPETHYECKHX UCCICHOBAHUAX, AJA peIleHus 3aTauu
Ha MOJEJIMPYIOIIEM YCTPOKCTBE WJIM B TEXHOJOTMYECKOM NpPOIECCE, TO BTOPAS
dopma zamucu Moxker OwuiTh Gomee yioOnoi. OmHako ecyim 3HaueHUs QyHK-
Uy BeIMHCIsIOTeS Ha 9BM, 1O BTOpada dopma JAIUCH MOXKeET norpeboBaTh
OpU CBOEH peayu3anuy OOJBIIEro YUCTa APH(METHYCCKHX ONeparuii.

Jlanee Gyger KOHKDETHO DPAacCMOTPEHA 33/]ava HHTEPIIOJMPOBAHHS MHOIO-
unenamH. Ee Bblfesnenme BbI3BAHO HaJMYHEM HENOCPEACTBEHHBIX MHOTOTH-
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CJIEHHBIX TPUJIOKEHUH, a TAaKXKe H CIeLyOMUMH OOCTOATEIbCTBAMM: Aalllla-
paT MHTEPIOJUPOBAHHSI MHOTOYJICHAMM ABJISICTCS BaKHEHINHM ANNAPATOM 9H-
CJIEHHOrO AHAJHM3a; Ha €rc OCHOBE CTPOHTCH OOMBUIMHCTBO METOAOB PEIIeHHS
IpyruX 3ajad; ero pojdb B YHCIEHHOM AHAJIU3E AHAJOTHYIHA PONH (POPMYIIBI
Teitmopa B KJIACCHYECKOM AaHAJIM3E.

ITonyTro 6y yT paccMOTPEHBI HEKOTOpbIE APYTHE BOIPOCHI 06lero xapak-
Tepa, MMEIOMIde 3HateHHe s ADYLUX DPAa3JiesIoB YHCJICHHOLO aHaJIu3a.

§ 2. IeTepnionsaiuoHHBIA MHOTO4YJIeH Jlarpan>ka

Cpenu crocobOB HHTEPIIONIHPOBAHUS HaubOIee PACHPOCTPAHEH CJIydail JHHe-
HOT'O WHTEPHOJUPOBAHUS: IPUOIMKEHNe HUIETCI B BUIE

mn
g(z;a1,..., an) = Zai%‘(l’),
i=1

riae @;(z) — puxcupopannsie GYHKINH, 3HAMCHUA KO3GDDUIHEHTOB a; onpeme-
JAI0TCS W3 YCJIOBHSI COBIAJIEHHS ¢ TpHOIMAKaeMoit (byHKuue#t B ysmax uH-

TEPIOIAINA T j:
n

flz) =Y api(zy), i=1,...,n (1)

=1

MeTon peuteHus 3aJasiu, IPU KOTOPOM KO3(hUIHUEHTHl @; OIpemeadiorca He-
IIOCPEACTBEHHBIM pelleHreM CHCTeMbl (1), HA3BIBACTCA Memodom Heonpedener-
HBLT KoaPuyuenmos.

Kax npapuno, B MeTojle HeOnpeeTeHHBX KO3M(MHIUEHTOB YACIO 3a0aHHbIX YCIO-
BHI{ PAaBIIO YUCILYy CBOGOAHBIX (HEM3BECTHBIX) MAPAMETPOB, NOMJIEKAIIUX OTpeese-
HHIO.

Haubonee m3ydeH ciydail HHTEPIOIHUPOBAHMS MHOTOYICHAMU

n .
Zaiml_l. (2)
i=1

Torna

wi(z) =2, i=1,...,n,

n cucrema ypapHenuit (1) umeer Buz
n
Zaiiﬂ;‘_l :f(.’l?]), j=LL...,n (3)
i=1

Hanee MBI npeanonaraeM, uro Bce z; pasamunsie. Oupemenurens 3TOH CH-

i1
cremsl det [z} '] ornmien or uyna (oupesenutens Bampepmonma). Cremosa-
TEJBHO, cucTeMa (3) BcerJia MMeeT pemienue, W NPUTOM eJWHCTBeHHOE. Ta-
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KM 06pa3soM, JOKA3aHO CYINECTBOBAHHE U EIMHCTBEHHOCTH HHTEPHOJIAIHOH-
HOrO MHOro4YwIeHa Buiua (2).

Henocpeacreernoe HaxoXnenne Kod(pPUIMEHTOB 0; € TOMOINBLID DPeIleHHs
3TOM CHCTeMBI yXKe IPH CPABHUTENLHO HEBOMbIIMX 7, HAIpumep, npu n = 20,
IPUBOJUT K CyINECTBEHHOMY HCKAXKEHUIO KOS(MD(DHIHUEHTOB ¢; BbITHCIATE -
HOHM MOrpemHOCTBI0. KpoMe TOro, Kak MBI YBUAMM B DJI. 4, yXe cama 3a-
OUCh MHOTOWIEHA B TPAmMIMOHHON dopme (2) wacTO HPUBOAUT K GONIBHION
BBIMMCJINTEIILHON TIOTPEIIHOCTH DPE3yJIbTata. 1IpH TEOPEeTHUECKUX HCCIenoBa-
HHAX, HAOPUMED NPU KOHCTPYMPOBAHWM AJITOPHTMOL PEIICHUs] APYTHX 3a1ad,
3TH 06CTOATENLCTBA MOTYT He urpaTh ponu. OJHAKO MPHU pEeabHBIX BBITH-
CTICHUSX BIMAHUC BBHIYHCIMTEIBHOR TOTPENTHOCTH MOXKET ObITh HEJOIYyCTUMO
GoNbUIMM, W TOITOMY HPUMEHHIOTCH APYTHE BHILI HHTEPHIOIAIMOHHOTO MHO-
roYjieHa W CIOCOBBLI €ro 3alliCH.

MoOHO HONYyIUTH SIBHbIE HPEICTABICHHS HHTEPIOIAIMOHHOTO MHOTOYJICHA
(2), He nmpuberast K HENOCPEACTBEHHOMY pelneHuio cucremsl (3). Cpasy xe or-
METHM, YTO B APYIHX (Iy4Yadx, HAIPUMED I[[PH UHTEPIOJMPOBAHWM (PyHKIHIK
MHOTMX IEPEMEHHBIX, [OJyTeHHe WHTEPIOIAMOHHOT0 MHOTOYIEHA B ABHOM
BUJIe 3aTPYAHUTENLHO, W YACTO NPHUXOAUTCA NpUbEraTh K HEHOCPEACTBEHHOMY
PELIEHUI0 CUCTEMBI ypaBHeHuidl tuma (1).

[Tycrs §7 ects cumpon Kpomekepa, olpeesseMbrit COOTHOMICHHSIMH

g bomm =g

‘ 0 mpu i#j.
3a/lava MHTEPHONUPOBAHUA OYyJET PENICHA, €CHH YJACTCS MOCTPOHTL MHO-
rounenpt ®;(z) cremenm mHe BBIme 1 — 1 Takme, uro P;(z;) = & npm
1,7 = 1,..., n. MHorouren

n
gn(z) =Y f(2:)®i()
=1
6y,U,eT HCKOMBIM HHTGpHOJISH_‘LHOHHbIM MHOTI'O4YJI€HOM. B CaMOM ,zxene,
n n
n(zs) = 3 fle)®i(z;) = > flz:)6] = f(z;);
1=1 =1

KPOME TOro, @n(T)-—MHOrOUJIEH CTemeHd 1 — 1.

[Tockonbky ®;(z;) =0 mpu j # 4, o ®;(z) nemurcs Ha z —z,; Upu j # i.
Taxkum 06pa3omM, HaM HM3BECTHBI T — 1 mesiuTeneit MHOrOWJICHa CTEmeHd 71— 1,
HO3TOMY

®;(x) = const H(:L - z;).
J#i

Uz ycmosus ®;(z;) = 1 momyuaem
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HWHTeprnionsImuOHHBIA MHOI'OIEH (2), sanucaHHbBIi B QopMe
. T — Iy
gn(z) = Ln(z) = Y _fla) [[ —, (4)

HA3BIBAIOT UHMEPTOAAUUOHHBM MHO20UNEHOM Jlazparotca.

Cymectsyor apyrue (opMbl 3alHCH TOTO K€ HHTEPHOJISLIHUOHHOIO MHO-
rowiena (2), HAIPDHMED DPACCMATDHBAEMAasl JaJlee UHMEPNOAAUUOHHAA opmy-
aa Hviomona u ee BapuaHTHI. Ilpu TOumBIX (6€3 OKDYTJIEHWH) BBIYMCICHHAX
3HAYEHNs, TOJYUAEMBIC [0 PA3JIMIHBIM HHTEPIONSITHOHHBIM (DOPMYJIAM, CO-
BIIAJAIOT. Hanuupe e OKDPYIVIEHHH [PUBOAMT K PA3JIMYHIO B IIOIYYAEMBIX II0
3TuM GOpMyIaM 3HAYEHHH HHTEPIOIIIUOHHBIX MHOTOWIEHOB. 3aliCh MHOIO-
giena B ¢dopme Jlarpam»ka, Kak NPARWIO, OPUBOAWT K MeEHBINEH BeInuwHe
BBEIUMCIIUTENBHON [OIPEIIHOCTY, 3alliCh >Ke MHOrouwieHa B ¢opme HbroTona
fosiee HAWISIAHA M TO3BOJAET JIy4Ile IPOCAEIUTH AHAJIOIHMIO IPOBOTUMBIX IIO-
CTPOEHUH C OCHOBHBLIMH IIOCTPOEHMSIMH MATEMATHUECKOTO anaan3za. Kpome To-
ro, 3TUM PA3JIMIHBIM (POPMAM 33aLHCH COOTBETCTBYET DPA3JIUTHOE KOAUNECTNEO
apupmemuieckur onepeyutl TPH BLIYHUCIEHHM C WX IHOMOIIBIO 3HAUCHHN WH-
TEPHOJIANMOHHOTO0 MHOTOJIEHA.

Mpl ymoTpebuiau TEpMHUH <KOJIUIECTBO apudMeTudeckux omepaimis. Ilo-
JCHUM, 9TO MMeeTcCs B BHAY. llycTh paccMaTpmBaeTCd 337ava BBITHCIEHUS
3HAYEHWMST MHOI'OIEHA

Pn(*B) = apz" + an—lmn_1 +--t+aiz+ag

B TOYKe . BRIYHCIeHUs MOXKHO NPOBOIMTH Pa3INYHBIMHU crocobamu. Hampwu-
Mep, MOXHO NOCTYUHUTH CIEAYIOIWM 00pa3oM. BLIYHCINTL 3HaYeHHE T M
CTIOXUTH € ag. Jlalee BBHIYMCIAMTL 3HAMEHHE (oL’ U CJOXKHUTH € HOJYICHHBIM
pesynpratom u T.A. Ha j-M mare, Takum 06pa3soM, BBEIUMCISETCA 3HAYCHHE
ajmj M CKJIAIBIBAETCH C y¥K€ BBIUUCICHHOH CyMMOH a0+a1$+---+aj_1acj'1.
Brruucnenue smavenuss ajz’ Tpebyer j omepanuit ymHOXeHus. Takum obpa-
30M, ONMCAHHBIH BBIIIE AJCOPUTM TPeOYyeT Il BBIYUCICHHS 3HAYEHHS MOHO-
rowreHa (1 4+ 24 ---4+n) = n(n + 1)/2 onepanuit yMHOXKEHWS H 7. OIEpa-
nuit ciaoxenud. KomudecTBo apudmerwueckux onepaunmii (medicTBuiil) B maH-
HoM ciyuae Oymer pasHo ®; = n(n+1)/2 + n.

fcHo, 9TO KOMMYIECTBO apU(PMETHYECKUX ONEpaluil, HCOOXOMUMEIX M1 BBI-
yucaeHus 3HaveHus P, (z), mMoxer ObITh yMeHbIIEHO. Hamnpumep, MOXKHO IIO-
CJIeOBATEILHO BBHIYHCIMTL W 3aIOMHATH 3HAaYeHHs z2, z°,..., z". Jlna sroro
norpebyerca n — 1 omepamuit ymuoxXenus. Jalee BHIUHC/IAEM BEIHYHHEI ajmj
(j =1,...,n). ro morpebyer n omepanmi yMmHONKeHus. CKIampBas HOJY-
JeHHble 3Havenus (3T0 Tpebyer n omepamuit ciaoxenus), nonydaem Pp(z). B
3ToM crydae ®o = (2n— 1)+ n uw yxe npu n > 2 UMeET MECTO HEPaBEHCTBO
Dy < By.

Moxno no#itu eme mampme. 3amumem P,(r) B Bume

P, = ( ((anz + an_1)$+an_2)x+...)x+a0_
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s BLIUMCIEHAST 3HAYEHHS BO BHYTDEHHHX CKOOKAaX anZ + an_1 Tpebyercs
OfHa OIepaldsl YMHOXEHHS M OJHA Olepaiys CJIOXKeHus. Jljis BbIYMCJICHUS
3HAUEHHH B CACAYIOIHX CKOOKaX (anZ -+ Gy-1)Z + an—2 Tpebyerca onmarn omHA
OUECpANMA YMHOXKEHUA ¥ OfHA OUEPAIUs CJIOKEHWS, TAK KAK anT +a,_ 1 yxKe
BBLIUMCAEHO, H T.J. Taxum oOpasom, peraucienue P, (z) mpu momomu 3roro
AJIrOpHTMa noTpebyeT 7. ouepanuii YMEOXEHHS M 7 OIepanuii JIoKeHus, TO
ectb 3 = n + n.

Slcno, uro ®3 < &5 < ®; mpu n > 2. Takum obpasom, peruuciaenue P, (x)
o NOCAEHHEMY AJTOPHTMY TOTpe0yer MeHbIe apu@MMETHIECKHX ONepandil u,
COOTBETCTBEHHO, MeHbpie BpeMmenn IBM. KomuuecTBo apudMerHIecKux ome-
paluii, KoTopoe Tpebyercs Ui TOJYyYeHWs PEe3yJbTaTa, SBJSIeTCS OMHOH U3
BaXKHEHIIMX XAPAKTEPUCTHK METOJA, MO KOTOPOH HMPOUCXOIUT CPABHEHHE ME-
TOMOB.

Wnorga p0 Ravasia BRIYHCJIEHHA He YA2eTCad TOYHO OLCHUTL Tpebyemoe
KOJIMYECTBO apH(pPMETHUECKHX OIE€pANMU, a YIAeTcs ONEHHTH JIUIIL TOPAJOK
KOAUMECTNEA APUPMEMUNECKUT Onepayuli 10 OTHOINEHUIO K KAKOMY-JTHOO Ia-
pamerpy. B paccMaTpWBAEMOM BBILIE UpUMEPE

Dy = 0(n?), @, 3= 0(n),

7L — CT€HeHb MHOTOTJIEHA.
B nocnepuem cayuae (Pp, P3 = O(n)) roBopaT, YTO METOABI HMEIOT OIH-
HAKOBBIIl MOPAIOK KONHYUECTBA APUMDMETHYECKUX OUEPANHH.
B Tex cnywasx, KOTOA HAXOAMTCH MOPSJIOK KOJWUECTBA, APHQPMETHIECKHX
omepanui, ObIBAET BAXKHO HAHTH TOCTOAHHYIO B INaBHOM wienme. Hampmmep,

Oy = %nz +0(n?), @y =3n+o0(n), o3=2n.

Kak npasumo, meToj, TpeOyOMHi MEHBINETO KOMUYECTBA apU(PMETHIECKHX
oneparuii, #ABnsgercs Oosiee OBICTPBIM, M OITOMY CUHTAETCS JYUIIUM. BEBI-
O6rupad MeTOJ PpelIeHUsl (JIOXKHBIX 3aJaY, YACTO OTPAHUYHBAIOTCSH JIHIIb CPAB-
HEHHEM IIOPSIKOB KOJIMIECTB2 APHU(MMETHUECKUX ONEPAIMY [ PA3TATHBIX
METOMOB.

3ameTuM, UTO 3HAUeHHE MHorouwlena P,(z) onpepenserca mapaMeTpamu
ag, @1,..., Gp ¥ BexuuuHOH z. [Tosromy B 0bmem oiyuae AAs BBINHCICHUS
P,(z) nmorpebyercsi He MeHee 7 apH(pMETHICCKHUX ONEPALMil, T.€. Mbl HMEeM
OLEHKY CHH3Y JJIsI KOJWYEeCTBA apu@MeTmHiuecKnx omepamuit. Taxum obpazom,
BTOPOHl M TpeTHit MeTOjbl BbluuwieHus P, (r) asnsaiorca onmumaivhvimu no
nopsdry, tak Kak P, 3 = O(n) un s moboro meroma P > n.

B cBs13u ¢ nosiBneneM MHOTONPOUECCOPHBIX BLIYUCIUTETBHBIX KOMILIEKCOB MOMKET
CIIYYATLCA TAK, YTO METOJ, Tpedyouit 60Ibulero KOMu4ecTsa apudMeTHIecKux
omepaiuii, 6ymer HpIcTpee APYroro METOI ¢ MEHBUEM KOMHIECTBOM apudMeTHe-
ckux onepandii. Iloaromy nns cnyvast Muoroupoieccoproit 9BM uens3s ouenuBars
Ka9IEeCTBO METOAA TONLKO IO KOJIM4ECTBY apudMEeTHYECKUX oneparuit.
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§ 3. OuleHKa OCTAaTOYHOrO 4JieHa
WHTEPHOJIAIMOHHOro MHOrodiaeHa Jlarpan»ka

B npeanosioXeHuH HEIpPepPBIBHOCTU f™)(z) onmenmm pasmocrs mexay f(z) u
MOCTPOEHHBIM WHTEPIOJISIIUOHHBIM MHOTOWIEHOM gy (Z). ITomoxum

p(t) = f(t) = gn(t) — Kwn(t),

rae wp(t) = (t—z1) - (t —z,), a K Beibepem u3 ycnosus @(z) = 0, rae

Z — TOYKA, B KOTOpOU OLEHHMBAETCA MOTrpenrHoCTh. V3 ypasuenus ¢(z) = 0
MOy 92eM
o 1)~ nla)
wn($)

[Tpu Takom BBIGOpe K dyukuua ¢(t) obpamaercas B Hyas B (n+ 1)-if Touke
T1,..., In, . Ha ocHoBanuu reopembl Posuis ee mpoussommnas ¢'(t) obpamia-
eTca B HyJb TI0 KpaifHel Mepe B 7 TOukax. llpumeHsas Teopemy Posisg x
©'(t), momyuaem, uro ee npoussonHaa ¢ (t) obpamaercs B Hyns 0 KpaiHeit
mepe B (n — 1)-it Touke. Ilpogosxkas 3T pacCyXIeHUs AaJiblle, MOIydaeM,
aro @(™(t) obpamaercs B Hyih IO KpaifHeir Mepe B OmHO# Touke (, IpH-
HAJJIEXAEH OTPe3Ky [y1, Y2, Lue

y1 = min{zy, ..., Tp, T}, Yo = mMax{ry,..., Ty, T}.
ITockoneky
™ (t) = fM(t) - Knl,
u3 yemopus @™ () = 0 Gymem umers

n)
L)

n!

Caenosarensso, coorsomenne ¢(z) =0 MOXHO Iepenucars B BUIE

) (¢) wp (z
Fa) —gala) = TEODD ey, ) 0

JarIileM IIpeacraBJieHue OCTaTOYHOIO YJICHA.

8§ 4. PaszgesieHHBIE Pa3HOCTH U UX CBOICTBa

Kak 6yner Bummo jjasiee, MHTEPHOJAIMOHHLIE MHOTOWIEH MOXHO PAaCCMAaTpH-
BaTh Kak o06obmmenue oTpeska psaga Teisopa.

O6o6ienreM MOHATHS NPOU3BOLHON SIBJISETCS INOHATHE pasdeaennoti pas-
nocmu. PasfeneHHple pa3sHOCTH HYJIEBOrO mopanka f(Z;) COBIANAIOT €O 3Ha-
genuaMu GyHKnun f(2;); PA3HOCTH NEPBOrO IMOPAIKA OINPEIE/ISAIOTCH DaBEH-

CTBOM
T %
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Pa3HOCTH BTOPOr'0c NOPAAKa — PaBEHCTBOM

flzs; zj; ) = flzg; @) = f=i; ‘Ej),
Iy — Iy

U, Boofmie, pa3sHocTH k-ro mopanka f(Z);...; Try1) ONPENENAIOTCA IEPE3 pad-
gocru (k — 1)-ro mopsigka mo Qopmysie

Jlxo; s apq1) = fz15. .05 wy)
f(@1; 5 wp) = L Sad.2 (2)
Tg41 — T1
Huorpa Bmecto f(z1;...; zx) wucnomssyior obozHavendsa {(f)(zq;...; zp) wnu
[$1;...; :I:k].

Jemma. Cnpasedauso pasercmso

k‘ ..
f(ml;,,,;xk):z__fl-(fl)—:_—_ (3)

Hoxazamenvcmeo 6ydeM TpoBOAUTH HO MHAYKIHH. IIpu k = 1 9TO paBeHCTBO
npespamaercsd B paseHcTso f(z1) = f(z1), mpu k = 2 cosmanaer ¢ (1). Ilycts
(3) morasamo mpm k < [. Torma

fle; o) = flans -5 @)
Li+1 — Iy

flay . zg1) =

I+1

1 f’L'j l zj
- S Jw) 5 S

Tiel =23 | 55 H (zj —z) =1 (zj — =)
i vy
2€igl+1 1<l

i it
il 1<i
(zj — 1) — (z; — $t+1)

$l+1 - 5131 H (33] - :l:,) - H (37] - :L‘,)’

<z<l+1 <1.<H—1
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T.e. UMeeT TpebyeMbiit B, Juist § =1 wim j = [+ 1 3uavenue f(z;) Bxomur
TONMBKO B OJHO CJIATaeMOe B IPAaBOHl 4YacTH, H KO3(D(PHUMEHT [IPH HEM TaKXKe
uMmeeT Tpebyembril Bui. JJ0oKa3aTeanCTBO 3aKOHUYEHO.

HenocpencTeenno u3 (3) BbITEKAET sl CJIEACTBHIA.

1. Tlpn PUKCHPOBAHHBIX T1,..., Ty PA3LEICHHAS DPAZHOCTH SBJIAETCS JIU-
HeffHBIM (PYHKIIMOHAIOM OT (BYHKIUHU f:
(a1 f1 + o fo)(m1. -5 zk) = anfi(@;. . 5 2x) + oafolm1; .. 5 2p)-
2. Pasnenennas pa3HOCThL €CTh CHMMETpHUecKasd (QYHKIUS CBOMX apry-
MEHTOB I1,..., T) (T.€. He MeHZeTCs Npd JI000H HX NEepecTAHOBKE).
Ecnun dyuxkuusa 3amama B TOYKAX L1,..., Tpn, TO TabiHIly
f(z1)
f(z1522)
flz2) flzyzyzs) -
fai2) : Ul e e @)
f(zs3) : Lo
f(‘rn—la "Ln)
flzn)

HA3BIBAIOT mabauyetl pasdeseHHuns pasnocmerl.

§ 5. Narepnonsanuonsasi popmysa HeroroHa
C pa3gejieHHbIMU Pa3HOCTAMHU
IIpr momoIM pa3feIeHHBIX pPa3HOCTEH MOXHO MOJYYUTL APYryio (opMmy 3a-

OHCH WHTEPIONAIHOHHOr0 MHOrgwieHa (2.4).
CupasenyinBo paBeHCTBO

n k]
I Y (O NS R €
i=1 H(x - ~Ti) i=1 (.’L'z' — .’L')]‘_I(.’Lz — .'I:j)
=1 J#
CpasumBas ¢ (4.3), y6exmaemca, 4YTO BbIpaXK€HHE B CKOOKaX €CTb
f(z; 215...; ). Takum obpasom,
f(m)—Ln(-T) =f($§ T15---35 -'L'n)wn(a;)a (1)

LIe MHOTOYNeH wp(x) onpemenen B § 3.
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Iycts Ly, (2) — MHTEPIOAANUOHHBIM MHOrO4eH Jlarpamxa ¢ ysjgamum wuH-
TEpNONAINH  I1,..., Ly. VYIHTeprnonanuoHHBIH MHOrownen Jlarpamxka L, (x)
MOKHO TDEICTABHTEL B BHJE

Ln(z) = Li(2) + (La(z) ~ Li(2)) + -+ + (Ln(z) — Lu-1(2)). (2)

Pasznocts Ly, (2) — Lyy—1(z) ecTb mHOrowIeH cremeHn m — 1, obpamaiomuics
B HyJlb B TOYKAX &1,..., Tm—1, HOCKONBKY Lpym_1(z;) = Ly(x;j) = f(r;) opu
1 < j € m—1. CuaegosarenbHo,

Lyy(z) = Lyp—1(z) = Aoy wm—1(z),  wm—1(z) = (. —21) ... (& — 2pm—1),
rae A1 = const. Ilonaras z = z,,, monyunMm
f@m) = Lin—1(2m) = Ap_1wm—1(Tm)-
C papyrout cropousl, momarag B (1) n=m —1 u z = z,,, UMeeM
f@m) = Lyn—1(2m) = f(@m; 215 -+ -5 Zm-1) Wm—1(Lm)-
Takum obpaszom, Ap,—1 = f(z1;...; T,p) € TOITOMY
Lp(z) — Ly—1(z) = f(z1; .5 Tm) wm—1(2).

TlopcraBnsiss 9TM Benwuyuubl B (2), HOIyYHM

Ly(z)=f(z1)+ flzy;z2)(—z1)+ -+ f(z15.. s zn) (@ —21) ... (B —2Zp—1).  (3)
WHTepnonsiiiuoHHbIA  MHOTOYJIEH, 3AMUCAHHBIA B Takoil ¢opme, HA3BIBAETCS
UNMEPNOAAYUOHHDM MH020%AenoMm Hovtomona ¢ pasdesennvmu pasnocmamu. U3
cpaBuenus (1) ¢ (3.1) cienyer BaXkHOe paBEHCTBO

()
e (@

flo; x5 ) =

B wactnoctu, ewm f(z) — mHOrOWIEH
!
Py(z) = bz’
=0

crenenn [ € n, TO Ha OCHOBaAHHU 3TOH (OPMYIbI HMEEM

b npu l=mn,
Pl(mo;"';wn):{ 0n II}I;I/I l<n
npu JobbIX Tg,..., Tn.

IlpennonoxuM, 4TO TOYKH Z1,..., T, HNPOHYMEPOBAHLI B MOPSJIKE BO3pa-
craus: ] < o2 < --- < z,. Boaegcrsue (4) umMeeM

m! f(@r; -5 Tham) = F™(G), tae $x < G < Thym-

IlosTomy Benu4uHa

My = sup m!|(f(zk;...; Thim)l
1g<k<n—k
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MOXKET HCOOJIBL30BAThCA B KadecTBe TPHOIMMKEHHON ONEHKH I BEJIMUHHLI

M(m): sup {f(m)(:li)

[-7:1»1'11]

3amada 1. lokazaTe HepaBeHCTBO
le __M(m)’ < M("H_l)hm,

roe hp = max (Tpim — Tk)-
1<kg<n—m
JJ1s1 ynpolneHnst BEIMUCIICHUN MHTEPIIONANMONHOrO MHOIOWIEHA HHOLAA HC-
NOJIB3YETCST TAK HA3bIBAEMasl Crema JUmreHa.
ycrs Ligg+1,..,0) (%) — MATEPHIONAUMOHHDIH MIOIOYIEH C y3JIaMH HHTEPIO-

JAUGHU Tk, ..., Ty, B 9aCTHOCTH Lpy(r) = f(z). Cnopaseimeo paBencTso
L, iry(®) (2 — ) — Lk, o (2) (2 = 2141)
Lk prr,.ie)(z) = — - ;o (B)
Ti41 — Tg

JEHCTBUTENBHO, IIpaBad <ACTb SBJSETCS MHOrowdaeHoM cremenn [ —k + 1 n
coBuagaer ¢ f(x) B TOUKAX Zg,..., Tj1;. Cxema DHTKeHA BLIMHCJIEHHS 3HA-
uenus Ly . p)(z) 3aKmouaeTcs B NOGIENOBATENBHOM BBLITHCIEHHH C HOMO-
wpio Gopmyns (5) aneMeHTOB TabuuIp! 3HAUEHHH UHTEPIONAIUOHHDLIX MHO-
TOWIEHOE

l1)(z)
1(1,2)(37)
Liay(z) o () lags(z) .
(2,3) z -' o 1,2,...,n (a:
l(3)() : (2 {2)
l(n-—l,n) (a:)
Liny(2)

ITa cxXeMa TOJIOXKEHA B OCHOBY cmandapmholi npozpammbi PEIICHHS CIELY-
el 3aaatu.

Jana tabmuna sHadeHHid HekoTOpod (ynkuuu f(z); TpebyeTcs npm Ka-
JKJIOM 3HAMCHUM T BBLIMHCIATH 3HateHue [(r) ¢ 3aJaHHOH TOUYHOCTHIO £ HJIH
¢ Hamayvmed BO3MOXKHON TOUYHOCTBIO TPH HMeueics muadgopMalyu.

Tpyano marh gerkoe onpegenenne Tepmuna cmandapmuas npozpamaa. I1o ycrano-
BHBIIEACS TPAAMINH CTAHZAPTHON IPOrPaMMOil PEIIeHUs 33049 HEKOTOPOr0 KIIACCa,
HA3BIBAIOT KBAJH(HIIPOBAHHO HANUCAHHYIO MPOTPAMMY, COAEPYKAILYI0 OIHCAHUE
aJIrOpHTMAa peIlleHMs 3334 JAHHOTO Kjacca. Pemenne xkoHkperHoil samadum ocy-
INECTBIIACTCSA MOACOSAMHEHHEM K CTaHIAPTHON nporpamme HupopManuu o6 3Toi
KOHKpeTHO# 3aga4e. OT cranIapTHON NPOrpaMMbl TaKKe TPeGYeTcst, YTOBBI J0TLyC-
KaJIoCh €€ UCIIOIb30BAHHE KaK 3JIEMEHTA IIPOTPAMMBI, IPeAHa3HAYeHHOH A pere-
HUA Gojlee CIOXKHBIX 331a.

PaCCManHBaeMOG HHU2KEe IIOCTPDOEHHE aJIrOPUTMa pemieHud 3aavuy ABJIACT-
€A AOBOJIbHO THIHAYHBIM JUIdA CUTyaluH, BO3SHUKAIOIIENA B peaJIbHOﬁ OpaKTHKe.
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HeBo3MOXHO NPEIJIOKHTH OBOCHOBAHHBIA AJTOPUTM PEIIEHHS INTOCTABJIEHHON
3aJa4d g BceX (DYHKIMH, HOCKONLKY HPO (PYyHKIMIO HUYEr0 HEe H3BECT-
HO, KpOMe ee¢ 3HadeHHil B 3aJaHHbIX Toukax. OngHaxo, mpesmmonaras (yHK-
IO IVIAJKOM, MBI BBIBOJMM IIPAKTHYCCKHH KPHUTEPHH OLCHKH IOTPEIIHOCTH
H, OCHOBBIBAACh Ha HEM, CTPOMM AJTOPUTM DEIIeHHs 3aJa4H.

Ilycres z PUKCHMPOBAHO; TEpeHyMepyeM Y3Jbl HHTEPHOJISIUH B IIODAIKE
Bo3pacTaHus |z;—|. VHTepnonsuuonnsie MEorowensl Ly n)(2) Bymem obo-
3HavaTh, Kak ObObIaHO, L., ().

Brime monygeno upeacraBiaenue morpemuocta (1)

(@) = Ln(z) = f(z; 2155 Tm) win(2),
a TaKXe€ paBEHCTBO
Lngi(z) — Liy(z) = flz;.. 1‘m+1)wm($)- (6)

Tak KaK NIpH MajbIX |z — Tl

(m) T
flx; x5 o) = f : l( ) ~ (T Tme1),
gl
TO OTCIOAA CJICNyeT
F(#) = Lin(2) & Lin1(2) — Lin(z). (7)
Mosromy BenwawmHy &, = |Lpi1(z)—Ly(z)] Moxuoo paccmarpuBath

KaKk OpHMOJMKEHHYI0 OLEHKY IIOTPEIIHOCTH HHTEPHOMSIIIMOHHON  (POPMYJILI
f(z) = L, (z). IocrenoBarenbro Buuucnsgior 3Havenus Lo(z), Li(z), €1,
Lo(z), €2,...; eid upH HEKOTOpPOM m OyJeT £, < €, TO BLIYUCIEHHS Hpe-
KpalaloT ¥ I10JaraioT

f(z) = L (2).

Ecan 910 HepaBeHCTBO He BBIIOMHSIETCS. HU IPH KAKOM 71, TO HAXOUAT Em, =
min €, u nonaraior f(z) & Lpyy(z). Ecm 9Tor MHHMMYM JIOCTHTaeTCs MPU
m

HECKONBKHUX M, TO CPeJ¥ HUX BBIOMpAIOT HauMeHbinee. FECIn BEeNUYHHBI &,
HAYUHAA € HEKOTOPOTO 77, HUMEIOT YCTONYMBYIO TEHIAEHUMIO K YBEJMICHHIO,
TO € 3TOr0 MOMEHTa BbIUMC/IEHHME 3HadeHWUH L.,(z), £, Tpekpamaior.

§ 6. PazesieHHble Pa3HOCTU M MHTEPHOJUPOBaHUE
C KpaTHBIMU y3JIaMU

Iycre TpebyeTcd mOCTPOMTHL MHOTrOWIEH gs(z) CTemeHH s — 1, yIOBIETBODS-
OMHEE  yCI0BUAM

g(@) = fl@) -, g (@) =M (@),
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3Mech BCE Z; PA3JUYHBIE, § = M +---+m,. Takodl MHOTOWIEH HA3LIBAIOT UHM-
MEPTLOAATYLOHNDIM MHOZONAEHOM C KDAMHBLMU Y3AGMU, & THCTA TN1,. .., Mgy —
KPATNHOCTAMU Y3408 T1,..., Ly.

VHTCpIONanuOHHBI MHOTO'WIEH ¢s(Z) onpeneilsiercst eIMHCTBEHHBIM 00pa-
3oMm. B caMom zerye, NpemmoONIONKHUM, UTO CYIIECTBYIOT ABa MHOTOWIEHA CTe-
menu s — 1, yuossersopsommx yenosusim (1), Torma mx pasnocrs Qg(x) yno-
BJIETBOPSIET COOTHOUIIEHHAM

Qs(z1) == QM V() =0, ..., Qslan) == Q™ V(z,) = 0;

TOUKH ZL1,...,T, SBISIOTCI HYISIMH MHOTOWIeHa (Qs(r) KpaTHOCTH 1y, ..., M,
COOTBETCTBEHHO. Mbl nomyunnm, uro muorowied @Qg(z) # 0 crenenm s — 1
umeer s Hyneit. CnenmosarensHo, (s(z) = 0.

Hanee 6ymem mpenmosarats, wro yskiua f(z) HenpepblBHO mudpepen-
nupyeMa s pa3. CyniecTBOBaHHE HHTEPIIOIAIMOHHOTO MHOTOWIeHa gs(x), yJ0-
BJICTBOPSIONIETO ycyioBusiM (1), NOKaXKeM, MNOJLYIMB JJIs HEro SBHOE BbIpa-

KeHHue.

3aanuMca TOCHIEIOBATENBHOCTLIO COBOKYIHOCTEH TOYeK :I:fj, 0 < e < &y,
t=1,...,n, 7 =1,..., mj, YI0OBIETEOPSIONIX CIEIYIOUWIUM YCIOBUAM: IPH

0 < € < gy Bce TOukmM 2zt padmmunble, i, — z; npm & — 0. B wacrHOCTH,

ij ij

MOXHO TOJNOXKHTL Tf; = z; + (j — 1)e.
IMocTponM METEPHONANMOHHBIA MHoOrTOWIeH ¢(z) cremenn s — 1, cosmasa-
ompit ¢ f(z) B TOuKax z7;. Tabnnna pasmeneHHBIX pa3HOCTeH, COOTBETCTBY-

Iomux 3roMy Habopy y3J0B, HMeeT BuUZ,

fz1y)
flafy;270)
f(z5,) flagy; 2995 253)
J(z52;213) : ’
f(zf3) :

o ' f(l'iﬁl'izi- C T, )- (2)
' f(a:im] ) ISI)
fz51) o
f(@hm,,)
Bemumem unTeprnonsnuonuyo ¢gopmyny HboTona ¢ pasnemreHHbIMEH pas-
HOCTAMHU:
95 () = A + Af(z — 27)) + A5(z — 27))(z — 29y) + -
A (@ -2y (=2, ),
Ine
Ao = f(25), AT = f(a5y; 252),

A5 = f(xiﬁ T12; zi3)... v A1 = f(=y; zi9;-- 3 $fz,mn)-
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Bripakasi pasiejleHHble DA3HOCTH tepe3 IIPOH3BOAHBIE, HMeeM

~ f(m,—l) <:z§l )

im

f(g;f,; cl :I:fm) = (m — l)‘
Ilepexona Kk mpeneny npu € — 0, IDOIy4AeM

FmDi(z;)

hm f(x5;. .. 25, ) = ———-t. 3
E—%Oj( il ) 1.m) (m——l)! ( )
Takum 00pa3zoM, W3 HAIIKMX PACCYRKJICHUH CACYET, TITO BCE DPA3/IEIEHHbIE
pazuocty B rabmune (2) Buma f(z5;...;25,) mpu £ — 0 HMEIOT Opejen,
KOTOpBIe ecTecTBeHHO obozHavats f(x;...; x;). Uz (3) caenyer, uro
————
m—l+1 pas
£ ()
e T
Flais. o mg) = 0 (4)
p+1 pas

3amaga 1. Waayknueil 110 TIOPSIKY PA3HOCTH II0KA34TH, UTO BCE DPA3METEH-
Hble DA3HOCTH, BXogdAmue B Tabauiy (2), MMEIOT KOHEYHBbIE IIPEIEJILI.

Ecu pee anements! 1abiuupl (2) UMEOT OpEAeNbl, TO Ha JIOGOM OTPe3Ke
MHOTOUEHBl ¢5(2) mpu € — 0 cTpeMaTcsa K HEKOTOPOMY MHOTOUIIEHY

gs(1) = Ao+ AL(z — 21) + Ag(z — 1) + - -
ot A (- 3)™ (- ) (- zy,) T = (5)

= f(z1) + flon o) (@ —an) + flaors o e)(@ —2)" + -
e—0
Muorounen gs(r) 3anuceiBaeTcs B BuIe

L8 74D (o)

(1 — 1)] (-T — .’Ill)i~1 + O((;r - Jfl)m‘)_

gs(z) =

=1

OTCIOﬂa BBITCKaET, YWTO OH YJOBJIETBOPACT YCJIOBHAM, 3allaHHBIM B TOY-

Ke T1. BCJIeﬂ,CTBI/Ie CIVHCTBCHHOCTH MHTEDIOIAINHOHHOI'O MHOT'OWIEHa MHOIO-

4ien g¢5(r) He M3MEHWTCH HDH HepeobO3BAMEHMH ) = Zj, £; = ©1. [losromy

HNPENENBbHBIN MHOTOWIEH OYyIeT yIOBJIETBOPATH 3AJAHIBIM YCIOBHAM B JIOO0H
TOUKE .’EJ CHQHOB&TGJH)HO, ITOT MHOTOWIEH HABJIAECTCA UCKOMBIM.

3agaua 2. JlokazaTh paBEHCTBO

(s) ‘ i »
f@) g0 = L 0@, we) = [ -5, w<c<m,  ©
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rie yi = min{z, T1,..., Tn}, Y2 = Max{z, T1,..., Tn}.
Cornacro (5.1) crpaBeajiMBO paBeHCTBO
f(z) = g5(z) = f(z; 21155 T, ) w5 (T),
rae wi(z) = w,(z°). Ilepexoas k npeneny npu € — 0, noay4aum
f(z) = gs(z) = fla; o155 ) ws(2).
CpaBruBas 3T0 paBeHcTBO € (6), UMeeM

A

f(z;:El;"-;-TJvl): sl

DTO COOTHOIIIEHNE OCTAETCA B CHJle TIPH NpeaesbHOM IHepexole & — &5, j — Jitoboe.
U3 sTux cooTHOmeHuit cneayer, 4to dbopmyna (5.4)

AMI(9)

f(.’I)l,, .Z'N+1) = —]V—"‘——

(mepenmcanHas B apyrux oDO3HAYEHUAX) COPABEAJNHBA M B (JIydae, KOTLa HE Bce
Z),..., TN+1 — PA3JUUHBIE.

Mbl [OKa3a/MM CyUIeCTBOBAHME WHTEPIOIAIIMOHHOIO MHOTOWIEHA, YAO0BJIE-
TBOpsIomero ycioBuaMm (1). 3agady unTepnonsuuud MoxHO OBUIO OB IIOCTA-
BUTH M TaKuM 0DpasoM.

3ajana Tabiuna wmcen aij, ¢ = 1,...,n, 57 = 1,..., m;. Tpebyerca no-
CTPOUTbL MHOroOwWIeH ¢g,(x) cremenu s— 1, yAOBIETBOPSIONMIA YCIOBUAM

.gj—l)(xi):aij7 izl,...,ﬂ, .7:17’m1

OTa 335ava PABHOCHJIBHA MCXOJHOM, IIOCKOJNLKY BCELJIA MOXXHO YKA3aTh TJIall-
kyo ¢yakmao f(z) Takyi, 9To

£ (i) = ayy.

8 7. YpaBHeHUsI B KOHEYHBIX PA3HOCTSIX

Koneuno-pa3nocmHusimMy YPasHEHUAMY HA3BIBAIOT YDABHEHHUSI OTHOCHTEILHO
¢dbyHKIEE AECKpPeTHOro IlepeMeHHOro. Takwe ypaBHeHHUs, B UaCTHOCTH, BO3-
HUKAIOT TMPU alNPOKCUMAIMU OOBIKHOBEHHBIX M MHOrOMepHbIX auddepeHiy-
AJIbHBIX YPaBHEHUH.

CymecrByer r1y0OKas aHAJOTHS MEXKIY HENPEPBLIBHBIMM M JMCKPETHBIMH CIIydasi-
MH. B yacTHOCTH, cpaBeasIMBBI PAa3HOCTHLIE aHAJIOTH (hopmyn ['puna; ecu B He-
KOTOpO# 3ama4e npuMeHuM Metorn Pypre, TO B OTHOMEHHH COOTBETCTBYIOIIEH pa3-
HOCTHO# 3aJa4M NPHMEHHWM JHCKpeTHHIH BapuanT Meroga ®Pypre. IlpakTHuecku
KajXJIOMYy HMHTErPAaJIbHOMY TOXKIECTBY B TeopHH AubdepeHunaabHpIx ypaBHeHHH
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MOKHO TMOCTaBUTL B COOTBETCTBHE HEKOTOPBI MMCKPETHBI Bapuant. B pykax kBa-
THQUIIPOBAHHOIO MATEMATHKA METOIbl DEHICHHSI KOHEMHO-DA3HOCTHBIX YPABHEHU
SIBJLSIIOTCH MOLIHEHIIHUM CPEICTBOM HCCIEIOBAHUS 1YBCTBUTEIBHOCTH («yCTORIHBO-
CTH» ) aJICOPUTMOB K BBIUMCIANTENbHOI rorpeursocti. Ecin Tpebyercsa ueenmenoBaTs
AJICOPHTM PelIeHUs HEeKOTOPOH 3aJauy, TOo noabupaioT HJIH3KYIO 1I0 CIPYKType 3a-
nauy (Hanpumep, CRedysi npuHyuny 3amoposicennns xospduyuenmos (cm. ra. 10)),
JJIs1 KOTOpOIi pelleHne COOTBETCTBYIOUICH KOHEUHO-PA3HOCTHOH 33JIavH HAXOMUT-
¢ B ABHOM BME. AHAJIU3HUPYH AJTOPUTM PEIIEHUsT MCXOJHON 3AIaYH HA TIPHME-
pe 9TOi KOHEYHO-PA3HOCTHON 3a0aud, BLIHOCAT NPEABAPHTENILHOE CYXKIEHHE O ero
cpoiicTBax. Kak mMpaBuio, IpH NpaKTHYUECKOM PELIEHHH 33439 B DONBIIUHCTBE CIIy-
YaeB TOJyYeHHOE HA TAKOM NyTH IpPeIBapHTENbHOe CYXXIEHWE JAaeT IPaBHIBHOE
NpEeJACTaBIeHne O CBOUCTBAX AJrOPHTMA.

HenocpeIcTBEHHO KOHEUHO-PA3HOCTHRIE YPABHEHHS HOTPeOYIOTCH HAM B CIAEAYIO-
mieM raparpadpe npi onHcaHuu MHOrOWIeHOB Yebbiinesa. Huxe byaer nposenesa
AHAJIOTHS MEXKJly KOHETHO-PA3HOCTHBIME YPaBHEHUAMII OJHOIO JAHCKPETHOrO Iepe-
MEHHOTO M ODBIKHOBEHHBLIMU (D (DEPCHINATLILIMYE YPABHEHAAMM.

Pacemorpum npocrefimuit ciyvail offoro JUHEHHOrO ypaBHEHUd OTHOCH-
TEJIHHO HEW3IBECTHOUW (DYHKIMK OHOTO UEHOUMUCHEHHOTO APTYMEHTA

k
ly =) ai(n)y(n+1) = f(n). (1)
1=0

10 ypapHEHHE HA3LIBACTCH AUMEUHDIM DAZHOCTIHbIM YPasHEeHUEeM k-TO TOPAL-
Ka M SIBJISETCS PA3HOCTHBIM AHAJOTOM JIMHEHHOTO AU epeHuHAIbHOrO yPaB-
HeHUST k-TO MOPSIKA

k
Iy =3 bilzly(z) = f(a). (2)

1=0

Kaxpgoe u3 ypasuenuii (1) u (2) umeer sun Ly = h, tne L — nunefinniit
omepaTop. YpasHeHue Ly = ( Ha3BIBAIOT 00HOpOdHBIM; (DOPMYJIILL

y=y(Ci,...,C,n) wm y=y(C,...,C, )

JanoT obwee pewenue ypaBHerus (1) mnm (2), ecid npM IMONCTAHOBKE 3HA-
4deHnil napamerpoB C; MOXHO TONy4uTh nioboe peiieHre paccMaTPHBAEMOrO
ypaBHeHHMd. Ecnm v —4dacTHOe pellleHHe HEOQHOPOLHOTO ypasuenust Lv = h,
TO Pa3HOCTb ¥ — U SIBJIAETCH PpeIlleHWeM OJHOPOJHOro ypaBuenus L(y —v) =
h—h =0. Taxum o6pasom, ofiee pelieHHe HEOTHOPOLHOILO YPaBHEHHS UpPeJ-
CTaBUMO B BUJEC CYMMBI YaCTHOT'O DeNIeHUs] HEONHOPONHOIO YDABHEHHS # 00-
IIero pelIeHHS OJHOPONHOrO YpPaBHEHUd. PemeHdst ¥,..., Ym ONHOPOZHOTO
ypasHenusd Ly = ( Ha3bIBAIOT AUNEUHO 3G6UCUMHMU B DPACCMATPUBAEMOIR
061acTH M3MEHEeHUs HE3aBHCHMOTO apryMeHTa, eciu cymecrByloT Ci,..., Cn,
He BCe paBHble HYJ0, npu KOTopeix Ciy1 + - - + Cpym = 0. B nporusHOM
CJIydae 3TH PElIeHHS HA3BIBAIOT AUMEUHO He3a6UCUMBMU. Ecin yHKIME Y;
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ABJISTIOTCS pEIIEeHusIMM OfHOponHoro ypasnenust Ly = 0, To mobas (dynkums

E C,y; Tak)e 4BJSICTCS PeIleHHeM STOr0 ypaBHEHW:d, MOCKONBKY

1

L Z Ci:l/i = Z C, Ly'i = (.
i 7

[IpoBomuMOe Jajiee NaPaJUIENIbHOE paccMoTpenue ypasdenuit (1), (2) momwep-
KUBaeT OBIIMe YepThl 3TUX yPABHEHUH M MOMOraeT HAaWTH NyTh HUCCIIEOBAHUS
ypasdeHust (1) To aHajoruu ¢ ypapHeHHeMm (2).

[TycTs nyst OUpemeseHHOCTH ypasHenue (2) paccMmarpuBaerca B 067IaCTH
z > 0, a ypapuenme (1)—3s obmactu n = 0.

Teopema.

IIyems bi(z) # 0 npu z > 0 u sce | Hyemo ag(n) # 0 npun > 0.

bi(z) menpepueny npu x = 0.

Tozda obwee pewenue odnopodnozo ypasHernus Ly = 0 sanucweaemes 8 sude

k
Y= Z Civis
=1

20e yi,. .., Yp — AUHETHO He3asucumbie peutenud ypasuerus Ly = 0.

Hoxasameavemso.

Corsracao Teopeme cymectBoBanus | OpHoponaoe ypasrenue ly = (0 MOXHO

ypaBHerue ly = (0 wumeer peuwe- | NPEACTABUTL B BHUJIE
HYe npy JI00BIX HAYAJbHBIX YCIOBH- b1
(k~1) — a;(n .
= ax(n)
Ecm mer 3apapumea y(0),..., y(k—1),
T0 u3 (3) cMOXeM BBIYHCIUTL TOCIe-
nmosaresnvHo y(k), y(k +1),.... Takum

obpazoMm, mpu mobeix y(0),..., y(k—1)
ypasuenue [(y) = 0 uMmeer perueHue.
CornacHo Teopeme eIMHCTBEHHOCTH | DTO pellleHHe €TUHCTBEHHO, MOCKOIBKY
3TO penleHWe eIMHCTBEHHO. 3HaueHUs JI000r0 peleHus yaoBJie-
TBOPAIOT ypaBHeHuO (3), a u3 3TOro
ypasuenust 3uadenus y(k), y(k+1),...
ONPENENAIOTCA ONHO3HAYHO.

O6osnaumm wepes y;(z) pemenus | O6osnauum  wepe3s y;(n) peumeHus
ypasuenusi ly = 0 npu HavYaJbHBIX | ypasHeHus ly = ( &IpM HaYaTBHBIX

YCHOBHSAX yfj_l) = 6{, i,7=1,..., k. | yomoBuax y;(j—1) = 51?, 5,7=1,..., k.
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DTH peuleHHs1 06pa3ylOT JIMHEHHO He3aBHCUMYIO cmcTeMy. B camom Jedte,
ecu

k
Z CzyL E Z Ciyi(n) = 07
i=1
To pu j = 1,..., kK uMeeMm To upu j=1,..., k umeem

k k k k
=1 i=1 i=1 =1

CraenoBaTeibHO, B CJIydae
k
E Ciyi =0
=1

Bce (; 0DA3aTENBHO PAaBHBI HYIO, T03TOMY GYHKUUHA Y1,. .., Yk JHHEHHO He-
3aBUCHMEI.

[Iycts  y(x) —~kakoe-mubo  pemenue | Ilycts  y(n) — xakoe-nmubo  pemrenue

ypasrenus ly = 0. Oynruns ypasuenus ly = 0. Pynrnous
k k
= yI D (0)y;(z) => "y - Dy;(n)
j=1 j=1

ABJIACTCA PCUIEHHMEM 3TOr0 YPAaBHCHUS NPHM HAYAJNBHLIX YCJIOBUAX

y(0), ..., y*=1(0). y(0), ..., y(k —1).

B(‘JIGJ_ICTBI/IQ CHAHCTBEHHOCTH PpEUICHUA YDAaBHCHMWA

ly =0 uveem ly =0 umeem

k
y(z) =Yy D(0)y;(z). =Y "yl — Dy;(n).
j=1

TeopeMa m0OKa3aHa.

Hanee B kypce aucddepeHIHMaNbHBIX YpaBHEHHN YCTAHABIHBAETCA CJIELYIONIMH
daxt. Ecin ussecTHb! k& JMHEHHO HE34BHCHMBIX pEIIEHHEH OJHOPOZHOIO ypaBHe-
uust ly = 0, TO HaXOX<JEHHe pelIeHHs HeOJHOPOJHOr0 ypaBHeHUs (2) CBOOUTCA K

PElIeHHI0 yPaBHEHUI
dC]/d.’lI = gj (:L‘), & (4)

rge g;(z) — n3pecTHble DYHKIM, T. €. K OTHICKAHHIO KBaapaTyp. TouHo Tak »xe B
caydae, Kora u3BecTHb k£ IUHEHHO He He3aBHCHMBIX PEllIeHMit OJHOPOAHOIO ypPaB-
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Henn# ly = 0, HAXOXK/IEHHE PEIIeHH HEOAHOPOJHOrO YPaBHEHUs CBOJIUTCA K pere-
HUIO AHAJIOTHUHDBIX (4) PA3HOCTHBIX ypaBHEHHMH

Ci(n+1) = Cj{n) = gj(n),
rae g;{n) — u3BecTHbie (hYHKIHH.
Ilepeitmen K pPacCMOTPEHHIO YDABHEHHUI ¢ TOCTOSHHBIME KO3dduuueHTaMU

k.

k
ly = Zbiy(i)(x) = f(x), . ly = Za,—y(n +1i) = f(n),
i=0 (5) i=0 (6)

bk#07 (lk?{'O,

M COOTBETCTBYIOHMIMX ONHOPO/HLIX YyDABHEHMHIT

k k
y=> by(z)=0.  (7) ly =Y ay(n+i)=0. (8)
=0

1=0
SaﬁMel\'ICﬂ OTBICKAHHUEM YaCTIbIX peIHeHI/II?'I OJHOPOAHOI'O YDaBHEHHNI.

IopcraBnsist B (7) mpeamonaraemsiii | B cnyuae ypasmenmsa (8) ¢yHKIuIO
BUJ gacTHOro perenust exp(Az), mo- | exp(An) ymoOHO 3amuChHIBATE B BHIE

Jy4aeM ypaBHeHHe ", 1w =exp . Ilogcrasnasa ee B (8),
HOJyIaeM YPABHEHUE
k k
Z biA! | exp(Az) = 0. Z aipt | ™ = 0.
=0 i=0

Taxunm 0b6pa3zomM, KaKIAOMY KOPHIO yPABHEHUSA

k k
. _
E biA' =0, (9) E apt =0, (10)
i=0 =0
HA3bIBAEMOMY TaPAKMEPUCTNUMECKUM, COOTBETCTBYET <aCTHOE peIleHUe
exp(Az). u"

Ecnn Bce KOpHH XapaKTepPHCTHIECKOIO YPABHEHHS ITPOCTBHIE, MBI TOIyvdaeM
k pazmuunbix pemenuit. IlokaxkeM, UTO KaXJ0My S-KPATHOMY KOPHIO XapaK-
TEPHCTUYECKOTO YPABHEHHS COOTBETCTBYIOT § Pa3JAUUHBIX PENIeHUH OZHOPOJ-
HOI'0 ypaBHEHHUS

exp(Az), zexp(A\z), ..., 25 Lexp(\z). pt, Gyt oSyt
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Ilycte a1 OUPEJEIEHHOCTH Ay = ---

= Aoy =

= u,;. Pazjoxum Ha

MHOXKHTCJIA XapaKTepI/ICTI/I‘IeCKI/Iﬁ MHOTOYJIEH

k k
Zbi)\i = by, H(/\ — )
1=0 7=1

Zal,u -—akH B ).

=0

3amaaumes AeHCTBHTEILHBIM napaMerpoM € > 0, € — 0.

BosemeMm Aj; Takue, uTO:

a) Aje PasJNMYHEl OpH j =1,...,s;
6) crpemsitcs K A; upu £ — 0 Jus
Beex 7 < k.

BosepMeM pj, Takme, dTO:

a) [4je PA3NMYHBEl TPH j =1,..., §;
6) crpemarca X p; mpu € — 0 gud
Beex j < k.

O6pa3yeM XapaKTepUCTHIECKHE YPABHEHUS, COOTBETCTBYIONIAE ITUM KODHAM:

k k
0=0 [T = Xje) =D bieX',
g=1 i=0

Acno, uro

bie — by

npu ¢ — 0.

k k
0= a H(ﬂ — pje) = Zaiaﬂl-
J=1 =0

Qe — Q4 (11)

DTHUM XapPaKTCPUCTHICCKHUM YPABHEHUAM COOTBETCTBYIOT YPAaBHEHHH

(12)

Z bsz(Z) = 0.

Z a;eye(n + 1) = 0.
1=0

(13)

Ilyctes mpu € > 0 MBI MOXEM YKA3aTh pEHIEHHST

ye(z) ypasuenns (12) takue, uro npu
moboMm z 2 0 cymiecTsyer Ipemen

lim ye(z) = Y (),

e—0

npudeM Yy (z) cxomurea xk Y (z) pas-
HOMEDHO BMECT€ CO BCEMH IPOUBBOJI-
HBIMH JI0 HOPSAKa k& BKJIIOIATEIHHO
Ha moboM KOHEUHOM OTpe3Ke [z, T2].
Ilepexogs x mpemeny B (12) ¢ yue-
ToM (11), mosydyaem, 4TO IpeneILHAN
dbynkmus Y(x) Y/IOBNIETBOPACT ypaB-
neruio (7).

ye(n) ypasnenus (13) Takue, 4ro mpu
awboM n 2 0 cyurecTeyeT mpemen

lim ye (n) = Y (n).

Iepexonst x mpeneiy B (13) ¢ yue-
rom (11), momywaem, 4TO TpemebHAN
dynkmusa Y (n) ymoBieTBopsieT ypas-
Heuuwo (8).

*

IMocTpoum Takue mociaenoOBATENILHOCTH Ye(Z) U ye(n), KoTOpBIE GYyIyT CXO-
AUTHCA K JacTHBIM perieHusiM (7), (8), COOTBETCTBYIOIMM KPATHBIM KODHSM.
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[Ipr OpPOBEAEHHHM ITHX [OCTPOEHHH yJHOOHO HCIIONL30BATHL PA3JICJICHHBIC Pa3-

gocTH. Paccmorpum cuadajia caydail asykpataoro KopHst. Ilomoxum

— " . —
yoe (1) = exp(Az)(A1e; Age) = { y2e(n) = w0 (p1e; poe) =
R n i
exp(Ag:.7) — exp(Are2) | _ Hoe = My
o Aoe — Ale ) | H2e — fbie
Oty QYHKNUU ABJISIOTCA PEMICHUSMH COOTBETCTBEHNO ypaBHeHmi (12),
(13). Bamumem ux B BHAE
_ . n—1 n-—2 F -
Z/Qs(”) — lLLQE + lI’ZE le oo (14)
y2e(z) = zexp(Aez) X e #?;1_
« exp((Aae — Aig)z) — 1
()\25 - )\15)-75
Ilepexons x npemeny npu & — 0, momy4wmm
. . , n—1 n-1 __. . n—1
y2e(z) = wexp(Az). oe(n) = i ™ 4+ pl T = npl T
B pesynsrare Mbl HOCTPOHMIIEM BTODOE JIMHEHHO HE3ABUCHMOE DeEIeHHE, CO-
OTBETCTBYIOHICE ABYKPATHOMY KOPHIO.
Cay4ait kopua 6osee BLICOKOH KPATHOCTH PACCMOTPHM IIAITb 17151 ypapHenus (1).
Cornacuo (4.3) umeen
g ﬂl‘l
PY— . . — Je
Yge = " (e - - )Nqs)‘z .
=1 [ J(ge = pic)
i#]
Kax munetinas xombunaiua Gyuxnit 1, GyHKIMUA Y, ABIACTCSI PEIIEHHEM yPAB-
yHKIH 17, , Gy Yq p yp
uenus (13). Amanorauno (14) HeNOCPeACTBEHHO YCTRHABIHBAGTCA, ITO
Yo = > HIHE gt
nit-tng=nt+l—g
O6mmee uncno crnaraempix pasto C271) nosromy
, — a1, 4l
Yge = Yo(n) = CL~Hpm T4,
HockonmbKy B citytae s-KpaTHOTO KOPHA MOYKHO B3ATb ¢ = 1,..., §, TO IOIYIHAOCH
S YacTHBIX DelleHHi
Yi(n) = u™, Ya(n) = Cop™ ™', ..., Yi(n) = C37 2, (15)
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Bagaua 1. Jloka3aTh, YTO COBOKYIIHOCTL 4YaCTHBIX pemenuit (15), cooTBer-
CTBYIOIIMX KOPHAM XapakTepHcTHueckoro ypasmenums (10), obpasyer ¢pymua-
MEHTAJIbHYI) cHCTeMY (T.€. OHH JMHEHHO He3aBHCUMBI M penienue (8) MoXKeT
OBITh IONYUEHO KaK JIMHEHHas KOMOHMHAIIMA TAKHUX pPeUTeHuil).

Banmaga 2. Ilycts Pj_j(n)— nNpou3BoIbHLIA MHOrowieH cTenexn s — 1. Io-
KazaTb, uTo QyHKOus Ps_j(n)u’ 3amiceiBaercd Kax JIMHEHHAas KOMOMHAIMA

byukumit (15)
Pooa(n)u =y CY5(n).
Jj=1

Taxum 06pa3oM, BMeCTO cucTembl pewenuil (15) MOKHO B3ATH CHCTEMY pelieHui

Yi(n) = b, Yo(n)=nul, ..., Ys(n)=n""'pl

Bamaua 3. [okazars, uro ypasuenue (16) umeer taCTHOE pElIeHHE BUAA

s+m—1

g d;n’ | o",
i=s

rae d; moryr OHITH HafIE€HBI METOHOM HeOIpeJe]eHHBIX KO3((PUIUeHTOB.

PaccmorpumM Teneps pasHOCTHOE yPaBHEHHE

m—1

Za y(n + %) Z Cind | o™ (16)

Ilycts o gBasierca KOPIleM XapaKTepHUCTHUECKOoro ypashenust (10) kparHocTu
$; B UAaCTHOCTH, eCJII O He ABJsieTcsd KOPHEM 3TOro ypaBHenmsi, To s = (.

§ 8. Muorounennsr Heobbimesa

PaccmaTpuraemsble Hike MHOTOIEHB! UeObiniera UrpaoT ¢GpyHIAMEHTAIBHYIO POJL
B TEOPHU U MPaKTHUKE HCIOJL30OBAHAA YHCICHHBIX MeToA0B. C HX MOMOUIBIO pelna-
€TCs 3HAYUTENbHAs YaCTh 33049 ONTUMU3ANHUY CBOHCTE BbIYHCIIMTELHbIX AJITOPHT-
MOB. 3anuCh MHOTOWIEHOB B TPaJUIMOHHON DOpME 9acTO MPUBOIUT K GOLUIOMY
BJHAHUIO BBIYHCJIUTENBHON MOI'PEIIHOCTH, H B 9THX CAy4Yasx HX Iejecoobpasunee
3alHCHIBATE B BUJE JIHHEHHBIX KOMOAHAIMNA MHOTOWIeHOB Uebwiiesa.

Mmuorounenst Yebwimena Ty, (z), tae n 2 0, oupemensorcs COOTHOIIECHAAMHI
To(z) =1, Ti(z) =1z,
Tn+1 = 22T, (z) = Th1(z) wmpu n > 0.

&

1)
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[osb3ysick peKypperTHo# (opmynoii (1), monywaeM, Hanmpumep,
To(z) = 2z° — 1, Ts(z) = 423 — 3z,
Ty(z) = 8zt — 822 + 1, Ty(z) = 162° — 2023 + 5z, ... .

Crapmuit wied MHOrowieHa Tp.1(¢) HOJIy4Yaercs W3 CTAPIIEro ujleHa MHOTO-
unena T, (T) yMHOXKeHWeM Ha 2%, U, CleI0BATeNbHO, crapuuil el B Ty (z)
opu n > 0 ecTs n—lgn,

Bce mmorownennl Ty, (z) asnsmorca uernbiMu dynknusamm, a Lh,ii(z) —
HEYEeTHBIMHU.

Ipu n = 0 3r0 yTBepiKIeHHe BepHO. IIPEANONOKUB €ro CUPaBEIIUBOCTh TPH
HEKOTOPOM 7, Mbl OJAY4uM, 4T0 227Th,11(x) —uetHas (yHKIUS M, BCICICTBHE
(1), Topt2(x) —roxke wernag dbyukuus. Toraa 2zTopia(z) 1 Thnys(z), Boten-
creue (1), — HeuerHble QYHKUMH.

[Ipu noGom 6 wumeem
cos((n + 1)#) = 2cos @ cosnd — cos((n — 1)0).
ITomarasgs 6 = arccosx, TOIYUMM
cos((n + 1) arccos x) = 2z cos(n arccos z) — cos((n — 1) arccos ).

Dynknus cos(n arccos ) yJAOBJETBOPAET TOMY K€ Pa3HOCTHOMY yPABHEHHUIO
(1) mo nepemennoit n, uro u Ty (x). Havamsabie ycaopua npu n=0 u n =1
OOHH M TE IXe€:

cos(0 - arccosz) = 1 = Ty(z), cos(l-arccosz) =z = T (z);

MO3TOMY TPH BCEX 7
T, (z) = cos(n arccos z). (2)

CrepoBarensio,
|Tn(z)] <1 mpm |z| < 1. (3)

He ny»kno0 aymath, uro |1, (z)] < 1 npu Bcex Bemecrsennnix z. Ecan |z 2 1, 10
arccos  He ABIAETCH ACHCTBHTENLHBIM THCIOM, & KOCHHYC TaKoro 4ncia Gonpine 1.

Pexyppenrnoe coorHomenne (1) apigercs pasHOCTHBIM yPABHEHHEM; €My
COOTBCTCTBYET XapaKTEPUCTUUECKOE YPABHEHUE

p?—2uz+1=0

pr2 =+ Va? -1

Ilpu z # +1 xopHM mnpocTbLIE, MO3TOMY

C KODHSIMH

T(z) = c1(z)pf + colz) s
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U3z mavamenbix ycnosuit To(z) = 1, Ti(2) = 2 monydaeM ¢ = ¢ = 1/2; takmm
obpazom,

, ’L‘2 _ n T — ol 7
T, (z) = (z + 1) -;( x4 —1) ‘ (4)

3amaua 1. IlpoBepuTe cOpaBeyIHBOCTS: 3TOH popmynabl Ipu z =1 u z = —1.

Wz ypasmenug
Tn(z) = cos(narccosz) =0

(W(2m-1 ), m=1,...,n,
(2)
1.

Hnojrtyvaaem, 4YTo

( ) moukamm akcrpemyma T (z) ma [—1,1]
emagd 3TO ypaBHEHHWe, HOJy4nM

—uymn T,(z). Benencrsue
6ynyr Touku, raoe |[Tn(z)] =

, Vi)
Zim) = COS - ) m=10,...,n,

IpHIeM
T (z(m)) = cosm = (—1)™.
MHoro4rensl
Tolz) =2"""T (@) = 2™ + - --
HA3LIBAIOT MHO20HAECHAMU, HOUMEHEE YKAOHAIOULUMUCS OM HYAf. IDTO OIpeae-
Jgerane 0O0bLACHIEETCS CHEAYIONIAM CBOMCTBOM.

Jlemma. FEcau P,(z) -— muozousen cmenenu n co cmapuwum xosdduyuermonm
1, mo
[rnax] | Py (z)] = [max ]Tn t =2t-n (5)
1,1

Hoxasameavcmso. Ilpenmonoxkum nporusaoe. Muorownen T (z)— P, (z) ume-
er CcrTenedb 7 — 1; B TO Ke BpeMsd

sign (T ((my) — Pul@(m))) = sign((—1)"2'"" — Po(z(my)) = (-1)™,

TaK KaK, COIVIACHO IIPEANONIOKEHHIO, [P,.L(.z'(m))l < 217" npu Bcex m. Takum
006pa3oM, Mexy KaXK[bIMH JIBYMA TOUKAMU T(my, T(mi1) MHOTOWIEH Tp(2)—
P, (z) menster znax. Muorownen T, (z) — P,(z) crenenu n — 1, oTJudHb OT

Hyns (IOCKOMLKY OH OTJIMYEH OT HYJIS B TOUYKAX T(m)); UMEET 1 DPABITHYHBIX
Hyneit. Mpl npuimm K IIPOTHBOPEUHIO,

Sagaua 2. [lokasars Gosjee CHWILHOE yTBEPXKACHHE: €CIH

Poz) =a2"+ - # —Tn(x);

TO
. 21——11.‘
fax | Pa(z)] >



§ 8. Muorounensr Yebpruena 61

. .. b—a .
JImmejino# 3aMeHoii mepemenmpix z’ = 2E¢ 4 2584 orpesok (—1,1] moxno

. =) 2z—(b+a) -
[epeBecTH B 33JAHHBIR OoTpesok [a,b]. B mmorounene T, - CTapIINL

xosdunument pasern (2/(b—a))". B coorsercrBum ¢ JgeMMON MOXKHO yTBep-
JKIATh, YTO MHOFOUJIEH

Aila.b —9y, 2$*(b+a,)

T(z) = (b — a)r 22T, (—————
b—-a

co crapmmM ko3dduimenTom 1 gBIMETCS MHOFOWJIEHOM, HauMeHee YKJIIOHS-

OMMMCS OT HyJsl Ha orpeske [a,b]. Dro osmauaer, 9T0 I JI06Or0 MHO-

rouneda Pp(z) crenenu m c¢o crapmmM Kod(ppUIHEHTOM 1 clpaBeiguBoO He-

PaBEHCTBO

max |Pp,(z)] > max

[a,b] [ap) 1"

i) (’”)1 = (b—a)" 22", (6)

=la,b
Herpysso mpoBepuTh, 9T0 HyJIIMU MHOrowiIeHa 1 L’ ] (z) aBasiiorca TOUKHM

b+a b—a w{2m — 1
Ty = 5 + 3 cos<(2n )>, m=1,...,n.

Muorounenst fo(x) = 1/V/2, T,l(x) = T,(z) npu n > 1 obpasylor Ha
[—1,1] opromopmupoBanuyio cucteMmy ¢ secom 2/(my/1 — x2). Ilposepum cBOii-
CTBO OPTOHOPMHPOBAHHOCTH 3TUx (yHKuui. Ilocre 3aMensl T = cosf mveem

Lot (2) T () 1 /‘“
————"dy = — cosnf cosmb dd =
1 m/1—22 Ty
= 51— (cos((n — m)0) + cos((n + m)8)) dd = 67, + 6.
T

J =T

Bropoe cimaraemoe obpamaercs B mynn mpu n, m > 0, ecnn n? + m? # 0.
Orcroma BoITeKaeT TpebyeMoe pPaBeHCTRO

Yoo (T (.
/ 2T, (2) T () dz = o7
-1 AVl —zx2 '

Ilycrs mMHOrounenns: YebpiureBa BBIMMCISIOTCA 1O peKyppenTHoit ¢hopmyne (1). B
IpoUecce peayibHBIX BLIYMCICHHN BMECTO 3HaveHuit T, (2) mosydaeM npudinmKeH-

Hble 3HaveHust T;:, YAOBAETBOPAIOIINE COOTHOIIEHUSIM

5 =1, Th=z+6, T:+1:2xT,,’:“T*

7 i

1 + (5n+1a

TAe O — NOTPEIIHOCTH, BHI3BAHHbIE OKDYTIEHUAMH.

Bagaua 3. [Tonyuurs mnpencTasIeHne MOTPENTHOCTH

N
T () — _ sin((N + 1 — k) arccos z)
w(z) ~ Tiv(z) k; 5 = :
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3agaua 4. [lonyunTh, HCIONB3Yysd peUleHHE 33a0aUM 2, OLEHKY NOIPEIHOCTH

* . . . - mi _—..___1
ITN(x)—TN(L)|<11<1}€a<xN|6k] N mIn{N, \/1_:72} (7)

3anaua 5. HenocpencTreHHOH HpPOBEpKOH ybeIuThCA, UTO B HYJSIX MHOTO-

w(2m—1) .
wnenoB ebbrureBa Ty, = cos | —5x— | CIPaBeIIMBO DABEHCTBO

N

Ty (2m)| = —ee
1 N(‘Em)‘ \/1—_—‘1:72n

OTcroia 3aK/II09aeM, UTO NPH 3aJaHHH T B OKPECTHOCTH 3THX HyJIeil ¢ IOrperHo-~
CTBIO O MOIPEIHOCTL BbIMHCIeHH: 3Hauenus 1, (x) Gyger semuunnol, bim3koil K
né

J1-22,
3agaua 6. Ilycre N —muekoropoe d¢ukcuposannoe wucno. [lokasaTs, WTo

BEKTOPHI, 00pa3OBAHHBLIE 3HAYCHHIMH MHOTOWIEHOB 1T,(r), n < N B Hynax
TN(a:) 06pa3yIoT HEKOTOPYIO OPTOrOHAJILHYI0 CHCTEMY, & HMEHHO

_Z < 21—1)>Tm<f_(,2_;7;__12):5;y mpu 0<n, m<N-—1 (8)

; 3TO O3HAYAET, UTO OUEHKA (7) He MOXKET ObITh CYIIECTBEHHO yJIydIleHA.

§ 9. MuHuMu3anmus OIEHKHN OCTATOYHOI'O YJjIEeHA
VHTEPIOJIAIMOHHOM (POPMYJIbl

IIycrs dyskumsa f(z) npubimaxkaercs ua [a,b] ¢ NOMOILBIO HHTEPIOISEOH-
HOTO MHOTOYJICHA CTEIeHM 7 — 1 ¢ y3/JaMH MHTEPIONAIAHN Zi,..., Tp € [a,b].
Corsacro (3.1) umeem
S wn ()
?

F(&) = Ln(z) = L8
n!
rae ¢ € [a,b], ewn z € [a,b]. Orcroma ciejyer oneHKa HOTPEUIHOCTH HHTEP-
MOALAA -
I flwn ]|
I f = Lnll < ——*;,——L (1)
3pecw || - || ecrn obosnauenne passomepHoit mHopwmbl: ||g(z)|| = sup |g(z)].
a,b
SaliMeMmcss MHHUMU3auued mpaBoil uacTd oneHku (1) 3a cuer Bwibopa y3-
JOB Z1,..., Zn. MHOrowneH wy(z) = (z — z1)...(x — z,) umeer crapuuii

koapunuent 1, moaromy |lwy]| = (b — a)"2!7" cormacio (8.6). Ecm BasaTh

B KadecTBe Y3JIOB HHTEPHOJIAIHUH
4

xm=b+a+b_acos m(2m = 1) , m=1,...,n, (2)
2 2 2n,
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TO

' Jwnll = (b — )22,

CrnenoBaTenbuo, TpPH TAKOM PACHOJIOMXKCHHH Y3JI0B CHPABEIJIMBA HAWTYUIIas
13 OLEHOK, KOTOPas MOXET OBITh NoJlydela Kak CIeJCTBHEe OmeHk (1):

L™ b~ 2=

n!

If = Lall < (3)

[Tpu nonyvenun oueHku (1) MAKCHMyM ITDOM3BEJIEHHSI 3aMEHEH Ha IIPOM3-
BeJeHUe MAKCHMyMOB COMHOXKHTesed. IlosroMy MOXeT BO3SHHKHYTH HAIEXIA
[OJIYYMTL OLEHKY IOTPENTHOCTH, jJyuinyo, deM (3). Oxmako sto ne taxk. Ecmm
f(z) = apz™ + -+ + ag — MHOrOWIEH CTEeNEHH 7i, TO

f(n) (C) = a,n! = const,

MOSTOMY HEpPaBeHCTBO (1) Impesparnaercss B PaBEHCTBO; TOCJA, BCICACTBUE
(8.6), mpm mIOOBIX y3JIaX UHTEPIOJSIMK HMMeeM

L£ (b — )22

n!

If = Lall 2 = |an|(b— a)n21«2”-

Kak y>xe ormeuasioch, BaxKHO# NpobraemMolt BBIYMCIATENLHOH MaTeMaTH-
KH spasercs IpobieMa ONTHMH3ALMH METOJOB DEIIeHHs 33Jad HEKOTOPOro
kjacca. OO6Ias NOCTAHOBKA €€ TAaKOBA.

Sanaercs HEKOTODHIT Kjaace P pemaembrx 3amad p. 3aJaeTcsi HEKOTOPOe
muOXecTBO M metonos pemresus. [lycrs e(p,m) — morpemsocts meroma m
PN peIleHHH 3aJa4u p. Bemrmuumny

e(P,m) = sup e(p, m)
peP

Ha3BIBAIOT MOZPEWHOCMBI0 memoda Ha Kaacece 3adayw P, Bemuuwmmy

e(P,M) = rrflel]I:I e(P,m)

Ha3bIBAIOT ONMUMAALHOT 0UEHKOT NOZPEWHOCTIUY Memodos u3 muoxcecmea M
Ha xaacce 3adaw P. Econ cymecrsyer meron m € M, Ha KOTOPOM 3Ta OILEHKA
Aocturaercs, T.e. e(P,M) = e(P,m), To Takoil MeTOH HA3BLIBAIOT OTMUMAAD-
HOIM.

[MomyyenHoe HamMy pemeHue 3anauu 00 ONTUMHU3BAIMU Y3JIOB PACIPEeie-
HHUS HHTEPNONANMOHHOH opMynsl MOXxHO ¢hOPMYJIMPOBATL B OMHUCAHHBIX
BLIIIE TEPMHUHAX.

IMycts P — MHOXeCTBO 33,129 OpUOMIDKeHNs (DYHKIMI, OIPEIEICHHBIX Ha
[a,b] » ynoBieTBOPAIOMUX YCIOBHIO l fm (z)| < An. Tlycrs M — MHOXECTBO
MeTONOB NpUOIMIKeHHs, COCTOAmMUX B TOM, uTO (DYHKHHS 3aMEHSETCH ee HH-
TEPIONATUOHHBIM MHOTOYWIEHOM L, (Z) 10 COBOKYNHOCTH Y3JIOB T1,..., Tn;



64 Inasa 2. Marepnonsiuua ¥ wuciennoe audyhepenunposatne

TaKuM 06pa3oM, MEeTOH, PelIeHusd 7 OUpPeJe/sieTcs 3aaHUeM V3JI0B HHTEp-
NOJISIUMA T1, . .., &yy. HakoHew, nycTs Mepa norpemHoct e(p,m) = ||f — Ly||.
Cornaco (1) umeem
Aunﬂ [
e(P,m) < —~—‘~
n!
C apyro#t CTOPOHBI, JJs 33739 TPHOIHKEHHS MHOTOWIECHA

A
‘P7l+1($) = ﬁzn +

OTHOCSIIEHCT K PacCMaTpPUBAEMOMY KJIACCY, HMeeM

AnHwnH.

efp,m) = =21

CrnenoBaTelibHO,
4, l|w
e(P7 m) = [n“ ,_”'”".
n!
Kak MpI Bumenu Bsuitie,

e(P,M) = iane(P, m) = inf =
m

T1yendin n! n!

(M) A (b — a)"21'2n_

Taxum obpazom, crIocob WHTEPHONANMM II0 y3JiaM MHOrouyseHa Yebwiirena
(2) saBAsSETCST ONTHMAJBHBIM B DACCMATPHBAEMOM CMBICHE.

B sakmmoueHne npowm3BeaeM CpABHEHHE OIEHKHM (3) ¢ OIEHKOH morper-
HOCTH pazioxeHus QyHKuur B pag Teinopa. CormacHo pesynbraram § 6
oTpe3ok psima  Teitnopa

=1 ;
w— [ ((a+b)/2) a+b\’
i -5 D (o)

7=0

COBIIAJaeT € MHTEPHOJAIMOHHBIM MHOIOYJIEHOM Jlarpamska ITpM eauHCTBEH-
HOM, M-KpaTHOM yane murepnonsiiuu (¢ + b)/2. Iloaromy, ecrecrBenno, npu
ONTUMAJIGHOM PACIPEIESeHUN y3JIOB HHTEPIOAsuuu (2) MBI JOMKHBI UMeTh
IyUIIyIo OIeHKY. B camom nene, oueHKa

< ”j(n)”(b — a)"2—-n

!

1/ — tull

[OrpeIHocTH oTpeska pajga Tetuiopa ycrymaer omemke (3) B 277! pas.

IlpuBeneM mjist CBeJEHUSI OIEGHKH IOTPEINHOCTH HMHTEPIONSANAH C y3IaMu
B Hyadx MHOrouneHa Yebrwimesa. [lifg OpoCTOTEI BO3LMEM CIIy4ail, KOTAA
[a,b] = [-1,1].

Ouyenka 1. Ecan f(z) ymoBneTBopsieT HEPaBEHCTBY Sup [f (m) (:r)] < 00, TO

cupaseummso coorsomenue ||f(x) — Ly(z)|| = O(n™"Inn) upa n — co.

Ouesnka 2. Ecumn yskmus f(r) amaauTudHa B KaxXJI0H TOYKE OTDPE3KA
(L1}, 1o |If(2) = La(@)ll = O(¢™), rme ¢ < 1.
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[Towie o0 OLEHKY MOMXHO KOHKpeTH3HpoBaTh. llycrs f(z), 2 =2 +1iy —
YHKIHMH, AaHAIATHUECKAS B SJUIMIICE HA IUIOCKOCTH (7,y) ¢ dokycamm B TOU-
kax —1, 1; rorma ||f(x) — La(z)|] = O(c™™), tme ¢ > 1—cymma mnomyoceit
9TOr0 SJUJIATCA.

TakuM o6pa3om, MPH MHTEPIOAALUH [0 y3jaM MHorowieHa eboiesa mo-
[PENIHOCTh ABTOMATHYCCKH yMEHBUIAETCH, €CJIM AJITOPUTM NpUMeHseTcd K 0o-
Jiee TUIAKOH (DVHKIUA. TAaKHE AJTOPUTMBI HABBIBAIOT HEHACHIULAEMBLMU.

Ecan y3apl MHTEPHIONANINNY DPACOpeNefeHbl CYHIECTBEHHO HHAte, HAIDPHUMED
PABHOMEDHO, TO JaKe I aHAJIUTHYECKOH (DyNKINM MOTPemHOCTh HHTEPIIO-
JIIIMK MOXKET CTPeMUThCST K OEeCKOHEWHOCTH ¢ POCTOM dHCaa y3i0B. Hampwu-
Mmep, s ¢yuknun f(z) = (1 —i—2591:2)*1 UMeeT MECTO COOTHOIIEHUE

If(z) = Lu(2)|| > Aa”, A>0, a>L

Banmaua 1. [ons3ysace dopmynoit (8.8), mokazarb, YTO HHTEPHOJIIIHOHHBIHA
MHOTOMJIEH C Y3JIaMH B HYJISIX MHOTOUYJICHOB ebblilieBa 3AlHCHIBAETCA B BHIE

n—1
Ln(z) = a;Ti(), o ZI‘ Tj)f( (2% — )>.

§=0 "=

Takas 3amuch MHTEPHIOIAIHOHHOTO MHOTOYWJIEHA HO3BOJIAET OBICTPO M € MAJION
YYBCTBHTEIBHOCTBIO IO OTHOIIEHUIO K BBIMMCIMTENBHON IOrPEIIHOCTH BBLITH-
ClIsITh ero 3HadeHus (cm. § 4.8).

§ 10. KoHeuHble pa3HOCTH

[Tyctn y3nbl Tabauwiel x; pPACHOJOXKEHBl HA PABHBLIX PACCTOSHUAK: T; =
o + th, f; — COOTBeTCTBYyIOI{Me 3HaYenwsl (PDYHKIMU; BEAMIUHY H Ha3bIBa-
10T waz2om mabauiybe.

Paznocru fi41 — fi HaspBalOT pagnocmamu nepeozo nopadxa. B 3aBucH-
MOCTH OT TOYKM, X KOTOPOH ee OTHOCAT, 3Ty BenutuHy obosmadaior: A f; —
pasnocmuv eneped, V fip1 — pasmocmy nosad, Sfiiyp = fz‘1+1/2 — YEHMPAALHAA
pasnocrms. TaxuMm o6pasom,

firi—fi=AL=Vfin=0fip= fil-{—l/Q‘ (1)

Pasznocmu ewvicwezo nopadxa 00pa3yoT TpH TIOMOIM PEKYPPEHTHBLIX COOTHO-
weHuit

Amfi — A(Am——lfi) — Am_lfi+1 _ Am_lfz‘,
mei — V(Vm—lfi) — Vm_lfi _ Vm—lfi—ly
0 fi =86 ) = 8" fige — 6™ iy,

3903 fi" _f1+1/2 sz-l/Z
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Tabaumy pasHocTedl OOBIMHO pAaCIoJIaraloT B BHIE

x f i f? f3
Tg fo .
o |
z f1 s i 53
3/2 ‘ 3/2
T9 fa . /3 s
5/2 B
T3 f3 ) /3
f1r2
Ty fa

B HekoTOpHIX HHTEPIOMAUMOHHBIX (DOpPMYJIAX HAPSIAY C YIOMSAHYTBHIMHU BbILIE
BEJIMYHHAMH HCIOJIH3YIOTCS Cpeauue apu@pMeTHIECKHE ABYX MNOCJIEIOBATENb-
HBEIX BeJHYHH ONHOTO W TOIO e CToibIa:

pfm = (fﬂl/2 + fTI/Q)/2an ™M HEYEeTHOM,
wflie = (f+ fM/2 np m wemmon.

Jlemma 1. Pasznocmu m-20 NOpadka ewupasicarOmea “epes 3HANeHUA GYHKUUL

no gopmyae
m

A™ fi = (=1 Cl fitm—j, (2)

J=0
20e Cin — wosdpuyuenmo 6unoma Huiomona.

Aoxazameavcmeo npoBomuM MeTonoM uuaykuud. IIpm m = 1 cooTHomenue
(2) Bemonusercs coruacuo (1). ITyers ono nokaszamo npu m = l. Wmeem

! I
AL = Alfy — Alf; = Z(—l)]cffiﬂﬂ—j - Z(—l)jcffm_j-

CO6I/I asg KO3 UIUECHTLI IIpH OOHMHAKOBBIX . W IIOJIB3VAChH aBpeHCTBOM
p p k y p
j Gl gl
G +C =04,
nonyaum tpebyemoe Bhipaxkemme mia seamuuabl ATl Jlemma mokasana.

U3 (2) wregyer, 9ro onepamop xonewnoll pasnocmu ABIASETCS JIMHEHHBIM.
B uacrmocru, u3 (2) wumeem

A%f; = fivo —2fi1 + fi, X
A¥f; = fivs — 3fira + 3fi1 — fis
AYf, = fira — Afirs + 6fine — Afir1 + fi-
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JIemma 2. Ilpu x; = gy + th cnpasedauso pasencmso

m
flzs .. 2ipm) = 77% ’

Joxasameasvcmeo npoBoauM 10 HEAYKIMH. IIpm m =1 umeem

']
- ~ fim—fi g
f(xu ‘L"L+1) = Tir1 — 4, - T

IIpeamnosoxus, ITO cooTHOLeHue (3) BepHo Tpu Beex n < [, uMeeM

o @iy miagn) = fl@es o mig)
f(mia'-" mi-{-l-{-l) - ] -
Titl+1 — T4
7 ] I+1
B fi+1+l/2 - fz‘+l/2 . fi+(l+1)/2

WUAI+1) A+ 1)

takuM 0bpaszom, (3) cupaBegmmeo npm m = [ + 1. JlemMMa Joka3aHa.

Fm©)
Cornmacuo (5.4) umeeM f(z;;...; Titm) = Ty THe < ¢ € Tigm.

ConocraBnsis 910 paBencTBo ¢ (3), nonytdaem
A™ =V = 57nfi+m/2 = f{im/Q — hmf(m)(c)_ (4)

CnencrBue. Koneunvie pasnocmu n-z20 nopadka Om MHO20MACHA CMENEHU T
NOCMOARNY, A pasnocmu A106020 bonee 8HLCOK020 NOPADKA PAGHDL HYAD.

PaccMoTpuM BJIMSIHHE ITOIPEMIHOCTH KaKOro-nubo 3HaveHMs f; Ha KOHeH-
HBI€ DPa3HOCTM Da3JIMYHBIX HIOPSJKOB; IycTh BMecTO f; cromr f; +e. Torma
HMeeM TabJHIly Ppa3HOCTEH

fi—2 .
i—3/2
-2
-~ i1 tE€
fz 1 f1 te i—1
i-1/2 "
fit+e B 17— 2
; it1/2 — € )
i+1 i+1 +e€
1
P i+3/2
i+2

Mer BuauM, 4TO B cooTBeTcTBUE C (2) HA PA3HOCTH MOPSIKA ™ MOTpetl-
HOCTB pacupocTpansierca ¢ koddbmmmentamu (—1)7CJ,. Ecin yuknus no-
CTATOHO MIaJIKasd, TO ee PAa3HOCTH HE OYEHb BBICOKOrO MOPANKA MOTYT OKa-
3aTbcd MasibiMH. B TO xe Bpems Ha nx done sesmummbt Cie GyayT BbIrs-
AeThb pocraTovno Gompimmmu. U3 mabmionemwit man tabumnei pas3HocTel MOXK-
HO yKa3aTh 3HaueHHE (PYHKIMH, COZEpXKAllee MOTPENIHOCTh, U HCIPABHTEH €ro.
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Touno Tak e MOXKHO OOHAPYKHUBATbH IIOFPEINHOCTH, UMEBIIHE MECTO ITPH
cocrapnennu Tabauns pa3HocTeif. IlycTs, Hanpumep,

flo=1-107,  gd,=2.10"  f},=12-107°,
iy =—23 107°,  fopp=11- 107°%  fHp=1-107%

Ecnu 6p1 xakoe-si6o 3HAUYEHHE [; COAEPXKAJO OTHOCUTEIBHO OOJBIIYID I10-
FPEIHOCTh €, TO B TPETBUX PA3HOCTAX ITO OOCTOATEIBLCTBO IPOSIBHIIOCL OB
B HAJMYMH BeJMYUH BHAA £, —3¢, 3¢, —e. B paccmarpuBaemMoMm ciryuae Tpe-
THU PA3HOCTH UPAKTHUUYECKU PaBHBI HYMIO, 33 MCKJIOMEHUEM fg/Q, f73/27 fg/2,,

KOTOpBbIE ONPUMEPHO UMEIOT BUJ £, —2¢, €, IIe € = 11-107°. Dro masoguT Ha
MBICIIb, 4TO ObLIA JOUYIUEHA IMOIPEIIHOCTL IMPH BBIMHCICHHYN 3HATCHUIT f%/2,
KOTOpag W WMeNa CASACTBUEM 3TH BOSMYIUEHWS B TPETHUX PA3HOCTAX. IJTOT
OpHEeM MIHPOKO MCIOAb30BAJICH IPH PYYHOM cueTe JJjid YCTPAHEHWS CIIydail-
HBIX IIOTPEUIHOCTEH pacuervrka ¥ Ha IEepBOM 3dTale HWCIoab30BaHus IBM,
korga 9BM 6ruim masiomazexunl. CyluecTBOBABINAA HA [EPBOM 3Talle HC-
moab30Banug DBM obmas pexoMeHalpg 10 YCTPAHEHHIO HEHAJEKIIOCTH 3a-
KJIIOYAJIACH B CIAEAYIONEM. 3aJaty NpeJIarajiochk PEemUTh JiBa pasa. B cayuae
HECOBIAJEHUS PE3YJILTATOB [I0JATAJ0Ch 1IPOCYUTATh 3aJaYy II0BTOPHO, IIOKa
PE3yABTATHL JBYX PACIETOB HE COBOALYT.

OnucaHHbIA BRIIIE METOH HCHPABJCHHST TAOIHUIL IO3BOJAET B TAaKOH cuTy-
alli¥ YMEHBUIUTHh O6HEM BBIUUCIEHUN ITPUMEPHO BJIBOE.

IIyctes Tpebyerca coctaBuTh Tabiwily KaKou-jimbo riagkoil DYHKIUH, Ka-
JKJIO€ BBITUCIEHHE KOTOPOil 0obxoawrca oueHn Joporo. Bmecro Toro, 4Tobbl
CYATATEL KAXKJA0€ 3HAMEHHWE IBAXKIbI, NPOCUATHIBACGM CPa3y BCio Tabimiy, co-
crapiisieM (Bpy4HyI0O WM C IoMombio 9BM) rtabuuily pasmocreif W BLIABIIS-
€M 3HAYEHWs, KOTOPBLIC HyXKIO WCIPABUTh (MAW HOBTOPHLIM PACHYCTOM, MJIH
OIIMCAHHBIM BBINIE IIPUEMOM wucHpasienus tabiun). B Hacroguiee Bpems omnu-
CAHHBIH ITPUEM WHCIONB3YETCsl [JI BBISIBJICHHA MMOTPEIIHOCTEH B Pe3yIbTaTax
U3MepEeHU.

§ 11. NHTeprionsguuouubie pOPMYJIbI
AJIsT TaOJIUIL C TIOCTOSTHHBIM IIIAroM

Ilockonbky tabmunbl 3Ha4YeHU# QYHKMUHA ¢ TNOCTOAHHBIM ImaroM Haubosee
YIOTPeOUTENLHEI, IPUBEJEM KOHKPETHBIE pacueTHbIe (DOPMYJIBI JJid TAKHUX Ta-
Bsur. Eciin y371b1 MHTEPIONIMPOBAHUA BRIGWPAlOTCa BOJIW3H TOYKH T, TJ€ BbI-
YUCIIAETCS 3HAteHnne (PYHKIMH, TO HPOMEXYTOYHAd TOUKa ( B OIIEHKE OCTa-
TouHOro wiena (3.1) TakKe HaxomuTca BOJM3K #®oukW z. TakuMm obpasom,
BEJIUIHHA, f('")(C) U3MEHSIETCST HE O0YeHb CHUJILHO TPU BBIOOpE y3JI0OB B OKpecT-
HOCTH TOYKH I.
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CJIQ,ILOBH,TQJIBHO, pemraponiee BJIMAHNE Ha 3HATEHHME IIOTFPEIIHOCTH OKa3blBa-

eT BeJIHMYIHHA n

jwa(@)| = [ 1z — 21,

j=1

T. €. MPOU3BEJEHHE PACCTOAHUM OT TOUKU & JIO Y3JI0B HHTEPIOJHpOBaHMs. Be-
auunHa, wy,(z)] Gyger MHUHMMAJIGHOH, €M B KavecTBe y3JI0B HMHTEPHOIAPO-
paHus JJIg Haxoxjeuus f(z) Mbl Bo3bMeM n y370B, Ommkadmwmx k x. Ja
3TOrO IpM 4eTHOM 7 = 2] cneayer B3gaThL MO [ y3JI0B CIpPaBa WM CIIEBA OT
rouku z. llpm meuernom n = 2[4+ 1 cuenyer B34ThH y3es, OawKaimuiti K 2,
u 1o | ysmop ciiepa W crupaBa OT Hero. FEcmm Touka T Haxomurest B6u3mM
OJHOrO M3 KOHIIOB TabJIHIIBI, TO 370 TPABWIO HECKOILKO W3MENHTCS.

ITpy MHTEPHOTUPOBAHMA B HAUAJE HIM KOHIIE TADIWIIGI MPHHSITO 3aITUCHI-
BaTh MHTEPIOJISINMOHHBIA MHOTO™JIEH B BHJE TAK HA3bIBAeMBIX Popmya Horo-
mona NS WHTEPHOIUpPOBAHUs Bhepen wid Hazajd. Ilycrs Ly (z) — unrepro-
JISIMUOHHBIN MHOTOwWwIeH Jlarpamska Io y3nam Zo,..., Tn—1. Cormacao (5.3)
nMeeM

L,(z) = f(zo) + f(xo; z1)(z —20) + -+ + f(z0;. .5 Tp1)(T —x0) ... (T — Ty —2).

ITpousseneM 3aMeHy HepeMEHHBIX & = g + ht u mepeiigem cormacao (10.3)

OT Pa3JIeJICHHLIX PA3HOCTEH K KOHEUHBIM. lloaydum

f(t—l)...(t—(n—2))
(n—1)!

Ln(:z;o—i-ht):f()‘i-fll/gt‘*" +f(7:; 1)

Ocrarounsti wien (3.1) npeacrasurca B BHOE

tt—1)...(t—(n~1))n"

!

f(@) = Lu(z) = f™()

Dopmyry (1) mazpBalor unmepnoaayuoniol gopmyaoti Huiomona das unmep-
noaupocanua sneped. eI MBI IPOM3BEJEM TAKYIO K€ 3aMeHy NepeMeHHDLIX
B MHTEPIOAMONHOM MHOrO'WICHe Ly (7) 1O y3maM o, T-1,..., T_(,_1):

Ly (z) = f(zo) + f(mo; z_1)(x ~ 20) + -+~

“+ f(@o;- s o)) (@ = T0) - (T — Z_(5-9)),

TO TOJIyIUM UHMEPTIOAAUUOHNYLO Popmyay Horomona das unmepnoauposanua

Hasad

tt+1)...(t+(n—-2)
(n—1)!

Lyp(zo + ht) = fo + fi1/2t T Z‘1(711—1)/2 @

C OCTaTOYHBIM YJIEHOM

tt+1) ... (t+(n—1) A"

n!

f(z) = La(z) = F™(¢)
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DT HOPMYJIbI, B YACTHOCTH, HCHOJBL3YIOTCH NPH MOCTPOEHHH METOMOB DEIICHHST
nudpdpepernuaabubix ypapHennil. Tabaullbi KOHEUHBIX PA3HOCTEI! TAK XKe, KAK U Ta-
GJIMIBI PA3ENEHHBIX PA3HOCTEH, HCIOML3YIOTCA JJisi OUEHKH IPOH3BOXHBIX (DYHK-
upn. Ecm f(")(z) menpepsiBHa, TO CIpaBeMBO PABEHCTBO ]lin}) Uﬁ = M,,; 3mecb
11—
Anfﬂl
hn

npuraTe M, ~ ol

h __
On =

b

M, = max ’f(”) (T)‘ ITosromy mpu MajbiX h MOYKHO

ax
agzm<hb—nh a,b)

Yacro npuobperaer ocobo BakHOe 3HAUCHHE MaJIOCTh CTEIEeHH IOJIMHOMOB,
npubIMAKAIONAX (DYHKIMIO. YMEHbINeHHST CTEHCHH TAKHX TIOJMIOMOB 6e3 I1o-
TEpH TOYHOCTH HHOTIAA MOYHO JOCTHIHYTH, 00pasysl JuHeiiHble KOMOMHAIIHH
HHTEPIOIAIHOHHBIX MOJMHOMOB. PaccMoTpuM NpOCTEHITUH M3 TAKUX CIIOCO-
6o mpubimxenuss GYHKIHH.

Tpebyercss npubau3urb GYHKIMIO Ha OTPE3Ke (T4, Tqi1] MHOFOWICHOM BTO-
poit crenenu. BrimimeM uHTepnonsuuoHHyo ¢gopmyny HsioroHa Tperneit
CTelEHH IO Y3JIaM Tg—1, Tq, Tgtl, Tgt2, B3AB y3Jbl B IOCIEAOBATEILHOCTH
Tg, Tqtl, Tq—1, LTq42 U B TOCIAEIOBATENBHOCTH Tgi1, Ly, Lq42, Tg—1. YIMeeM

flw) = Py (z) + 1 (2); (3)

Psl(m) = fzg) + f(zqg; 2g11) (@ — 3g) + f(2g3 Tgi15 Zg—1)(2 — Tg) (2 — Tg41) +

+ f(2g; Tg415 Tg—15 Tg42) (3 = T) (T — Tg11)(2 — Tg-1);

(4)

4)
ri(z) = LT(!C—l)—(:E — g1 )2 —zg) (@ — 2gy1) (T — Tg12);

f(z) = Pg(z) +7*(z);

P} (z) = f(2g41) + F(Tgr1; Tg)(z — Tg11) +
+ f(@g11; Tgs Tgr2) (T — 21 (T — 24) + (5)
+ f(2g415 g5 Tgy2; Tg—1 (& — 2g11) (& — 1) (T — Tg42);

2(:12 f(4) (€2)

)= (@ = 2g-1)(3 — 3g)(2 — 2g1 ) (2~ Tgi2)-

P

TTockoyIbKy HHTEPIIONANUMOHHBI MHOTOWIEH TPEThel CTENeHH, COBIIAIAIO-
muit ¢ pyHKuue#f B uwerbipex y3jax, €NUHCTBEH, TO

P}(z) = Pi(z), ri(z)=7r%z) u fOG)=rDQ).

O6pasyem mnonycymmy pasencts (4), (5). Tak kak Pj(z) = PZ(z), B une-
Bo#t wactu Gynmer crosth MHOrounen Pj(r); UpM BHIMHCIEHMH NPABOH 4YACTH
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§ 12. Cocrapyienue TabaHI,

oﬁpasyeM MOJIYCYMMBI OT COOTBETCTBYIOUIUX CJIara€MbIX; BBCIAEM 0003HaUCHHA:

Tgt1/2 = Lq+ h/2, /if,?fl/g = ( ,]2"‘ + ,]2_?1)/2 [onyunum

Py(z) = pfor12 + f(;+1/2h_1(ﬁU — Tqt1/2)
1 . .
+ h gl @ = ) (@ = m) +
1 .- _:
+ gf’?ﬂ/?h o — L) (T — g1 1) (T~ Tgq1/2)-

O603HATHB IEPBbIC TPH CJIAraeMble B MPABOH YACTH MOCIEIHErO PaBEHCTBA
wepes Bo(z), cooTHomenne (3) samumeM B BHAC

f(z) = Ba(z) + R(z),
By(z) = pfgyr12 + fql+1/2h_1(1' —ZTgy1/2) + qugﬂ/zh'_z(w — zg) (2 — Zg41), (6)

R(z) = f;+1/2h_3(~’5 —2g)(T = Tgp1)(T =~ Tgy12) +

n F9(Q) (7)

51 (2 —xg1)(z — zg) (@ — Tgq1) (T — Tg42).

Muorounen Bo(x) Ha3BIBAIOT UHMEPNOAAYLOHHBIM MHOZOUAEHOM Becceas.
Ecmm mopxomuth (POPMAJIBHO, TO 3TOT MHOTOYJIEH BTOPOM CTEMEHH HE SIBJIS-
eTCs MHTepHOJAIMOHHBIM, [IOCKONBKY OH COBHajaeT ¢ f(x) TONBKO B TOYKAX
Zqy, Tg41-

B crenyiomiem maparpadpe Oymer BHOHO, UTO HCHOMB30BAHHE MHOTOYIIEHA
Beccens paeT onpeneneHHbIE NPEUMYIIECTBA MO CPABHEHHWIO ¢ HEIOCPEACTBEH-
HEIM HCIOJB30BAHUEM HHTEPIONANUOHHOTO MHOTOUWIEHA BTOPOM CTEMEHH.

§ 12. CocraBjieHue TabJIHIL

Pacemorpum  cienytomyio 3amady. Tpebyercss mOCTpoHTH Tabnmiy 3HaYeHHH
HEKOTOpPO# (PYHKIUHM TaK, YTOOBI MOTPENIHOCTh NPU HHTEPIIONSIUA 3HAUEHUIH
byHKIMEM MHOTOUYJIEHOM 3aJaHHOM CTEMeHH M He IpeBOCXoguiaa €. B sToM
CIy4ae TOBOPSAT, 49TO TAOJIHI[A JONYCKAET HMHTEPIOJSALMIO CTeHeHH m (¢ Imo-
TPEMHOCTHI0 £). Tabnaunbl, BHITyCKaeMble [Ji INHPOKOIO KPyra IONb30BATE-
7eit, OOBIMHO COCTABJISAIOTCS TaK, YTOOBI OHM JIOMYCKAJIH WHTCPHOJISIHAIO MHep-
BOH cTemeHH, WHade — AuHelHyl0 unmepnoasyuto. IIpuMepoMm Taxux Tabm,
Moryt ciayxuthk Tabmuubl B.M. Bpamuca, um3BecTHBIE M3 INKOILHOIO KYypCA.
JanbHeimeM paccMaTpUBaeM CJIydai TabJHUIBI ¢ IIOCTOSHHBLIM INArOM.
Hnsa perauciesns 3Havenus f(r) NpH IOMOMM TakoH Tabuunpl GepyTcs
Y3Ibl Tq M ZTg41 COpaBa M JIEBa OT TOYKH I: Tqg < T < Tg+1 (OHI/I OynyTt
bimxaiimumn x z); 3aTeM f(r) 3aMeHsIeTCS HHTEPIOISLIHOHHBIM MHOTOMJIE-
HOM nepBoit CTemeHH IO STUM y3iaMm (st ynobersa obosmavaeM z = z4+th):

f(z) = La(z) = fy + fql+1/2t'
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TlorpemnocTs 3T0H POPMYJIBI
t(t—1
o=l
2
e
g < (< Lg+1-

OTa BeJWYMHA HE IIPEBOCXOIHAT €, €CJIH

max | f(¢)| h? max tt—(t—j—l)

‘ <&
(01} |

~1
I[Iéaﬁ( ’&2——)' jgocruraercst npu t = 1/2 u pasea 1/8. Tagmm obpasom, gocra-
TOYHO BBIIONHEHHUS YCJIOBUS

max | f"(¢)] B*/8 < e. (1)

IlycTs MBI XOTMM COCTABMTL MJIM BBECTH B MamiuHy tabaumy sinz Ha
[0, /2] Tak, wroOBI MOrpenIHOCTh JHHEHHOH HHTEPLONSIHA He IIPEBOCXOAMIA
0,5- 1075, Tlockonbky max|(sinz)”’l <1, To u3 (1) BoITekaer Tpebopaune Ha

mrar  Tabimirs
h%/8 <0,5-107% wnm A < 0,002.

Yacro rpebopaHue JOMYyCTHMOCTH JHHEHHOW HWHTEPIONSIUN  ABIAETCS
CIIMITKOM  JKECTKHM W BMECTO Hero TPebyiorT JOUyCTHMOH %®8adpamuvnoli uH-
mepnoasayuy (T.€. MHTEPHOJSIUU MHOIOWIEHOM BTOPOH cremenu). [Ipocreii-
UM CIyYaeM KBRJAPATHIHON WHTepnoaanuu Oy eT MHTepHOAAIMA MHOTOYJIE-
HoMm Jlarpamxa mo Tpem yamam. Ilycrs 24— ysen, Ombxaimmit x z, T.e.
|z — z4] < h/2. Umeem

(t—1)

flz) = Ls(z) = fqo + f(}+1/2t+ fqz ! 5 (2)

OcTaTounbt 4ned 9T0H (HOPMYIBI
2 _
£(@) ~ Lo(w) = ;O L2

HUroHel Tabmuina IONyCKasa KBAAPATHUHYIO HHTEPHOIAIUIO (2), JI0CTATOUHO
BBHITOJHEHUA YCIIOBU

2
OIE =1
maXIf (C)l Jax 1= <e.
t(t? - 1) 1
Tak xak max |———=| = —, TO 3T0 TpeCOBaHUE HAa 1Al IEPEeIUIIeTCS
ft<1/2 6 16
B BHJIE
max t f<3>(g)' h3/16 < e (3)

B xomkpermoMm ciywae mpu f(z) = sinz, € = 0,5 - 107¢ nonmywaem h < 0,02.
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PaccMoTpuM ApYTOR cHocod 3aMesbl (PyHKIMH MHOTOWIIEHOM BTOPOH CTe-
mern. Ilyers z € (zg, Zg+1), T = Tq + hi; DOTOKAM

H(t—1
F@) % Ba@) = ifsajo + ot =12 + sy N5 @

r.e. 3ameHuM f(z) mmorowrtenoM DBeccens Bropoit cremenu (11.6), BoImm-
CAHHBIM IO Y3JIAM Tg—1, Lg, Lq+l, Tqr2. Cormacso (11.7) ocrarotunbiilt wien
(4) ecTh

3
q+1/2

tt—-1)(E—1/2) t(t? — 1)(¢ — 2)
G +f(4)(C)h4——-—§4—**—

Tax Kak ng j2 = R3FBI(C), To ams DONmyCTHMOCTH HWHTEpTONSIAM TO Hop-

myse (4) IOCTATOYHO BBINOJHEHHS COOTHOLICHUS

| He— 1= 1/2)
(3) 3
max | ()| h o%’?é 6 +
t(t? — 1)(t — 2)
4) ‘ 4 RASEEA LA I
e L e
TTockonsky
t(t — - 2 — 1)(t -
max (t—1(t-1/2) _ 1  max t(te —1)(t—2) :j_’
0<t<1 6 7237 0kl 24 128
T0 mHTepnoNdAnua 1o ¢opmyie (4) DOmMyCTHMA, eCiu
max |79 ()| 4 + 3 max }f(4)(§)|h4 <e (5)
72v/3 128 e
[Ipn Mmanpix h rnaBHOH YACTBIO ABASETCA IIEPBOE CJIATAEMOE; OHO MEHbIIIE,
gem nesas wacts (3), B 9v3/2 = 7,794... pa3. CnejoBaTennHO, IpH Ma-

ABIX b gns BRIIOAHEMOCTH (5) MOXKEO B3aTh mar B ~ {/9v3/2 ~ 1,98 pas

Gosbiie, wem gus BwimoaHUMOCTH (3). B paccMaTpuBaeMOM npuMepe YCIOBHE
(5) mmeer BuZ

R3 /723 + 3h%/128 < 0,5 - 1075,

Pemas sro mepasencrso, momyumm h < hg = 0,038.... 3amerum, 4TO TpH
pyanom cuere mar h = 0,038 Heymoben BCIeACTBHAE <«HEKPYIJIOCTH» 3ITOrO
ancna. [loatomy mpu cocrapnenmm Tabaui ero 3aMeHman Obl 3aBEJIOMO HA
Menpitee, HO «bonee xpyriace» umciao 0,03.

B mMuoromepHOM ciyuae wmuorza menecoo0pasHO JasbHEHINee yBEIHYCHHE
CTENEHH HCIIOIBL3YEMOI'0 HHTEPIONIIUOHHOrO MHOTOYJIEHA.
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§ 13. O norpenrHoCTN OKPyIrJieHusi Opu
VHTEPIIONS NN

IMpenmonoXuM, YT0 BBHIOPAH HEKOTOPHIH CHOCOO HMHTepHOIsiiuu. Bbime Mbl
NOJYYHJIE HEKOTOPOE IIPEICTABJICHHE O TIOTPEUTHOCTH, SIBIISIOUICHCS CJIeACTRY-
eM 3aMeHb! (DYHKIMH MHOrowiIeHOM. OJHAKO CYIIECTBYET €lle Ofua IPUIHHA
IMOrpEUIHOCTH, B YACTHOCTH BCJIEACTBHE OKPYIVIeHMs 5THX 3Hadeduil. Ilycrts
Tpebyercs BuIYMCIATHL 3HavMenue f(x) mo dopmyse

fl)y =Y fiPi(x),
j=1

ABNAIONIEHRCT ODIMM BHJAOM pACCMATPHBAEMBIX HAME HHTEPHOJSITHOHHBIX
dbopmyn. TlockosmbKy peasibHO 3aJaHbl He fj, a UPHOJMKeHHBIE 3HAYEHWUSI
* — . .

fi = fj+mnj, To B pesymbrare Oyler LOJIy1eHO 3HAUEHHE

)= fiPi(z) + > niPi(x).
7j=1 7=1

Ecam mssecTnn I'PAHUIBI U3MCHCHUA 3HAMEHH Y 75, TO MOXHO OIEHHTHL BEpX-
HIOIO TpaHb TOTrPEeHIHoCTH

n
£ = Z 77ij (.L)
j=1
Hanpumep, npwu ycioBuu lﬂj‘ < 77 UMEeM OIIEHKY
n
lel < nA(z), Alz) =) |Pi(z)|.
j=1

Bemnunna A MoxXeT okasarbcA OuUeHb OOJBLTOH.

— 1
Banmaga 1. Ilycre f(x) murepnonupyercs mo ysnam ; = —1 + 2 ]———1,
n -—
n
1,..., n. Iloxazare, wurto IEIB:X A(z) > const - —\/7_1

Banmava 2. [oxasarh, YTO €CiHM y3/Ibl WHTEPIOIALMH COBMAJAIOT C HyJAMH
MHOrowiena ebpimena, TO [max [A(z)] < const - Inn.
—1,1]

Ecmu Mbr Beruucisiem 3navesune f(z) npu zg < < £} MHTEPHOAAIMEH 110
y3JaM g, T1, TO

1 —x r—x
Py(z) = ——=, Pz) = ——~
1 — Zg 1 — Zo

n(IPs(@)] +Pi(@)]) = n.
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TakuMm 00pa30oM, NpH JUHEHHOH HHTEPHOJIAHNU TOIPEIIHOCTDL, SBJIAIOIIAACH
CJIENCTBAEM OKDYIJIGHHST 3HAYEHMIH (PYHKIHN, HE NPEBOCXOIUT MOTPEITHOCTH
3TUX 3HAUCHHH.

Hanuuue GONAbLIOTO HHCIA (bopMyn UHTCPIIOAUPOBAHNA, MPUMEHABIIUXCSI BO Bpe-
MeHa py4HOro c4uera, OT4HacTH OObACHAESTCS HMEHHO ITOHCKAMU AJIrOPUTMOB, IOPO-
PRAAOIIUX MHHUMAJIbHYIO BBIMHUC/IUTEIHHY10 ITOTPEIIHOCTD.

§ 14. IlpnmeHeHns annapara MHTePHOJIUPOBAHUI.
ObpaTHasi MHTEPIIOJIAOUA

YrorpebieHue WHTEPIOJAIUOHHBIX MHOTOWIEHOB OKA3BIBAETCs! IMOJIE3HBIM IIPU
penienuy TaKOW 3aavu.

Iycrn Tpebyercss HailTh 3kcTpeMyM GyHKUMH # TOUKy skcrpemyvma. Co-
cTapuM TAOMWIy 3HaYeHUH (YyHKUUN ¢ KPyIHBIM mmaroMm. M3 paccMorpeHus
3TOiH TabJUUbI MOXKHO YBHIETH MECTO PACTOJIOXKEHWs 3KCTpeMyma. B mpemmo-
JlaraeMoil 0BIacTH pacHofOXKEHHs SKCTPeMyMa NpuOAu3uM (DYHKUMIO HHTEp-
MOAIMOHHLIM MHOTO'WIEHOM M HallIeM ero TOukKy akctpemyma Pj. B okpecrt-
HOCTH TOUKH P, cocraBum Tabuuily 3Hauenuit ¢pyHruum ¢ 607ee MeNKUM Ia-
roMm. M3 paccmorpeHust 310 TabiHIbl MOXHO YTOYHATH PACIONIOXKEHHE IKC-
TpemyMa. ¥ T. 1. CTeneHb HHTEPIOAAIHOHHOTO MHOrOWIeHa Oepercd TaKoi,
q1OOBI TOYKA 3KCTPEMYMa OIPEACHaIach B SBHOM BHJE. B OIHOMEpHOM CIy-
qae Oepercs WHTEPNONSAIMOHHBIN MHOrowreH Jlarpanxka unu Beccens BTOpo#
CTENEHN WM HHTEPHOJSIIUOHHBIE MHOrOUYIeH TpeTheil crenenn. B mHoromep-
HOM CJIy4Jae, KaK [IPABMWIO, (PyHKIUA OpHOIHXKAETCI MHOTOWIEHOM BTOPOit
CTEIEHH.

Ha mpakTuke, madwmuast ¢ okpectHocTu npubsmxkenus Py unu crnemyomniero
npubnuxenusi P», yXe He cTposT noapoOHON Tabiunpl 3HaMeHHH (DYyHKIUH,
a OTPAHMYMBAIOTCS MHHUMAJILHBIM YHCIOM TOYEK B OKPECTHOCTH HMEIoIle-
roca npubaukenus F,, JOCTATOYHBIM sl MOCTPOEHUS HHTEPIOISIIHOHHOTO
MHOTOYJIEHA..

Onucannpiit cnoco® siBusgercs ofHuM W3 Haubojee ynoTpeOUTENBHBIX HPH
OTBLICKAHUM 3IKCTPeMyMa (DYHKIMM MHOTMX II€PEMEHHBIX.

B ognomepHOM ciydae uHOrAa mocie BbluuciaeHus 3Hadenus f(P,) He BbI-
UCASIOT JONOJHUTEILHO HUKAKMX HOBBIX 3Ha4YeHHM (PYHKIHH, a8 OPOBOIAAT
HMHTEPIIOJIANMIO, HCHONb3Yys 3TO 3HAUEHHWE M PaHee BBIYMCIIEHHBLIE 3HAUCHUSI.

Hpyroit THnu4YHON 3a4adveil, TAe MOXeT OGLITL NPUMEHEH ANNAPAT HHTEp-
[IOJIMPOBAHUA, SBJISETCI HaXOXJeHwe KopHs X ypasHenus f(z) = d.

[Tyrs pemrenusi atoit 3amauu Tor ke cambiit. CocTapiasieM Tabauiy 3Haxe-
HUit DYHKIMH; olpeliesasieM [0 HeH rpy6o, INie HAXOAMTCA KOPEHb ypaBHEHHs,
3aTeM cocTaBaseM Tabsiuiy ¢ Oonee MEJKHUM IIArOM M T. I,

Ecnu seramcnienue GyHKIAM OTHOCHTENHHO HETPYIOEMKO, HEPa3yMHO IIpH-
MEHATH B IPOUECCe BLIMHUCICHUI HHTEPIONANMIO CTENeHH BBIIIE BTOPOH; B
IPOTUBHOM (JIy4ae BO3HHKACT 33Ja49a HAXOXIEHHS KODHEH MHOTOWIECHOB, Ca-
Ma Tpebylomas JOCTATOYHO GOJLIIOrO YUMIa apHPMETHUYECKHX OIepaIuil.
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Ecan poiuucienve (QYHKOUU TPYJAOCEMKO, MOXKET OKa3aThes 6onee BLIFOJI-
HBIM TORTH TO I[yTH YBEJWIEHHHA CTENEHW WHTEPHOAALUMONHOr0 MHOTOWIC-
na.

B cnyuae, xorma B oxpectHoctn y = d dyHxnus g(y), obparmaa x f(z),
ABJISIETCS] JOCTATOYHO TJIRJIKOH, Bosmee 3(p(PEKTHBHBIM MOXKET OKA3ATLCS UPH-
menenne obparHol murepnonanuu. Obpamnoti unmepnosayuedi HA3LIBACTCS
cIeNyIomui anropuTM. llycTs m3BecTHB 3HaueHUst QYyHKUHH y; = f(x;) npwu
i=1,..., n. Ota undOpMAUUA HKBUBAJICHTHA TOMY, UTO HU3BECTHBLI 3HAYEHUSI
z; = g(y;) obparnoii dynxuuu. IIpy yeIoBHM JOMYCTHMOCTH UHTEPIONALUH
[0 IIepeMeHHOH Y MOXKHO 3aMeHHTh obparnyo (GbyHKIUIO ¢(y) HHTEPIOISIN-
OHHBLIM MHOTOWICHOM Ly (y), YAOBJIETBODSIOUUM YCJIOBHSIM

Lp(y)) =z, i=1,....n,

u momoxurs X = g(d) = L,(d). Taxoit cmocob ocobenno ypoben, ecau
HAC HMHTEPECYIOT 3HATEHWS] DEIEHU YPAaBIEHWid NpH J0CTATOYHO OGOMBILOM
quce 3HAUERWH d WAM JKEJATENHLHO IMOIYYeHHE SIBHOrO BBIPAKEHHS KOPHI
ypasienns f(z) = d B 3aBucumocTH or napamerpa d. Ecam uHTEpHONsSuda
o y3JaM Yi,..., Yn He ODecreduBaer HY>KHOH TOUHOCTH, UOJATACM Ipi] =
Ly(d), yn+1 = f(zpt+1). Janee, B 3aBUCHMOCTH OT OBCTAHOBKH, IIEJIeco0Bpas-
1o 3ameHuTh ¢(d) 3HAUEHWEM WHTEPIOJSIIMOHHOTO MHOPOTIICHA [0 BCEM y3-
JaM Y1,..., Ynt+1 WM [0 HEKOTOPBIM W3 ITHX y3JI0B, Oamxxajimum x d.

§ 15. Hucnennoe nudpdepeHninpoBanme

Ilpocreitmiue hopMyabl wucaennozo duddepennuposanus NOIYHAOTCHd B pe-
ayneraTe AuddepennupoBaHLsS UHTEPIOIAITUOHHEIX (hOpPMY.I.

ITycrs m3BecTH®! 3HavMeHHs (YHKIMHA B TOUKAX Ii,..., L, W Tpedyercsa
BBIYMCIATD TPOU3BOIHYIO f (8)(19). TocTponM METEpHOIAIMORHBI MHOTOWIEH
Lo(z) u momoxnm f8)(zp) =~ L%k)(a;g). TouyHo Tak >Xe MBI MOXKEM 3aMeHSTh
3HAYEHHST IIPOU3BOJMHBIX (DYHKUHI 3HAUEHHAMH NPOUIBOMHLIX APYTHX MHOTO-
YJIEHOB WHTEPIONSIUOHHOTO THIla, HampuMmep DBeccend.

Hpyroit crnocod mocrpoenuss dopmyst duciieHHOro  aud>depeHnupoBaHnd,
OPUBOAAIIAN K TeM e (opMyJiaM, — 3TO METO[ HEOUPEHENeHHbIX Ko3¢hPHUIE-
egroB. Hambonee ynorpeburenen oH B MHOTOMEPHOM CIydae, KOTHA HE BCe-
I3 IIPOCTO BBIIMCHIBACTCH WHTEPIIOJAUMOHEDBIN Muorowien. KoaddhummenTn
¢; GopMysBl YHEUIEHHOTO v depeBINpOBaHs

FO) = S et () (1)
i=1

BRIOMpaloTCS U3 yQIOBHd, 4robbl popmyna Obuia TOUHA MJIsi MHOTOYJIEHOB
i

MaKCHMAJIBHO BBICOKOM crenenn. Bossmem f(z) = E a;jz’ n norpebyem, dUro-
J=0
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6Bl [UIsl TAKOTO MHOTOWIEHa cooTHOwenme (1) o6parmioch B pPaBEHCTBO

m

m 7

Yk = : ]
E aj(.nj)( o= ch E a;x]
7=0 i=1 j=0

)

Yro6bl pPaBEHCTBO BLIIOIHSIOCH AJIg JI000r0 MHOTOWIEHa CTCIEHH 771, Heob-
XOQUMO X JOCTATOYHO, 4YTOOBI KO3((DUUMEHTHI TpH a; B NPaBOR U JICBOH
yacrax Oburd papubl. Jlockombky

() = j(5 —1)...(j — k + )2 F,

TO MHOJYTIAaeM JHHCHHYIO CHCTEMY YpaBHEHUI]

n

JG =1 G—k+ Dz F = Zcz-xf, J=0,...,m, (2)

=1

OTHOCHUTEJIBHO HEU3BECTHBLIX ¢;. Lom m =n - 1, To YUCIO ypaBHEHW paBHO
YHCLy HEW3BECTHBIX. QupemenuTenb CUCTEMBl SBASETCst ompenenureneM Bag-
JEepMOHJIA, [MO3TOMY OTAUYEH OT Hyas. TakuMm o0pazoM, BCETIA MOXKHO IIO-
crpouthk dopMyny uucieHHoro AudPepeHIUpPOBAHUS C 7. y3JaMH, TOYHYIO
I MHOTOWJICHOB CTelleHd 1 — 1.

Ilpy m =n ~ 1 u oupenesIeHHOM PACIOJOXEHUHA Y3J0B HHOLJIa OKA3bIBA-
ercs, uTo paBeHCTBO (2) BBITONHEHO W A j = n. Kak npaswmio, sto Gyger
B ClIyvac, KOLJa Y3JIbl PaCHOJIOXKEHbI CHUMMETDHYHO OTHOCHUTENBHO TOYKH Ij.

B npuBeneHHbix HHZKE 3a0a4aX I8 OPOCTOTHE B3ATO g = 0. [Iyc1s y3ibl ; pacmo-
JIOXKEHBI CUMMETPHUYHO OTHOCHTENBHO TOUKU Zg = 0, T.€. T = — Ty, T3 = —Tn_1
u 1. x. BEciu n wewerno, n = 2l + 1, o Torga z;41 = zg = 0.

Bagaua 1. Ilycrs k werHo (B wacTHOCTH, k MOXKeT OLITH PaBHO HYJIO M TO-
Loa peus waer o6 MHTEpHOMMpOBaHuM). lokazarp, WTO TOTHA ¢ = €1, Cpo] =
Co, W BOOOWIE Cpyi1_f = Ck.

Jokazarh, 4TO BCIEACTBHE TAKOTO CBOWCTBA cuMMerpuu dopmyrna (1) as-
TOMATHYECKH SBISACTCH TOMHONW Juist jioboit HeweTHOM (yHknuu. B wactHOCTH,
npu n HederHom dopmysa (1) Gynmer TouHa JUis z”, TMO3TOMY OHA TOYHA H
o gir0boro MHOTO™WIeHA CcTelmeHM 71 (TMOCKOIBKY I JI06Or0 MHOTOYJIeHa,
CTemeHW 1 — 1 OHA y¥Xe OKa3aJach TOUHOR IO MOCTPOEHHIO).

Sanaua 2. Ilycres k& mewermo. Hokasarh, <UTO TOrma ¢, = —C1, Cp.] =
~C2,..., W BOOOWE Cpyj—k = —Ck. Bemu n mewerno, n = 20 + 1, To npm
=10+ 1 umeeM ¢4 = —c41 H, WIEAOBATENHHO, Cpq1 = 0.

Hokazarn, UTO BCIEACTBHE Takoro cBoficTBa cuMMeTpHH dopmynaa (1) as-
TOMATHIECKN ABJIAETCH TOYHOM nyid moboii derHo# ¢yHKHUH. B wacTHOCTH,
upu n veTHoM oHa OydeT Touna Jus z" W modTOMy OymeT TOdHA AJIA JIIO-
Boro mmuorounema cremenu n.
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TakuMm 00pa3oM, OPU CAMMETPUYHOM OTHOCHUTENLHO I PACIONOXKEHHUHA Y3-
noB, k HeTHOM, m HEYeTHOM wWin k HeueTHOM, 1 udetHoM dopmyna (1) oxa-
3BIBAETCA TOYHOM [JIsd MHOCOWIEHOD HA eJUHMILy Oombuiel CcTerneHu.

Caoticrsa cummerpun dopmyn uuciednoro udQepeHIUpOBAHUS UCTONb-
3YIOTCA JJi YMEHbINEHUS YWCJIA yDaBHEHWMH, KOTOPBbIE HY2KHO DElUTh I[IPU
NOCTPOEHUA (POPMYIIEL.

Ilycres Tpebyerca mocTpouTs (qropMyny umciaenHoro nuddepennupopanus

f'(0) = e f(—=h)+ c2f(0) + c3f(h),

TOYHYIO jig MHOTOWJIEHOB BTOpOil crenenu. Cucrema ypapHenuil (2) B gan-
HOM Iy4dae HMeeT BHJI
0=c 4+ co+ ¢,

1= Cl(—h) + 3 (h),
0 =ci1(=h)? + c3(h)?,

v, pemiasi ee, moaydaem c; = —1/(2h), ¢ca = 0, ¢3 = 1/(2h). Bocnosssyemcs
CBOMCTBOM CHMMETPHM W Cpa3y BO3bMeM (QOpMyJTy, JJig KOTOPOH c¢3 = —cip,
co = 0. Torma mepBoe M TpeThbe YPABHEHWS BLINIOJIHEHLI ABTOMATHYECKH, a
BrOopoe npuobperaer Buy 1 = 2¢zh, 1.e. ¢3 = 1/(2h). Takum obpasom, f'(0) =

(f(h) = F(=h))/(2h).

Bamaua 3. Ilycte Bce TOUYKM T, yHATEHBl OT TOUYKM Z( HA PACCTOSHUE
O(h), h—wManaa penuurna. [TokazaTs, “To npu WmIaKoi f(z) npubiukeHnas
dopmyna unciennoro auddepenuupoBanust (1) uUMeeT MOPSNOK MOrPEIIHOCTH
Oh™), tie m = | + 1 — k, |- Maxcumanbiuasg CTeHeHb MHOPOUIEHOB, IS
KOTOPBIX TodHa 3Ta ¢dopMya.

IlocTporM npuOAHKEHHYIO0 (OPMYNy BBIUMCIEHHS BTOPOH IIPOM3BOIHOM,
HCIIOJIB3YIOMYIO T€ K€ Y3JIbl:

" f(=h)+cof(0) +c3f(h
(o) LR IO 4 2100

2 momyuaem cucreMmy ypaBHEHHI

U3 ycnosuit Tounoctu dopMmynbt mig 1, x, ©
0=1c + ¢+ cs,

ci(—h) + c3(h)

0= h? ’
h? h?
1 _ C1 5 + C3'L§‘
Pemas »1y cumcremy, mojgyamm ¢ = c¢3 = 1, ¢ = —2 H COOTBETCTBYIOILYIO

npubIuKeHHYI0 HOPMYILy N
P (OE (VRS (0} )
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Mbpl MOYKEM 1€ COMHEBATLCS B TOM, UTO MOIYYHJIM NPaBHIbHYIO (dopmyiy. Buipa-
. 2 /3,2 2 2 . .
sKeHie B IpaBoit vactu ects f;/h* = A*f_(/k”, u, cornacuo (10.4), ono paBHO
snavennto f(€). Y MHOrOUWIEHa BTOPO CTeNneHW BTOPasd NPOM3BOJAHAA MOCTOSHHA,
: p 212
nosromy f3/h? = f'(€) = f(z) npu mobom z, B wacTocTn f§/h* = f(0).

[TocTpoennas dhopMysa OKa3bIBACTCA TOUHOM JUIst JIIO60r0 MHOTOIIEHA
tperbeil creneny. Eciu mojcrapuMm B oJsieBylo u mpasyio wactu (3) dyHKmmio
f(z) = 23, To B 00emX UACTAX INONYyUUM HYIb.

OieHUM [OTPEMIHOCTb  MOCTPOEHHOH  BBINE NIPUOIHKEHHOH  (HOPMYJIbI
f'(0) = (f(h) — f(—h))/(2h). B dopryne Teitnopa BozpMeM TpH WIeHa pas-
JIOXKEHHsI W OCTATOUHBIA UJIeH

h? h3

F(h) = f(0) + hf'(0) + -2—f"(0) + ~6—f"'(€+), 0<&4 < h,
h3

6 f’”(‘f*)a —h<£~ <0

F=h) = £(0) = hf(0) + "o 1(0) -

T
Beenem obosmauenme Ri(f) = %) (zg) — Zcif(z'i). Nmeem

=1

Ri() = 5/0) - TELIED
h? h3
=10~ (70 +h70) + 5510+ e -
h? h3
- (10) = RFO)+ 10 = 7€) ) /210 =
= /'(0) ~ (f’(O) (LS "'(f~))) _
R L SEY L S}

Snavenne « sexmr-mexay f7(Ey) m f"(€~). Tlosromy mo Teopeme Posst
Haiinercss ¢ B mpegenax [€-, 4] Takoe, uro a = f"(£). Takum obpazom, B
HTOre HMeeM

Paccvorpum npuGimxkennyio dopmyny (3). IIpeamonoxum cHadada, 4TO
HaM HEHM3BECTHO, TOYHA JIM OHa JUIA JIOOOTO MHOTOYJIEHA TPETHEH CTermeHH.
Beps B pasnoxenun Teimopa tpu uiena

h? h3
f(Fh) = f(0) £ hf'(0) + = f(0) % < /"),
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HOJIy 9UM
(B) — 2f(0) = f(=h) .,
Ro(f) = r(0) - L2V 2T gy
2 h3
=10+ 170+ 50 + 5 1760 =210+ 10 = Ry 04
h? 1" h3 " -2 _ B ///

I F10) = ) [ B = 2 () — 1E).

Ecnmu  f(z) — maorowien tperbeit cremenm, Tto f'(z) = const, mnostomy

Ro(f) = 0. Takum ofpa3om, #3 BbIpaskeHud I IOTPEUIHOCTH MBI yBHJe-
Jgu, 49ro ¢opmyna (3) TOUHA JJIsS BCEX MHOLOYIEHOB TpeThed crenenu. Ilo
teopeme Jlarpamxa

FUE) = £(ES) = (€4~ E2)FD(E);

[, €+]. B 1o xe Bpemst &y € [0, h], €~ € [—h, 0], orkyna crenmyer

£ €
0 <€y —€_ < 2h. Tagum obpazom, &y — €. =6 -2h, tme 0< 01, n

h? -
By(f) = =019, 0<o<1

Ecmm B pasnoxenun Teilsiopa B3ATh 4YeThIpe CIIAraeMbIX

h? h3 . ht
FER) = F(0) & hf'(0) + 5 £"(0) % = 7(0) + o /O Ew),

TO TIONYYUM BBIPAXCHHC [AJld HOLPEeNIHOCTH

w <f<4>(s+> + f<4>(f->> |

Baf) =-13 2

Paccysxnas, kKak ¥ IIDH BBIBOJE OUEHKM NOLPENIHOCTH [Jis TIE€PBOI IIPOH3BOM-
HOll, uMeeM

2
Rolf) =~ fO(@), ~h<e<h

IlpuBeneM psanx ¢opmyn uncieHHOro AudbepeHRnupoBanus (YHKIMH, 3a-
JAHHBIX HA CEeTKE C TIOCTOSHHLIM WIATOM I, = Ig -+ nh:

1pRilf) = S e

(4)
1

(w0) ~ b~ 12 Pip  Rilf)=—= D en.

OTO Tak Ha3BIBAEMBIE ONHOCTOPOHHME (DOPMYJIBI HHCIEHHOrO auddepeniy-
poBanus. B mepsoit dopmysie (4) BCe y3/abI yAOBNETBOPSIOT YCJIOBHIO T 2 Zo,



§ 15. Yucnennoe auddeperunposanye 81

o Bropoit zp < Zg. Cpemu Takux ¢opmyn Hambojee yHOTPEOHTENBLHBI Clle-
Jyromue: .
% Fipg  flan) = flzmo)
n=1, [f'(z0) = = - :

(- ) = Lzl = 3()

H

1 |
n=1, f'(z)= j“}i/Q _ f(zo) 7Lf(z~1);

Takue NTPUOIMKEHHUT OPOUIBOAHBIX YACTO HCHOJIB3YIOTCH HPU DPEIleHuH aud-
¢epeHINAJbHBIX YDaBHEHUH JJId alIpOKCUMAIMHM T'PABUYHBIX yciaosui. llpn-
BeJeM TPHUMepPHl CUMMETPHUIHBLIX (HOPMYIL:

= (LY. ((3)...
I (zo + g) ~ h~1; =1 ((3) - ((3)

(G=3)" o,
25 + 1)1 f

1/2 3

J
DRy (-1

(IO (ES] g
Haubosee ymorpeburensHbl cliegyromme YaCTHBIE CITYUIAH:

=1, f(zo+g> f;f___f(l'l);f(zo)

(e paccMOTpeHHLI HAMM BBINIE B APYTHX 0603HAYEHUAX );

' h —f(2R) 4+ 27F(h) — 27f(0 h
=0, 1 (20 h) % b (R pyst) = LEALIO 20 11(h)

D@opMysibl 1J11 BTOPOH MPOM3BOLHON 3AMMCHIBAIOTCA B BHUEC

(—1H% o

1
f"(zo) ~h222( 1](2] 0

OCTaTOYHLIN YJIeH
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Haunbosnee yHOTpe6HT€JIbeI HJaACTHDLIC CJIYIAM:

f(h) =2f(0) + f(=h)
h? ’

_ " Nfg_
t=1, [Hwo) = 3=

1 1
1=2, f'(zo) = 2 (fg - Efé) =

—f(2h) + 16f(h) —30f(0) + 16f(—=h) — f(~2h)
12h2

Jlng BHICIIHX POM3BOJHBIX MPOCTEANTYIO TPYOYI0 ANIIPOKCHMAIUIO MOMXKHO
nosyauTh, Bocmoibzosasimch (10.4). TIpu 0 < j < k£ umeem

_ Ak f,
h¥

Haubosiee ynorpeburenpHbIC YACTHBIC CIYYA: OJHOCTOPOHHHE (OPMYJIbI
qucIeHroro  gudybepennuposanus

Ry = .f(k)(g"j) = f(k) ('J"j) - f(k)(gm,k) = O(h).

k
ARfo i
kT Rk
HMerole norpemHocTs nopsjaxka O(h), n cummerpuansle (hOPMyNBI YHCICH-
Horo audpdepennuposannsg. lpu k ugernom

FR0) = fE/Rk,

FH(0) ~ FO0) » == = =5

npu k HeueTHOM

fijs + 12,
FR(0) ~ 1/22h,k' /2

Dtu dopmymnsl umeror norpemmocts O(h?). pu k = 1, 2 takumu dopMysaMu
KaK pPa3 sIBJASIOTCH (DOPMYJIbI, TPHUBEJICHHBIC BBIIILE.

IIpu BeBOnE opmyn wacmenuoro aud pepeHunpOBAHNA U3 NPHOMMAKEHHOTO pa-
BEHCTBA
F® (o) m L (o)
OLEHKY NOT'PEUIHOCTH TAKAE MOYKHO MOIYYUTH, U HepeHunpys OCTATOMHDIE WIeH
B (5.1):
F8 (mo) = L) (o) + (F(z; 2155 T )wm(2))F)

zo
JI1a monyueHnst KOHKPETHOH OUEHKH HaJ0 BOCIOIL30BATLCA MpasuioM JlelGuuna
M JI0KA3aTh PaBEHCTBO
'.
(f(z; zy;...; :vn))(q) =gl f(z;...; &, T1;-.-; Tn)-
N

g+1 pa3
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§ 16. O BBIYUCIUTENbHOI ITOrpelrHocT GopMyJt
qucyieHHOT0 auddepeHupOBaHUHA

[Ipy peueHMH OXHON 3a4avH YHUDABJIEHHS HMeJa MeCTO CJIeIYyImas CHTY-
apus. Ynpasienne OOBEKTOM BbIOMPAJIOCH B 3ABHCUMOCTH OT €r0 CKOPOCTH
[BUWIKEHMS B JAIHBIH MOMEHT; CKOPOCTH BLIHCIANACH HO mpocrediei ¢op-
MyJie ducIennoro mudepeHnupoBaHia KaK OTHOLICHHE IPUPAINeHHsd KOoOop-
m:IHaT K HPOMEXYTKY BpeMeHH 0t Mexay AByMs MOCJIeHOBATEIbHBIMH MO-
MEHTAMH H3MEPEHUS] MOJIOKEHHS 0ObeKTa.

ITepen HENMOCPEACTBEHHBIM KOHCTPYHPOBAHMEM CHCTEMBI OBLIO NPOM3BEACHO
noapobHoe MomesnmpopaHue ee paboTH ¢ momomplo IBM: koopamHaThl 001-
exTa 6pasuch €O CAYIANHBIME IOrPEUIHOCTSIMY H3MEDEeHHS H T.J.

Yucennble YKCHEPUMEHTHI TI0KA3BIBAJIH, YITO
00BEKT HOJDKEH BCe BPEMA PE3KO MeHATh Ha- A
HpaBjicHHe JBIDKEHHS M TpeOyeMoe yIIpaRJeHUe
meroKeHneM Hepeasmayemo. (OHAKO yMeHbIIeHue
NpOMEXYTKa Ot He NPUBOOUIO K YJIy'HIIEHHIO g(h)
mena. B panHOM KOHKpETHOM npumepe npobiie-
Ma OblIa pelIeHa, NyTeM YBEJMUEHHS IPOMEXKYT-
kKa 6t B 100 pa3 mo cpaBHeHUIO ¢ TIPEAIIONIATAB- !
muMcest 3apanee. [lomyTHo 970 IIpMBENO K CHU- |
JKEHHIO CTOMMOCTH YHPABAFIOMICH CHCTEMDL.

Jeno 3zakiodaercs B TOM, UTO 9aCTO YMEHb-

IIeHrue MOIPEHIHOCTH MEeT0Jad, B JAHHOM CJIyUae
dopmynsl yncnennoro auddepeITnpoBaHud, CO-
IPOBOXKIAETCS DPOCTOM BJIMSIHUSI TOTPEHIHOCTH Puc. 2.16.1
HCXOAHBIX JIAHHBIX W BBIYHCIHTEILHOM LOrpel-
HocTu. Ywmcirennoe nuddepeHnupoBaHne OTHOCUTCS K TAKHM 33Ja4aM, [
BJIMSIHWE 3THX IOTPENTHOCTEH CKa3pIBaeICs yXKe TPH yMEpPEHHbIX 3HAYCHUAX
UOrPENIHOCTH METOAA PeIleHUus 3aIAH.

IIycrs nst onpemenennocty 3suadvenue f'(rg) onpemensercs M3 COOTHO-

menunyd
(o) = (f(21) — f(w))/h. (1)

Cornacno (15.4) ocTaToumbiii wien 31oif (HOPMYJIBI HMEET BHJL

ri=—f"(C)h/2.
Oyers {f"(¢)] < M2, Torma |ri| < Myh/2.

Ecin znavennss dbynkumu f(z;) H3BECTHBI € HEKOTOPBIMH HOTDEIIHOCTSI-
Mz g, le;l < E, To morpemmocts f'(zp) 6yaeT comepKaTh JONONHHTEIILHOE
claraemoe

| S
&

5

Y

|
|
i
0 h, R

T2=—(61—60)/h, |7‘QI SZE/h.

g mpocToTel npene6peskeM OKPYyTJIEHHSIME TPH PEaJIbHOM BBIYHCICHHH
npapoit yactu (1). Torga MMeeMm OIEHKY NOTPENTHOCTH

7] < Iril + Iral < g(h) = Myh/2 + 2E/h. (2)
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,ZLJISI MaJIOCTH IIOTPEHIHOCTH H(?O6XO)]JIM‘(L MAJIOCTDh ])/, HO IIpv YMEHLIICHMNIL

h pacrer propoe ciaraemoe (puc. 2.16.1).

Wz ypasuenus ¢'(h) = 0 momydaem Touky akcrpenyma hg s g(h):

hg = 2\/_E/M2,

3aTeM 3HAUEHUucC

glhg) = 2/ My E.

Taxunm 06pasoM, U OPH KAKOM N Helb3sl TAPAHTHPOBATH, €UTG IIOIPEINHOCTD
pesyaprata Gyser senmuuaoi mopsaka o VE).

HOI‘peHIHOCTPI £; BO3BHHKaIOT BCJICACTBUC HOI‘peIHHOCTeﬁ B 3aJaBaeMBbIX 3Ha-

qenuax (PYyHKIWE, HAIpuMep, ecin (YHKUAS orlpeleaseTcst @3 H3Mepenui
WIH BBIYHCASETCS 10 HekoTopoil npubumxenmoit dopmyne. [Hockosbky atu
3HAMEHUS] OKPYIMIAIOTCS JONOJHWUTENLHO IIPH BBOAC B MAIOWHY, TO CIEHYyeT
cautath, uro F 2 const-27¢, tme t— umeno paspamos. Taxum 06Pa3oM, MbI
MoxeM nonyaurs f'(zg) B JydmeMm ciaydae ¢ [OJOBHHOU BEPHBIX Pa3pAioB.

B cnyuae npumenerus: popmydt HOiee BEICOKOIO TIOPSAKA TOYHOCTH MOJIOYKEHHE He-
CKOJILKO VarydmaeTcst. Ilycrs npomssonnas 4% (z) seraucasercs no dopmyme

n

y @) = | Doy | /R e =00, 3)

=1

¢ octatounsM wrenom O(h!). Bce paccmorpenssie Bblme (hOPMYJIBI THCIEHHOTO
JhbepeRIMpPOBAHHA MOTYT BbITh 3AITHCAHBI B TAKOM BHJe: B sHaMeHaTeie — h¥, a
B unciaTesne — koadgbunnentsl nopsaaka O(1). TlorpeniHocts, apagowascs Cne-
CTBHEM IOTPELIHOCTeH B upasoit yactu (3), ouneHuBaeTca peauunnoit const - E/hF.
Taxum obpasom, eMecTo (2) MbI HMeeM

Irl < u(h) = ALh! + A E/hE

MuHuMyM mpaBoil 4acTH ocTHraercs npu h nopsaka EUY (l“‘), IIPH 3TOM CaMa
npaBas 4acTb HMeeT mopamok B/ ”“"). Taxkum o6pazom, ¢ pocToM | NOPENOK 110-
CPEIIHOCTH O OTHOINEHUIO K F [OBBIIAETCS; IPU 3TOM 3HAYEHHE IIara, COOTBET-
CTBYIOIlee MHHYMYMY OIEHKH IOIDEelIHOCTH, CTAHOBUTCA Bce Oosblue. KoHedno,
clelyeT UMeTh B BHJAY, UTO BeqnunHbl 4y u A; MOTYT pacTu ¢ pocToM [, O3ITOMY
yBeAWUeHHe | pa3yMHO JIUIIb B ONPEICJCHHLIX Mpeaenax.

Wrorpa cknagsiBaercs 06CTAHOBKA, KOLUA TOBBIIIEHHE TOYHOCTH (POPMYJT UHCIEH-
Horo gudpdepeHIHpOBaHUs He HPHBOAUT K TpebyeMoMy pesyasrary. Torma mpu-
MEHSIOTCsI METOAbl MPeBAPUTENBLHOIO CIVIaKHBaHUs Hccaenyemoit dbyukuun. On-
HA TPYHIIA METOROB 0a3upyeTcs HA HIEAX MAaTeMATHUYECKOH CTATHCTHKH. 3a CHET
obpaborku HoNBIIOTO YKca HAbMIOZAEMbIX 3HAYEHUN (DYHKIHMA YMEHbIIAETCS CIiy-
yalHasl MOTPEeIHOCTh B ee 3HaYeHusX. Jpyras rpynna MeTrofos, OIyYaouias pac-
IPOCTPAHEHUE B IIOCJEAHEe BpPeMsl, HCIONb3yer unrs peryisipusanuu. O Meronax
3Toit rpynnel nogpobuee GygeT CKa3aHO B MOCIELYIOIIEM.
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§ 17. PanmoHajpHasa UHTEPIIOJIALA

B psaze «rywdaeB GONBHIYIO TOYHOCTL IPUOJIHMKEHUS] MOXKHO JOCTHIHYTD,
MCIIONB3Ys] DAIMOHANLHYIO mHTepnoianmio. [lpn samammeix  f(21),..., f(xy)
npuOIKEHHE K f(x) umerca B Bujie

ap +arz + -+ a,2?

R(z) = bo +byz + -+ + byt prg+l=n
g

Koasddunuenrsl a;, b; HAXOmATCS H3 COBOKYIHOCTH COOTHOIIeHH#t R(z;) =

f(zj), 7= 1,..., n, KOTOpPbie MOXKIIO BANHCATL B BHJIC
p . q .
Zaﬂ:f —f(x,;)ij:I;f =0, i=1,...,n. (1)
=0 j=0

VYpasuerust (1) o6pa3yior cucremy 71 JIMHEHHBIX AJNTEOPAMTIECKHX ypaBlie-
HHt OTHOCHUTEJILHO 71 + 1 HeM3BeCTHDIX.

@Qynknust R(r) moxer ObITL 3aumMcana B SBHOM BHJE B CIydasx, KOTJA
n HEYETHOE M P = ¢, W KOrja 7. 4YerHoe W p — q = 1.

Jns aTOro ciejyer BBIMMCAHTb TaK HA3BIBACMbBIC OOPATHLIE DPA3LENICHHLIC
Pa3HOCTH, OUpeleseMble YCIOBHIMHI

- T — Tk
f (.’Itl‘ I(J}C) = TN i
’ fla) = flxw)
U PEKyPPEHTHLIM COOTHOINEHHEM
- T — Tk
F g5 o) =

fzpenssm) — f{zgs o @)
Wntepnonupyromas panuoHanbHas (QyHKIHA 3a0MCLIBAETCS B BHAE IENHOH
Apobu

N r— I

f@) = f(z1) + T

[ {2y z2) + e

f_(xl;---; 1Un)
Wcnonbzopanue panpoHaMbHOM MHTEPIONSIME [0 TOAXOISIIAM 0ODPAZOM BbI-
6paH}H)H\’I y3HaM JacTO L[eJIeCOO6pa3Hee I/IHTepHOJIHHI/II/I MHOT'OUJIEC HAMHX B CI1y-

Tae yukuuii c HEPETYJISPHBIM XapaKTePOM IOBEIeHUA (pe3Koe H3MEHEHNne
WIH 0coDeHHOCTH HOPOU3BOAHBLIX B OTIAEIBHBIX TOYKAX).

S (@15 2o5 w) + - +
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Frnmasa 3 —

UncneHHoe UHTerpnposaHue
v

D1a raaBa NOCBAINEHA METOZAM NPUGIHAKCHHOTO BLITHCTCHHS OJIHOMEPHBIX
unTerpaios. ChHavaja cTpoarcs mpocreiiiiue (OPMYALI IS TPHOIUAKEIIHO-
IO BBIMHUCJICHUST MHTErPAjIOB IO OTpe3Ky. Takue (POpMyJbl HA3BIBAIOT K6adpa-
myphvimu. B MHOroMepHoM ciytuae (KOrma pPasMEpHOCTL WHTErpasa Oosblire
eNUHNLBL) (HPOPMYJIbL JJIsT NPUOJIMMKEHHOTO BBHIYMCJICHUSA HHTErPAJia HA3BIBAIOT
KY6amypHHLLMU.

M3zyuaercss BOOPOC O IOBBINEHUWH TOYHOCTH BBIYUCICHHS HMHTEIDAJIOB 3a
CYeT IIOBBIIICHMS IOPSIKA TOUYHOCTH KBAAPATYDP (T.€. TOBBIUIEHHS CTEIEeHH
HOJIMIHOMOE, JJIi KOTOPHIX KBAJPATYPBI TOYHBI), 3a CYET pasOMenust orpesKa
Ha “IACTH, 33 CUYET CBEIEHUst HHTErpajioB OT (DYHKUUH ¢ <«OCOOEHHOCTIAMH» K
HHTEerpajaM o1 Oosee IAOKUX (DYHKIHA.

Ha mupnmMepe 4HCIEHHOrO UHTErPHPOBAHUST WJLIIOCTPUDPYIOTCH TpPebOBAMIMSL,
IperbsBiseMble K CTaHJAPTHBIM IIPOTpaMMaM M aJrOPUTMAaM, KOTOpbLIe KJja-
JlyTCsi B MX OCHOBy. JlaloTcs ommcanust psiga CTAHZADTHBIX IIPOIPAMM M-
CJIEHHOI'O HHTEGTPUPOBAHMUS.

§ 1. IIpocreitmue kBagpaTrypHbie (POPMY.JIbI.
Mertoz, Heonpeae/eHHbIX KO3 PUIUEeHTOB

Ilpocrefimmue KBaApaTypHble (DOPMYJBI MOXKHIO TOJYIUTh W3 HANISLIHBIX CO-
obpaxennit. Ilycrs BbruMcIgeTrca maTErpa

b
I:/f(x)dz. (1)

Ecmn f(z) = const ma paccmarpusaemoMm orpeske {a, b}, TO MOXHO TOJOXHTE

I = (b~a)f(¢), (—upousponbuas Touka Ha [a, b]. EctecTBenHO B34TH B Kade-

CTBe { CPEIHIOI0 TOUKY OTPe3Ka; TOLAA MONYYUM GOPMYAY NPAMOY20ALHUKOS
Y

Iz(b—a)f(a;b>.
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[pennonoxum, aTto PyHKIHA f (x) Ha [a, b] OGnnska K JIMHEHAHOH; TOrOA
eCTECTBEHHO 3aMEHHTh HHTErpas IUIOLAIbIO Tpameiuu ¢ BbicoToit (b —a) u
ocropanuamu f(a) u f(b) (puc. 3.1.1). Homyunm @dopmyay mpaneyud

Ecmun dyukuus f(x) OGau3ka K JHHEHHOH, TO M3 HANISIHBIX COOOparkemHmil
BUAHO, 4TO (POPMyJia MPSIMOYTOJBHHUKOB TaKXe IOJIXKHA JaBaTh HEIJIOXOH pe-

3ynbTAT: AeJO0 B TOM, uro (b —a) f(a—;—b) eCTL ILIOIAAb JII0OOH Tpamenuu ¢

BHICOTOM b—a ¥ cpenueil juHMEi f(‘—%’ﬁ), B YACTHOCTH, OH4 pPaBHAa TMJIOMIAIH
Tpalenuy, y KOTOPOH OJHA 3 CTOPOH JIEXKHT HA KACATEJILHOW K rpaduky
bYHKIMHE B TOUKe (“TH’, )‘(”TH’)) (puc. 3.1.2).

f(a)
+b
f(a) (%2
£(b) 7o)
a atb b
a b 2
Puc. 3.1.1 Puc. 3.1.2

Bosnee cnoxuwele KBaaparTypHble GOpPMyJibl, TaK e KaK U (hOPMyJbI <IH-
cnernoro audepeHUpoOBaHns, CTPOITCI METOJAOM HEONpeAeJeHHBIX KO3 u-
IMEeHTOB WJIA IPH IOMOWIM ANNAPATa HNHTEPIOJHPOBAHUSIL.

PaccmorpuMm mpocTefmuit npuMep IOCTPOEHHUsI KBAAPATYPbl METOAOM He-
onpenenenHbix kKoaddunuenros. Crpourcst KBaaparypHas (popmyna

1
/_ Fla)da = () = e1f(-1) + f0) +eaf (1),

TOYHAA AJI1 MHOT'OWIEHOB Haubosiee BBICOKOW creneHu. [lorpemHocTh KBagpa-
TypPBI

1
R(f) = /_ (@) do - 5(7)
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m
SABJISIETCS JIMHEWHBIM (PYHKIMOHAJIOM, H 1IpH f = E a;z’ umeeM

=0
m

R(f) = a;R(z’).

7=0
Taxum 006paszoM, HYXKHO AOODUTHCST BBIMTOJHEHUS PABEHCTRB
R(1)=0,..., Rz =0
Op¥ BO3MOXKHO OOJbIleM 3HAYEeHHH [. Honyqaenq YPaBHEHHsL

R(1)=2—-(ci+cp+ce3)=0,
R(‘/L) =0- (—‘Cl +C3) = 07

. 2
R(z*) = 7 — (c1 + ¢3) =0,

ITockonpky HYKHO ONpenesnuTh 3 CBOOOJHBIX Mapamerpa, To, BoOBIe roBOps,
MOXKHO PEIIUTh JUIIL TEPBHIE TPU YPABHEHWS, W3 KOTOPLIX MOMYUaeM

61203:1/3, (;2:4/3.

B jaEHOM KOHKDETHOM CIIyUaE YeTBEPTOe YDPABHEHWE BLIMOIHEHO aBTOMATH-
YEeCKH M MBI NOJIY4YaeM KB3IpaTypy, TOUHYIO JJIs MHOTOYJEHOB TpPEThed cTe-
TeHn, HazbBaeMyYw @dopmysoli Cumncona.

Boobie rosops, TpefyeTcst BBIMHMCISTE MHTErpajbl He 1mo orpesky [—1, 1], a mo
IPOM3BONLHBIM oTpe3kam [a, b]. [lepexox k orpesky [—1, 1] ymoGen rem, uto s
Hero apudMeTHtecKye BHIKJIAIKY, BLINOJHACMBIC NPU HOCTPOCHMU KBaIpaTyph,
OKa3BIBAIOTCS KOPOUe.

Wnorpa oxa3eiBaeTcs, 9TO MOALIHTErpaJbHas (YHKIMS XOPOMO NPUOIMKa-

eTCd HE€ MHOIoOYJIeHAaMH, a4 TaK HA3bIBAEMbIMH 0606IH8HHI>IMI/I MHOI'O4JicHAMH,
m

T. €. JIMHEHHBIMA KOMOWHAIMSIMH BHIA ijgoj(a:), rue @;(r) — KaKue-T0 KOH-
7=0

KPeTHbIe JIMHEHHO Hesasucumble GyHKIuu. Torga MeTogoM HeOIpeHeSIeHHbIX

k03 PULHEHTOB CTPOUTCA KBAJAPATypPa, TOYHAA AJE (PYHKLOHHE TAKOTO BHUJA.
Haufonee uwacto Takme KBampaTypbl HCNONB3yIOTCHS B cily4vae, Korja f(z)

xopomro npubmmxaercs (byHKIMAMHA, NPEJCTABICHHLIMA B BHUJE NPOM3BEIECHUS

HEKOTOPOH (DUKCHPOBAHHOH GyHKUMM p(r) HA P4HOrOUNEH, T.e. (PYHKIUIMH

BHIA

m )
Z a;p(z)z’.
i=0
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B stoMm ciayvae (DYyHKIMIO p(T) HasBIBAIOT Gecom WM 6ecosotll dymxyuct, i1o-
naraior F(z) = f(z)/p(z) ¥ ucXOmubli HITErpajl 3alUCHIBAIOT B BUAC

b
/ F(z)p(z) dx. (2)

3agada [OOCTPOCHHA KBALPATypPbI

n

/f Ydo & 3 ¢ (x7),

7=1

rouHolt g Beex dyuxkmuit suga p(zr)P,(z), toe P,(1) — MHOTOWIEH cTemeHu
m, 3aMEHSeTC 33Ja4ueidl IMOCTPOEHHS KBAPaTypbl

b n
/ F(z)p(x)de =~ Z CiF(xy),

j=1

TOUHOH /I BCeX MHOTOWICHOB CTemeHH 1. B cirywae, xoriia see p(x;) oT-
JUUHBL OT HyJs ¥ OECKOHEMHOCTH, STH 3aJadd SKBUBAJENTHBHL. B nansvuei-
meM MOABIHTErPANbHYI0 (PYHKIMIO B TakKux HHTerpasax Oyrem o0b6o3HavaTh

koK f(x)p(z).

Ilepefimen K OIEHKE TOTPEITHOCTH KBAAPATYPHBIX (DOPMYII.

§ 2. OneHKU TIOTPEITHOCTYU KBaJIpaTyPhbl

IIycrs Beramensiercs uurerpan (1.2). Ecau xBagparypa TOMHA JUig MHOIO-
unenos P, (r) cremenun m, 1O
R(Pp,) =1(P),) - S5(Pyn) =0,

TO3TOMY
R(f) - I{(f - ])m) + R(I)m) = R(f - Pm)

npu noboM muorowrene P, (z) crememn m. Ouenwmsaz B R(g) raxmoe cia-
raecmMoe, IMOJYUHUM OIEHKY

IR(g)| /lg )] Ip@)] de+ 3 (G o(ay)] < Vinp lo(a)

g=1

b n
= [ @)l d+ 3Ic).
a ]:1

Wi (3

Hosromy

upu soboM F, — MHOrOWJieHe CTeleHd m; 31ech

If = Pmllc = [Suf] |f(z) = Pn(z)].
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BBﬂB B IIpH.BOﬁ TaCcTH HHAXKHIOIO TpPpaHb II0 BCEM MHOTOYJICHAM CTEHEHH m,
MOJIYUUM OLICHKY
[R(f) < VEW(f), (1)
e
Em(f) = glfuf - Pm“C-

IlocTpoennbie Bhillle TPOCTEHINIHE KBaJpaTypHbie (DOPMYJBI U psijy Gonee
CITOXKHBIX KBaAparyp yuaosiersopsior ycaopuio C; 2 0, ewm p(z) > 0; B
PACCMOTPEHHBIX Hamu mpumepax p(z) = 1.

YeroBue, UT0 KBaApATYpPa TOYHA JIg MHOPOWIEHA HYJNEBOH CTEUeHH, T.e.
ans pyukiumu f = 1, uMmeer BHLI

b n
I(1) = / p(r)dz = S(1) = ch_
a ot
Ipu p(z) 2 0 u C; 2 0 mucem
n ) b
7=1 j=1 a

b
moatomy V = 2 / p(z)dzr. Ob6pamasice k (1), nomydum oIeHKu
a

tRungz(Lmem>aan<z(£¥@ﬁm)W—f%m,

rae P, — moboit MHorowrien crenenu m. Ecim B xavecrse Py, B34T umuTepIo-
JISIUOBHBIL MHOTOWIEH 10 HyJIdM MHorowieua ebplmiena, TO Ha OCHOBAHMM
(2.9.3) umeem

(b '>7n+l
I = Pulle < ity 11Vl

B xomkperHoM ciywae st Beca p(z) =1 u GOpMys npIMOYTOTBHHKOB, TpPa-
nenuii, Cumncona, rge sece C; = 0, umeem V =2(b—a) u

( b— a)m+2
22m(m + 1)!

B yacTHLIX clyvasx, HampuMmep s (bOPMyJl IPSIMOYTONBHUKOB ¥ TpPaNemui,
roae m = 1, orciona umeeMm

R < £ D e

(l) _ (1,)3

IR(f)] < —'—g——ilf"ﬂc;

A dopmyns Cumrcona, rae m = 3, AMeeM  *
b— 5

()] < L2y

1536
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JTH OLEHKHM OZWUHAKOBBI JIJIsI BCEX KBaApaTyp, TOYHBIX [IJIsI MHIOTLOUJIEHOB
KAKOH-TO OIIPEJICJICHHON CTEMeH), HalpuMep JUls pOopMyJl Tpalleliuil u IpaMo-
yrOJILHHKOB. MoskHO TIONYYHTH W DOJlee TOYHBIE OIEHKH IOUDPENIHOCTH 3ITHX

KBaApaTyp.

OnuileM yHHBEPCANBLHDBIH cnocod nomyuenns: nanGosee TOMILIX OLCHOK. B KauecTse
Py, (x) BO3bMEM CYMMY NEpBBIX 1 + 1 wicnos pasnoxenns ¢pyuxuun f(z) no dop-
mydae Tefinopa B Kakoii-1u60 TOUKE g oTpe3ka {a, 0]. [l onpeseseHHOCTH BO3bME
Zo = a B PACCMOTpHM CIIyvail, korja see x; € [a, b]. Tlycrs P, (¢) — rakas cymuma,
7 (T) -——ee OCTATOMHBIIN *LTeH:

flz) = Pp(z) + rp ().

Nmeem paBeHcTRO

R(f):R(71n( ))‘ITHL E CTm L]
OCT&TO‘IHblﬁ ynex ¢opMyanl TeHaopa Bo3bMeM B HHTEr YaJbHOH (popme:
pMYy p

() = / TEDT oty ar,

m!

B meyxpaTHOM mHTErpasne

Iowio) = [ ") ( [ (t)dt> "

cAenaeM HHTErpHpoBaHUAE IO 4 BHEUIHHM, & II0 T — BHYTPEHHHM. HOJIy‘IYIM

b
(Tm( )) _/ I(”’(t)f(nH_l)(t) dt,

rie .,
Kmu):/t o) E D" g,

m!

Taxum 00pa3oM, NOIyHUHUM

R(f) = / Kn(£) fO (1) dt—ZC / (xf — f(’”“)(t)dt

Tomoxnm
rj—t mpu a <tz

(zj — )4 =
0 TIPH OCTAJIBHBIX .

Hcnonways sro ofosnaueHne, npeacrasuM norpemnocrs R(f) s puje

t)m'

m/!

b
R(f)= | QWfm @)t <f>—ffm<t)—ZC (3)



92 T'nasa 3. YucieHHOE HHTErPUPOBAHHE

OTrciona CIIe1YET OLEHKa NOIrPeIIHOCTH

IR(f)| (/ Q(t de) D e (4)

Ecmn @Q(t) He Mensier 3Haka Ha oTpeske [a, b}, To mo Teopeme o cpeamem n3 (3)
IOy IaeM

-b
R(f)| = ( / Q(t)dt) FrEE), a<E<h (5)

Hanee pia npocrors! mooxkuM pla) = 1

Bagaua 1. Ipegnonoxum, aro B kawecrse Pp(z) 6epercs cymma (m+1)-ro
wiena pasnoxenvs pysxnmu f(z) B pag Tefisopa oTHOCHTENBHO NPOM3BOIL-
HOIl TOukM Zo # a. Joxasarb, wro mpexncrabjieHue norpemHoctd (3) mpm
3TOM HE M3MEHHTCS.

3amaga 2. llycrn touka a dbukcupowsana, f(m“)(:r;) HEIIPEPLIBHA B TOYKE 4.
Hoxazars, uro upu b — a, C; = O(b — a)

Q( ) dt = ((b — a)m”) ,

- </‘;bQ(t) dt) FO I (a) + 0 ((b - a)™F2)

e Q(t) oupepeneno B (3).

JQ

Pacemorpum st nipumepa dopmyiy tpanenuii. Toraa

b 2
' _(b=t)°
/t (# —t)dt = =

o =" oDy s wne-n <o,

noactariag Q(t) B (5), nonyaum

b
_ (b—a)?
/ﬂQ(t)dt—— o

(b)

R(f) =
B cioyyae QopMysan npsaMOyronbHUKOB

(b—1)? a+b (t—(a+0)/2)* '
2 (b~a)<—2—~——t):———————2———————20,

(&)

Qt) =

*

noxctasisas Q(t) B (5), noayyum

R(f) =

(b - a)3 "
24
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YacTo na NMpaKTHKE MHTEPECYIOTCS He OLEHKOH norpemuocr (5), KoTopas
He MOMUTAeTCs YAyTuiennio, a ee ruasHplM (mpn (b — a) — 0) treHOM

b
Fm ) (a) / Q(t) dt.

a

BEeam g HEKOTOPOro 1. 0Ka3aJioCh, YTO COOTBGTCTByIOH_LI/Iﬁ HHTErpaJ

b
/ Q(t)dt paBeH HyII0, TO 3TO 3HAYAT, UITO KBaAPATypa TOUHA JJId MHOTO-
a

yienoB crenenu m-+1. B sroM wiydae HaJo YBEJIHMUYHTL 7. Ha 1 B IPOBECTH
aHAJOTHUHLIC PACCYKILIMs JJIsT STOrO HOBOI'O 3HAUCHUS 7M.

JIns BBIMECICHUS TJIABHOTO “JAGHA IOIPEUTHOCTH MOMKHO HOCTYNHUTH (JIEy-
oM obpasoM. Ilpeacrapum f(z) B BHAE cymMMbl TIEPBBIX (m + 2)-X YIeHOB
pazsoxerns Teilyopa OTHOCHTENBHO HEKOTOPOi TOUKH zg € [a,b] u octarou-
HOIO djICHa; IMpPU 3TOM, OOBEIUIMB MEPBLIC M + 1 CIAraeMbiX B MHOPOWJICH
CTEITeHY 7711, MOJIyIUM

g m Lr—x m (70 ‘
f(l) = Tﬂo(q’) + ( (7” ‘f)l)' f( —H)(:EO) + 7"771,—%1('7;)7
e

m 7 )

T (w) = Z E;Eg)_f(l)(mo% Tt (z) = o ((z — mp)" )

: 1!
2=
Benemersue nuneitHoc™ (hyHKIMOHAIA IIOIPEIIHOCTH HMEEM PaBEHCTBO
] 1 X
f(m+ )(10)
(m+1)!

[Tepsoe ciaraemoe ofpamaercss B Hysb, TaK KaK KBaJApaTypa TOUHA IJsS MHO-
ro4NeHoB creneHd m. l[JocKoseKy

[B(rmi 1 (@) < Virmglle = o ((0—a)™"?)

(npm ycnosum, uyto V < o), TO
Fort D (@e) L
(nl T 1)' R ((L Zg

ABAAETCS TJIABHBIM uwjieHoM mnorpemuocts R(f). g TpocToThl BBIKIAIOK
OpH KOHKPETHOM BBIUHCICHUN I ((:r; - azg)m“) TACTO YIODHO ITPOU3BECTH 3a-
MCHY TepeMEHHBIX

R(f) = R(Ty(x)) + R((z —20)™") + R(rpqa(2)).

)'m+1)

r=(a+b)/2+ht, h=(b—a)/2,
M pacCMAaTpUBaTh pasjioxkeHme B psig Teftnmopa oTHOcWTeNbHO Toukm ¢ = 0.

Banmaua 3. Tlposepurs, uTO

b
(~1;_—]“F-1)—!R((a:—m0)m“) = / Q(2) dt.
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3anaua 4. Jloka3aTh, ©TO R((z—:v())'”’“) He 3aBHCHT OT Bboibopa .

B wacroom cayuae sgism popmysibl Tpamenuit mmeem

, (b—a)* 1 3 1 3
Rz —a)? = *—" —~(b—a)’ = —=(b—a)*,
(o -a)? = S5 - p—a)f = —3(b—a)
TIOITOMY HOTpemiHoCTh R(f) ¢ TOUYHOCTBIO O “WJIEHOB BBICWIETO MOPAIKA HMe-
eT B/

R(f) ~ =256~ 0 " (a).

§ 3. Kpagparypusie cpopmysisl Herorona—Koreca

Paccmorpenubie nastee KBajgparypbl OTHOCATCS K GOJBLINOR rpymie KsBajpa-
TYPHBIX (POPMYJ, TOJYYEHHBIX ¢ HOMOIILIO MHTETPUPOBAHUA HHTEPHOISIIHOH-
HOTO MHOTOWICHA W OOBENUHEHHBIX [0/, ONHUM HA3BAHWEM —— KBAJAPATYPHbIE

dbopmyser Heioroma—Koreca. 3amamumes HekoropeiMu di,. .., dp € [-1,1] u
TIOCTPOXM HMHTEPHONSIIUMOHELIH Muorouned L,(z) crenenu n—1, coBmanaionuit
a+b b-a

¢ f(z) B Toukax z; = d;. Tlomoxum

2 + 2
b b
/ f(@)p(z) do ~ / Lo(z)p(z) dz.

HNnieem

b b b
R(f) = / f(z)p(z) dz ~ / Ln(z)p(z) dz = / p(2)(f(z) — Ln(z)) dz.

o a

Pasnocrs f(z)—Ly(2) onenum, BOCTIONL30BABIINCL ONEHKONW NOTPEIIHOCTH HH-
TEPHOJAINOHAOIO MHOrOWIeHa Jlarpamxa

0) = Lotoll < (max @) ) L2,

la,b] n!

e wp(z) = (z — z1)...(x — 1,). Orciona

1) < (a9 ) [ U,

la, b] n!

HpOI/IBBeﬂeNI B TIOCJIcAHEM WHTCrpaJie 3aMEHy IIEPEMEHHBIX, MHOJIOXKHB T =

+b  b—
X(t):a;— + zat. Torna N

1 b

nl/,

wn (z)p(x) ’dx = D(dy,..., dn) (b —2_ a)”“’
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e 0 ()70
| (0" |
D(dl,..., dn):/l—“—rdt,

b b-
W) = (t—di) .- (¢ = du), PO(*):Z’(G;)+ )2%)'

TakuM 00pa30M, CIPaBEIJINBA OICHKA

|Ra(f)] < D(dy,... dy) <T[f;%}j< [f<"><x)[) (” B a>"+1. (1)

IIycts Bce d; pasamanbl. Torga

Zf(‘ljj H j—li1

i)

Ilocne 3aMeHbl nepeMeHHbIX T = X () mosmyaum

/ (&) () d = (” ) jZZjIDjf(mj), 2)

D= [ 0] % )

i#g

TakuMm 0Opa3oM, NMOCTPOEHHas KBAJApAaTypHas (hOpMyJa MMeEET BHJ,

b bh— n b b—
/ﬂ f(@)p(a) do ~ = ;Djf (—;— - T“d]) : (4)

Kak u npu uucrennom gudpdpepeHIUpPOBAHNU, MOXKHO OOHADYXKHTHL CJie-
Ayiomre 00CTOSTENLCTBA: €CJIM 331293 HUMEET OIPEJEEHHYI0O CHMMETPHIO, TO
MeTOd ¢ CHMMETPHEeH TOro >Ke THUIa 4acTo 00/IaIaeT JIOMOMHHATELHBIMHA TIpe-

TIe

HMYIIIECTBAMH.
Bygem HasblBaTh QYyHKIOUIO uemuoli OTHOCHTEIbHO TOYUKH Ig, €CJIH
flz — zp) = f(zo — z), u Hevemnot, ecnmu f(z ~ xo) = —f(z9 — ).

MoxxHO mOKA3aTh, YTO Jyisi BeCOBOU (PyHKIMM p(I), YETHOH OTHOCHTEIHHO
cepenuHBI OTpe3Ka [a, b], M y3JI0B Z;, PACTIONIOXKEHHBIX CHUMMETPUYHO CEpEeiH-

HEI OTpe3Ka, T.¢. dj = —dpi1_j, KO3(PUIMERTHl KBAJPATYPEI, COOTBETCTBYIO-
e CHMMETPHYHBIM Y3J1aM, PaBHBI MeXAy CcOBOI:

Dj = Dpy1-;- (5)
(JokazaTs!)

Taxue «CHMMeTpPHYHBIE» KBaJPATYPBl OOJIANAIOT CJHEAYIONUM JOIOJHH-
TEeJIbHBIM ~ CBOHCTBOM, KOTOpoe, (hOpMaNbHO TIOBOps, HE MPeLyCMAaTPUBA-
Jock NpH uMX nocTpoeHud. OHu TOUHBL i 060 (yHKIUM, HeUeTHOH
OTHOCHTEJILHO CEPEeJMHBI OTpe3Ka [a, ], T.e. yIOBJIETBOPAIOINEH yCJIIOBHIO

a+b a+i
f (IE— ) = j( ? z) B camom gmeme, mya Takmx (pyHKIMit

2
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Qa

b 7
/ p(x)f(z)de = 0 Berencrsue uwersocT plx), a ZD_]- f(z;) =0 Benencreune
Jj=1

(5); mostomy u R, (f) = 0. B wacrumocru, KBagpaTypbi OyAyT TOYHDLI AJist
a+b

2U+1
ob0oro  OOHOWMEHA BUJIA Const-(m— ) . Cpoiicteo cummerpun  (5)

TIOMOTACT TAKZKE IPU HENOCPCACTBEHHOM MOCTPOSHWH (DOPMYJT METOAOM ue-
onmpeneaeHHbIX Kox(phUIEeHTOB.

PaccMoTpuM  TENeph CAMMETPHUHYIO KBAJIPATYPY, COOTBETCTBYIOUIYIO He-
a+b\

4

n
gersoMmy n. Oma Touna gaa f{z) = const - (1: - ) U, COIJIACHO I1OCTPO-~

€HUIO, TOYHA W JAsg ai000oro MuOrowieHa crenend n — 1. ChesoBaTennuo, ta-
Kas KBagparypa Oyaer TOYHA U Jas J1000r0 MHOTOWIEHA CTEIeHd 1. TaKuM
o6pazoM, NOCTPOEHUbIE KBaApaTyphl ¢ 29— 1 u 2q y3aaMmu, ¢ CHMMETPHYHBIM
PACITOTIOKEHNEM Y3JI0B OKAZBIBAIOTCT TOTHBIME J7I MIOIOUICHOB OJUHAKOBOH
crenenn 2¢ — 1 (jpis xsajgpatyp layeca {cm. § 5) 9Ta crenends BLHIE).

Yt06b1 TOAYIHTH, YTOUYHEHHYIO ONEHKY IIONPENIHOCTH KBAAPATYD ¢ HeueT-
HBIM <ECIOM y3ios He wepes S (z), a wepes fOTU(x)) cnenyer samermre
TIO/TLIHTETPAABIYIO (DYHKIIHIO WHTEPTMOAANMOHELIM MHOIOWICHOM Jlarpaizxa,
AMemuM ToUKy (a + b)/2 ABYKpPATHBIM y3/70M WHTEpPNOAUpOBaHusl. Huke
mrst cayaas p(x) = 1 erpoured psijl 3IeMEHTAPHBIX KBaApaTypHBIX (hopMya
¥ JlaeTcd ONEHKa WX TOTPEmHOCTH; Opd 7 =1 U n =3 s CHMMETPHIHBIX
GhOPMyYST TPOU3BOAUTCA OLEHKA NOCPELIHOCTH €Yepes f(”H)(a:).

1. @opmyna apaMoyroabHuUkos. llyers n =1, d; = 0. Torna
1 1
Dz/}t}dtzl. Dl-:/ 1-dt =2
-1 -1
M WMeeM KBaJPATYDPHYIO (popmyny

b a+b
fl@)dz=({b—-a)f (—;;f—> (6)

C OIEHKOH OCTATOYMHOIO <IeHa
. (b~ a)’
R = max | f'(z)| ~—-.
() = max |f'(@)| —

2. ®opmyna NPAMOYIONBHUKOB KaK (POPMysia € KPaTHBIM Y3JO0M.
Ilycts n = 2, d) = dy = 0. Torma

142 '
t
12 3

Lz(-'li):f(a;—b)-f-fl (a;—b) I_a-;b)

/bLz(x) de = (b—a)f (“ ! b) .

a
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TakuM 0Opa3oM, WMeeM Ty XXe KBaIApaTypHyIo ¢opMyity

[1@i=6-ar (45

C OIJ,eHKOfI OCTATOYHOTO “WICHa

, b~ a)?
R(p) = gl o] S

B oboux ciyvasx NOJMyIWIACH OfHA W Ta XKe KBalparypHas Qopmyia, HO ¢
PA3JIMYIHOH OIEHKOH OCTATOYIHOTO “WJICHA.

3. ®opmyaa rpanenmit. Iycrs n =2, dy = —1, dy = 1. Torma

L2 — 1 2 1t 1+t
D= —dt==, D= | ——dt=1, Dy= ——dt—l
,/_1 2 g ! /_1 2 i /

IMonyuyena dopmyaa mpaneyu

b h—
fley e~ O 10 4 1) @
¢ OIEHKOH OCTATOYHOTO ‘JIeHa
// b— )3
R(f) = 1[1;abxif )[ g——12—a—.

4. ®opmyna Camrcona. Ilyecre n =4, dy = ~1, dy =dy =0, d3 = 1.
Torma Lo )
(1 -t 1
-/ PO g L
J1 4! 90

Cormacuo ¢opmysie MHTEPHONMPOBAHMH € KPATHBIMH Y3JIaMH, MOXKEM HAIH-
€aTh, YTO

Ly(s) = Ly(z) + f ( b 220, “;’)) (¢ — a)(z — D) ( -2,

TIe
a+b
La(a) = £(a) + f(@; (@ — @) + f (a5 b5 =) (@ = a) (& — b).
Bropoe ciaraemoe B Boipaxkenuwm L4(z) apis- f(x) s
ercst pyHKuueil, HeUYeTHOH OTHOCHTEILHO cepe-
JAMHBI OTpe3ska [a, b, mosTOMY L,(x)

/ ' La(x)da = / () da.

Muorownen L3(z) aBnsercs HHTEpPHONSIIMOHHBIM

MHOTOYJIEHOM BTOPOH CTeNeHH, COOTBETCTBYIO- a atb b
mum d; = —1, dy =0, d3 =1 (puc. 3.3.1). Drum 2
3HavenuaMm di, dz, d3 coorsercrsyior D = 1/3, Puc. 3.3.1

4-.903
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Dy, =4/3, D3 =1/3. B pesyaprare noinyuaeM xeadpamypryio dpopmyay Cumn-

COHa

[1@ae~ 250 (r@+ar (452) + 1)

C 0H€HKOI71 OCTATOYHOI'0 YJIEHA

R(f) = r@g;f]ﬂ“(it)l

(b=a)’
2880

(8)

OcHOBHO# 11eJIBI0 HACTOSIUEH TUIABBI ABJISAETCS PACCMOTPEHHE CIMOCODOB BbI-
YUCJIEHUST HHTerpajioB oT (PYHKIMH, 3aJAHHBIX AHAJTHTHIECKHM BbIPAKEHHEM,
1 BHIPADOTKA NPHHIMIOB MOCTPOCHMS CTAHIAPTHBIX HPOrpAaMM HHTErPHpPOBa-
uust Takux yskuuil. EcrecTBeHHO, ITO KpOME 3THX 33a7adY B TEOPUH KBa-
AparypHbix (GOpMYJI MMEIOTCd M JIpyrHe 33Jadd, HaOpuMep CBA3aHHBIE ¢ 0D-

paboTKOH 3SKCHEPUMEHTAJIBHOTO MAaTepHaJia.

Jnst npuMepa oOparTuM BHUMaHWE HA KBaipaTypube dopmynsl Uebbiera, HupoKo
IpUMeHsBIIMECA [IPH NOJCYeTe BOAOM3MeNieHus: cyaos. [locTanoBka 3a1awyu, Npu-
BeJias K NMOCTPOEHHKIO ITUX KBAADATYD, MOBOJABHO OJM3Ka K ITOCTAHOBKE 33J3t4H,
BO3HUKAIOUIEH DU JIAHMPOBAHMY IKCIIepuMentoB (cM. rit. 2 § 1). Beraucnaercs uH-

-1
Terpag / f(z) dz, npuyem usBectno, Yro GbyHKUMs f(T) ¢ IpHEMIIEMO TOTHOCTHIO
-1

MOkeT ObITh ITPUONMIKEHa MHOTOWIEHOM cTefnenn ¢. [losyuenne Kaykoro 3nadenua
f(z), nHanpumep nyrem m3MepeHuil, 06XOOUTCHS MOBOILHO IOPOrO, W NONYUaeMbBIe
3HAYEHUH COLEPHKAT HOBOMBHO GOABIINE ClyUaRHble TorpemuocTr. [Ipensonoxum,
YTO NOTPEIIHOCTH H3MEPEHUI HE3ABHUCHUMBI, UMEIOT ONWHAKOBYIO Jucuepcuio d u
MaTeMaTHYeCKoe OXKUIaHHUe, paBHoe Hymo. Toraa aucuepcus npubIEKEHHOTO 3Ha-
yeHnsi Sy, (f), BEIYHCIAEMOrO Mo KBaApPATYPHOH dopMye

I(f) = Salf) = D _ i f(z),
j=1
paBHA ch'JZ-. Yenosue I(f) = Sn(f) npu f = const umeer Buz

Jj=1
Z ¢ =2. 9)
j=1

n
Kak HerpyAHO NpPOBEPUTH, MUHUMYM BEJIHIHUHLI d Z cf- npu ycnosud (9) mocrura-
j=1
€TCS IPH ¢ = -+ = Cp = 2/n. DTH paCcCy>KIEHHA NPHBETH K CIAeAYIOIEel mocra-
HOBKE 3aJa4Hd: CpeOd BCEX KBaIpaTyp

16) % 23 fay),
i=1

. »
TOYHBIX [JJIs MHOTOUYJICEHOB CTETIEHH ¢, HANTH KBaAPATyDPy, COOTBETCTBYIOLIYIO HAK-
MmenbiieMy n. IIpu ¢ = 0 u ¢ = 1 uckomoii 6yneT KBaApaTypa NPSMOYTOIbHUKOB
I(f) = 2f(0); npr ¢ = 2 u ¢ = 3 —kBagparypa [aycca (cm. § 5).
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§ 4. OpTorosHajabHble MHOI'O4JI€HbI

PemreHusi psja 3a7ad MaTEMAaTHUECKOA (PU3HKH {TacTO HCCIEAYIOT, OTHICKH-
pasi UX DPAa3JIOKEHHs II0 OPTOTOHAIBHBIM (DYyHKIMAM, B YACTHOCTH IO OPTO-
roHanbHBIM MHOTOWIeHaM. Hambosee mompobmo u3ytveHbl OPTOrOHAJILHBIE CH-
crempl (pYHKUUH OZHOH mepeMeHHO#. I3 opToroHanpHBIX cucTeM (yHKUui
MHOTHX IIepeMEHHBIX PAaCCMaTPHBAIOT, KaK MPaBUJIO, JHIObL CHCTEMBI BHIA
on (1) X o X @y (zs), roe ok . (Tk) — HEKOTOpBIE OPTOrOHAJBHBIE MHOTOYJIE-
BBl OJHOH HEePEeMEeHHOMH.

ITycrs H — IpOCTPAHCTBO KOMILJIEKCHO3HAYHBIX (DYHKLUEH, ONpeIeeHHbIX
#a [a, b], ¢ OrpaHHYEHHBIM WHTETPAJTIOM

b
/umﬁmmm;

CKaJIIpHOEe INPOU3BEACHHE 33a0aeTCsI PaBE€HCTBOM

b
(Lmz/fmmmmmm, (1)
a
rie §(r) — PyHKIMs, KOMIUIEKCHO compsixkennast ¢ ¢(z); p > 0 mouru Bciomy

b
Ha [a, b] n / p(z)dr < oo; QyHKUMM, OTIMYAIONIMECST OPYT OT JApyra Ha
a

MHOMeCTBe Mepbl (), CUMTAIOTCS PaBHBIMU.

Cucrema @, = {¢1,..., ¢n} HeHyJeBLIX s1eMeHTOB W3 H wHa3wlBaeTcsa op-
mozonaavrot, e (@i, ¢;) = 0 mpn ¢ # j. Cucrema ®, = {p1,..., ¢n}
HAa3bIBACTCH JAUHEUNHO He3a6UCUMOL, eClH

Y Cipj =0
7=1

TONBKO TOTZHa, korga Bece () = 0.
BaxknpiM annapaToM MHOTMX HCIEAOBAHHMM SIBJIAETCA OPTOTOHAJIM3ALMS
33JaHHON CHCTEMBI JIEMEHTOB THILOEPTOBa MPOCTPAHCTBA.

Jlemma 1. IIycmov 6 npocmpancmee H 3adama Aumetino ne3asucumas cucme-

Ma snemenmos O = {@1,..., pn}. Tozda moscHO NOCMPOUTID 0PMO2OHAALHYIO
AuHeliHo Hedasucumyto cucmemy U = {1, ..., ¥n} semenmos suda
J
i = b, j=1,...,n, (2)
i=1
208 bjj = 1.

Aoxazamenvcmeo. Mbl 6ymeM HOpOBOIMTL MOCTPOEHHE TAKOH CHCTEMBI METO-
AoM umHaykuuH. IIpuy n = 1 umeem TpuBManbHyl cucreMy ¥, = 1. Ilycrb
Tpebyemas cucrema U, mOCTpoeHAa IpH HEKOTOPOM 7v = k; TOTJA SIE€MEHT
k41 OTBHICKMBAEM B BHIE

k-
Ykl = Pri1 — Y arithi. (3)

=1
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Koadpunmentns ap; BbIOMpaeM U3 yCJIOBHsl OPTOTOHAJNBHOCTH (i1, ¥y) = 0
npu [ < k. Baiencrsre OpPTOrOHANLHOCTH CHCTEMBI 3jieMenToB W)y Tociemnee

COOTHONICHHE NIPEACTaBATCA B BHIOE

(Pr+1, Y1) — ap(thr, 1) = 0,

OTKYOa
_ (r+1, W)_
Ak ———

(1, )

aenopaTesiLuo, 3JIeMeHT

Prv1 = Prg1 — Z %&%% (4)

Oyuner oprorogaJgeH Bcem npemmectnyommM. Iloncrasasta B (3
yAa

;
(P Z bigtpy

g=1

i=1

opu ¢ < k, monyuum tpebyemoe cooruouienwe. Jlemma mokasama.
CoBokynuocTh cooTHOMEHUH (2) nmpm j <7 MOXHO NIPEICTaBUTL T BHIE
\I}u = Bn(I)na
rae

n ¥, &, ABIIIOTCH BEKTOP-CTOIONAMH M3 COOTBETCTBYIONIMX 3JIEMEHTOB. B
TO K€ BpeMs, NEPEHOCT Bce 1); U3 UpaBoil vacTu (4) B JIEBYI0, MOIYUIM

(I’n = An\ym
riae
1 0 0 0
ag1 1 0 0 v
Ap = ; (5)
asr  as 1 0 aE

Marpuny B, HHOTAAQ HA3LIBAIOT Mampuuyel opmozonaaudayuy. Tak Kak
det B, = 1, To npeoGpasopanue, 3amapaeMoe MaTpuieit B,, aApiserca ne-
BLIPOXKJEHHbIM M II€PEeBOJHUT JIMHEHHO HE3ABHCHMMYIO CI¥TEMY 37eMeHTOB O,
B JIMHEHHO He3aBUCUMYIO cucTeMy .

B cuny nunefHOH He3aBMCEMOCTH cmeTeMbl yHKumii O, orcioma oienyer,
aro B, = AL
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IIp# TIOCTPOEHMH OPTOTOHAJILHBIX MHOTOYJICHOB B Ka€CTBE JIEMEHTOB CH-
crembl dynkumit ¢, Gepyrca dbyskmma 1, ..., 2/~' u mpomsBomuTCA OpTO-
rOHAJIM3AIUS B IPOCTPAHCTEE €O CKAJISPHBIM mpouspeideHueM (1) mo ommcan-
poii Boime nponexype. IlomyuaeMble MHOrOYIIEHBI

i—1
py(z) =277 4D bt (6)
i=1

HA3BIBAOT OPTNOZOHAALHBIMU MHORONACHAMU, COOMEEMcMEYIowumu eecy p(x) u
ompesaxy [a, b]. VHOrIA OPTOTOHAJNBHBLIMM MHOTOUJIEHAMH, COOTBETCTBYIOIIHMH
gecy p(z), HA3BIBAIOT MHOTOWICHBI ¢;(7) = j9;(z), B KOTOPBIX BEJIIMHHLI
@j MoAGUpAIOT M3 KaKUX-JA0u00 JIOTIOJHATENBHLIX COOOpaXKeHuil, HAIPUMED U3
yetosus |lg;ll = v/(94, g;) = 1. Cucremy OpTOrOHANIBHBIX SIEMEHTOB, Y/OBIIE-
TBOPAIOIMAX TAKOMY YCJIOBHIO, HA3BIBAIOT OPMOHOPMUPOSAHHOU.

Ml yKe HMETHd JeJ0 € CUCTEMOH MHOro'wieHoB “ebbiiera

To(e) =21 4o

opToroHaNbHBIX Ha orpeske [—1, 1] ¢ Becom 2/(mwv1 — 22). Kak oTmedanoco,
3HAMEHMS] YTHX MHOTOWICHOB MOMKHO BBIM(JIATL IO PEKyppenTHoil ¢opmyJe

Tha (‘L) = Z‘ETH('L) - T11~1(:E)- (7)

Brorancnenne 3HaTIeHH OPTOT'OHANLEHLIX MHOTOWIEHOB UebLimeBa NpH 1O-
momu popmyainl (7) Gosiee NPEAIOUTHTENLHO MO CPABHEHHIO ¢ HEIOCPEICTBEH-
HBIM BBIMMCJIEHHEM HX [0 ABHOU dopmyrne (6) mo IeaylonuM TPUTHHAM.

1. Borumcnenue no ¢dopmysne (7) me TpebyeT XpaHeHH I TaMATH WHJIN
BbIYHCIIeHNs K03(pdUnueHToB bj;.

2. O6bruHO TPebyeTCss BHIYHCIATH OJHOBPEMEHHO 3HAYEHUS BCEX MHOTO-
‘WIeHOB 1(x), ..., Yn(z) B OmHOR W TOH Xe Touke. [Ipm HE3ABUCHMOM BBIMH-
CJIeHMH 3HAYeHUs] KaxKIOro MHOrowieHa no Gopmyse (6) Borumcienue sHaxe-
HUii BCeX MHOTOWIEHOB IHoTpebyer ~ n? apudmermdaeckux onepammit. ( 3mecs
1 gainee a(n) ~ b(n) osmauaer, aro a(n) w b(n) omHOro mNOpAAKa, T.e.
a(n) = O(b(n)), b(n) = O(a(n)). )

IIpn omHOBpEMEHHOM BEIMMC/IEHUHM BCEX 3HAYMECHWN IIPH IIOMOIIH PEKypPPEHT-
Horo coorHoutenust (7) morpebyercs O(n) apudMernueckux onepanuii.

3. 3nauenust T,(z), nonyvaemble IpU HENOCPEACTBEHHOM BLIMUCICHHH IIO
bopmyse (6), MoryT comepkaTh GONBINYIO BHLIYHCIATENHHYIO MOTPEIIHOCTD.

Heno 3akmo4aercsa B cireayomeM: nycth 1, (z) obpasyerca KaK CyMMa, CIIAraeMbiX:

To(z) = Z . (8)



102

I'napa 3. UncirenHoe uHTerpupoOBaHUe

Ilpu 3anmucy B MAIIMHE 9TH CJaraembie d, ;2’7 CMOTyT NpHOGPECTH abCOMOTHYIO NO-
rpemHoCTb nOpsaka |dn;jz’ |27t CneacrsueM 9TOro MOXKeT 6HITH HOTPEIIHOCTD 3HA-
venns T, (r) nopanxa D,(z)27%, roe

n

Dy,(z) = z ;x|

=0
Ouennm cuusy D, (z). I3 paBeHcTsa
n
Ta(jzl) = ) dnj(lzli)?,
=0

rae i— MHAMAas eJUHUIA, CIedyeT OIEHKA

n

IT2(Jzl)] < z ‘dn:imj‘ = Dy(z).

=0
B To ke Bpewmsi, corsacHo {2.8.4), npu AeHCTBUTEILHOM T MMEEM

(12 + VT+T2P)" + (lal - VI+TaP)

2

n

To(lali) =
Tak xak
(1ot + VITTel) (2l - VIFTeP) = -1,

TO OTCIOHa NOJy'acM

‘ (]zl +V1+ |x]2)" - (Iz] +/1+ |.z~]2)

2

—n

Dn(z) 2 |Tu(lzli)] 2

Takum obpasom, ipu Soabiuux o ¥ ¢ # 0 IpH HEIOCPEACTBEHHOM HCNONb30BaHUU
opmyisl (8) BLIMHCIUTENBbHAA TOTPEIIHOCTL MOMKET JOCTHTATH 3HAUSHMIH NOpSIKa

(le] + 1+ |z[2) 274

3anmada 1. Jlokasars paBeHCTBO

Dp(z) = [T (|=]i)] -

Mpb1 onsiTh CTONIKHYJIHCH 3/1€Ch € SIBJIGHHEM IIPONaJaHus 3HAadaIuX uudp
B Beruncienusix: |1, (z)| < 1, vo npu Boruncinenun snadenus T, (z) u3 (8) omo
HOIy9aeTcs KaK CyMMa GONbIIAX 10 MOIYJIIO CIaraéMbiX HepeMeHHOro 3HaKa
U 1O03TOMY mpuobperaer GOJBLIIYI0 IHOTPEIIHOCTD.

B To Xe BpeMs MOXKHO NMOKa3aTh, UTO MPH BLIYHCICHHH IO PEK €HTHOH (pOpMYy-
) p
1

sie (7) norpemwHocts Ty () MMeeT nopanox min{ n, 7_1—._—,% -O(n27%). M3 u3no-
-z

JKEHHOTO BH/IHA BaXKHOCTL NOJIy4eHUS PEKyPPEHTHBIX COOTHOMEHuH tunia (7), CBs-

3BIBAIOLIMX 3HAYEHUA OPTOTOHAIBLHBIX MHOTOYJIEHOB, COOTBETCTBYIONWX U JPYTHM

BeCOBbIM (byHKIHAM p(Z).
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CnpageuinBa

TeopeMa (6e3 HOKA3ATENBCTBA). OPMOZOHAABHBLE MHOZOMAEHDL

Jj—1
] 1—1
=zl + E bji.’l?
1=0
CBA3AHDL COOMHOUWERUAMU

wj+1($) = (-'L + a])",[)]('lf) - BJ¢]~1(1)7 (9)
20e Bj > 0.

P ()
lpn ()]
D1L+1‘Qn+1(l‘) = (21 + Gn)Qn(”) - DnQn——l(fL‘)~

Ecnn orpesox [a, b] xoneuen, to uasectso, uro D,, = 1, G,, = 0 npu n = co.

IIpu @, (z) = BMecTo (9) mMeeM

IIpusenem Hanbolee ynoTpebHTENLHBIE CHCTEMBI OPTOTOHAIBHBIX MHOTOYJICHOB, CO-
OTBETCTBYIOIIME DA3IHYHBIM BECOBBIM (DYHKIHMAM.

1. Muorounennt Axobn. Jdns orpeska [—1, 1] u Becosoit dbynxuun p(z) = (1 —
7)*(1 +2)?, a, 3 > —1, OPTOroOHANBHYIO CHCTEMY 00PA3YIOT Mio20uAeHb: STKOOU

a 3) ( ) — (2,11)'&( - .’C)_ﬂ(]_ + ;L')hﬁ_(_;g:_t ((1 _ (L‘)Q+n(1 + w)@.._n) ‘

HMeroT MecTO COOTHOIIEHHUS

, _( 22D (a4 n+ DI(B+n+1) |77
‘ )“— n!(a+,8+2n+1)1“(a+,8+n+1)) ’
(a+B+2n)(a+B+2n+1)(a+ B+ 2n+ 2)zP*PF(z) = (10)
=2(n+(a+8+n+(a+ 8+ 2")Pr(f+1ﬁ (z) +

+ (B2 - aN(a+ B+ 2+ )PP (1) +
+2(a + 1) (B +n)(a+ 8 + 2n + 2) L) (1)

3pece ' —ramma-dynkuusa Ditnepa.
Mmuorounenst Sxobu ynoBieTBopsor muddepeHIHaTbHOMy ypaBHEHHIO
Las(P@) = (1-2) (Pr2() 4
Tx
+((B-a) ~ (a+ 8+ 2)z) (P,S"’ﬁ)(z)) = —n(a+ B8 +n+1)P*(z).
x

Wnade roBopsi, oMM ABAAIOTCST cobeTBeHHBIME ByHKIMsME udepeHIHaNIbHOrO
oneparopa Lq, 4.
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I'nasa 3. YucnenHoe uuTEerpupoOBaHue

2. Muorowienst Jlexxaungpa. YacTabiM ciydaem MHOTO4NIeHOB k06K npu « =
B = 0, T.e. npu BecoBOil (pyHkuuu p(z) = 1, apasoTced Muozonaenv Jescandpa

R
Toonpldan
(1Lnlt = v2/(2n + 1),

VAOBIIETBODAIOIIKE PEKYPPEHTHOMY COOTHONICHUIO

(n+ D)Ly (x) — 2n+ Daly(z) + nl,1(z) = 0.

L,(z) -n"

C HOPpMOH

3. Muorouneunt Yebninena neporo poga. lpu o = = —1/2, p(a) =
1/v/1 — z? muorounens! fkobu nocsie MEPEHOPMUPOBKH IPEBPAMIAIOTCI B MHO20-
waenvt Gebvwesa nepsozo poda Ty (x).

4. Muorowienbr YIebGbreBa Broporo poxa. llpn a = 8 = —-1/2, p(z) =
V1 — 22 MuorouwneHs! K061 NOCIE MEPEHOPMUPOBKHU MPEBPAIIAIOTC B MHOZOUAEHYL
Yebviwesa emopozo pode

Un(z) = (sin((n + 1) arccosz))/V1 -2 =T, ()/(n+1), n=01,...,

¢ mopwmoit {|U,|l = 7/2. PexyppenTtHoe cooTHOWEHNE AJisl MHOTOUNEHOB Yebblniena
BTOPOTO POAA TAKOE yKe, KaK JJIsl MHOro4eHoB Uebplnesa nepsoro poja.

,2
5. Muorounenbr dpmura. Ilpu (a, b) = (—~o00, o) u p(z) = €% oprorosannb-
HYIO CHCTEMY O0pa3yIOT MHO20MALHU FpMUma

n x? d _y?
H,(x) =(-1)"e T (E >

YIOBAETBOPAIONINE PEKYPPEHTHOMY COOTHOIIEHUIO

Hy(x) = 2cH,(z) + 2nH,_,(z) = 0.

¢ HOPMOH

MHorounenst 9pMuTa yA0BAETBOPKIOT AndPEPEHUanLHOMY YPABRERHIO

H]! - 2zH), = -2nH,.

6. Muorounens! Jlareppa. IIpu [a, b) = [0, 00) u p(z) = z% %, a > -1,
OPTOTOHANIBHYIO CHCTeMy O0pa3yior mnozouaenv, Jlazeppa
( ) dll +
L (p) = (=g et (gotne—e
(@) = (-1 2 (a7 )
C HOpMOI1

=/nla+n+1). *

ILTIH HHX CNpaBeUIHBO PEKYPpPenTHoe COOTHOIIEHHe

i

L) (@) ~ (& — & — 20~ DL () + (e +n) LY, (2) =0,
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Msuorounens! Jlareppa yaosaerBopsitor audhepeHIHaIsHOMY YPABHEHHIO
T (lea)(a:)) +(a+1—ux) ( L{®) (:L‘)) = —nL{™(x).

PexyppeHTHbIE COOTHOLIEHHS U1l KOHKPETHDBIX OPTOrOHAJBLHBIX MHOIOYJIEHOB, BbI-
OHCAHHBIE B MI. 2—5, UMEIOT HECKOIbKO MHOM By, JeM (9), MOCKONbKY COOTHOLIE-
uue (9) BLINMCAHO ISl OPTOrOHAJIBHBIX MHOIO'UIEHOB, HOPMHPOBAHHDIX TaK, YTO HX
cTapummii ko3dgdunent pasen 1.

T

OTMeTHM PsJi CBOHCTB OPTOTOHAJIBHBIX MHOrowieHos. Ilycrs FPy(z),...,
P, () — cHCTeMa OPTOTOHAJIbHLIX MHOTOWIEHOB Ha OTpesKe [a, b] BHAA

n—1

P(z) ==z +Epn]mj

JIemMma. Kaowcowd mrozovaen Pp(x) umeem posho n pasiusnus nyaed na om-
xpumom unmepsane (a, b).

Hoxazameavcmeso. Ilpennomoxum, uro P, (r) umeer Ha (a, b) Tombko [ < n

HyJnei Zj,..., T} HEUETHOH KparHOCTH. TOrja MHOIOYJIEH
l
(@) [Ttz - 2))
j=!

He MeHsIeT 3HaK Ha [a, b], mosTOMy
b l
/ P,(z) H(”c — z;)p(x) dz # 0.
a j:l
C gpyroit CTOPOHBI, HTOT MHTErpajl paBeH HyJw, mockonbKy FPp,(z) oproro-
HAJIEH BCEM MHOTOUJICHAM MeHbINEH cTereHH. [lomy4mIn MpoTHBOpEYHe.
n n
3agaua 2. Ilycrs :z§ Vi< gl —muymu P, (z). Torma Hynum MHOrOYJIEHOB
P,_1(z) u P,(z) nepemexaiorcd, T.e.

n n—1
a<:1cg)<:1cg ) <. <:L( )<:1c(")<b

ITO CBOHCTBO OPTOTOHAJIBHBIX MHOTOWJIEHOB HCIOJIB3YETCA IPH COCTABIIE-
HuM Tabiun HyJlel OPTOTOHAJIBHBIX MHOTOWIEHOB, SBJISIONIMXCS Y3JIAMH KBa-
Aparyp [laycca.
3agaga 3. Ilycrs Bec siBiseTcst derHOH (YHKIMEH OTHOCHTENBHO CEPEILHHBI
oTpeska [a, b] u, mns ompemenennocrw, [a, b] = [-1, 1], te. p(z) = p(—z).
Hoxkazars, uro Bce MHOrOwIeHBl Py,(r) werHble, MHOrOWIeHs Py, i(z) He-
9eTHBIE, T.e.

Pj(z) = (—1)'P; ((-1)'z) upu Bcex 7,
H DPEKYPPEHTHOE COOTHOIIeHHE (9) HMeeT BHI

Pji1(z) — zPj(z) + Bj+1Pj—1(z) =0
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TIpu ob6paborke pe3yiabTaToB HAOMIONEHHH BOZHHKAET 3a/a4a Nprbiamxkenus dyHK-
nuil, 33/JaHHBIX Ha MHOXKECTBE TOYEK Z|,..., L) BEINECTBEHHOH OCH € MOMOIIbIO
MHOTOUWJIEHOB OT NEPeMeHHOH . DTa 3ajada “acTO PemaeTcs ¢ MOMOLIBIO OPTO-
POHAJILHBIX MHOTO'LJIEHOB JMCKPETHOH 1epeMeHHoil. B Teopu#t Taxinx MHOTOWJIEHOR
YCTAHOBJIEHBI MX CBONHCTBA, aHANOIMYHbIE CBOHCTBAM OPTOrOHAJLHBIX MHOTOIEHOR
HenpepbIBHOM NIepeMEHHO; NOCTPOEHb! AHCKPETHBIC AHAJIOTH JIJIS BCEX PACCMOTPEH-
HBIX BBHIILIE TUIOB OPTOTOHANBHBIX MHOIOWIEHOB HEPEPBLIBHOH nepeMeHHoi.

OTMeTuM OZHO BayKHOE CBOWCTBO paCUpeleeHHs HyJell OpPTOrOHAJhHBIX
muorowienos. Ilycrs [a, b] = [=1, 1], Bec p(z) mournm Bciogy mnonoxuTEIEH
Ha [—1,1]. OGosnauum uepe3 wy, (21, T2) “HWIO Hyseid wMHOrOwIeHa Pp(z),
NpUHAYIEKAIIAX OTPe3Ky (z1, xp]. Torma chpaBemmso cooTHOmEHHE

. wn(zh 1)
lim

) [P ]
el o
n— 00 1 -/.771 7T'w/1 _ :L'2 L

Takum obpa3oM, HyJIM OPTOTOHAJILHBIX MHOTOWIECHOB HE3aBHCHMO OT BECO-
Boii (hyurumy p(r) pacipesesenbl aCHMITOTUYECKH OAMHAKOBO, ¢ INIOTHOCTBIO

1/{(mV1—2?).

§ 5. KBagparypusle dopmyanl I'aycca

Uz omenkn (2.1) cnemyer, 9TO HOTrpPenmocTb KBaJpPaTypbl OIEHHMBAETCS Ue-
pe3 IOTPemHocTh Npubankenns QyHKIUN MHOrouwnenamu. @yuxmusa npudbian-
XKAETCS MHOroujeHaMu 0OoJiee BBICOKOIl CTENEeHM TOUHEee, I6M MHOTOWICHAMH
HW3IeH CTeneHun:

Eo(f) > Ea(f) > -

IlosTomy ecTp ocuHoBaHHSI 0OpaTHThH BHUMAHHE HA KBAAPATYDPDLI, TOYHBIC JJIs
MHOTOWIEHOB II0 BO3MOXKHOCTH 6oJiee BBLICOKOH CTEleHu.

PacemorpuM citety1onyo OnTHMA3ANUOHHYIO 3ama4y. IIpy 3aJaHHOM 4HCIIE
Y3JIOB 7 MOCTPOUTH KBAJPATYPY

n

b b—a
1) = [ fape)de~ 8,(0) = 723" D a5, (1)

2 ¢
Jj=1

TOYHYIO [IJIs MHOrOYWIEHOB Hambojee BBICOKOHW crenenn. Takue KBaApPaTypbI
Ha3bIBaWOT keadpamypamu laycca.

Mer Bugenn (§ 2), uro kmagparypa (1) TOYHA IS MHOTOUIEHOB CTEIEHU
™, eciu OHa TOYHa Jyuisi Bcex dymkmui z9, ¢ = 0,..,, m. CienosaTensHo,
JOJDKHBI BBIIOJHATHCS COOTHOIICHHUSA

b n
b—a q
R,(z%) = /a zp(z) dx — 5 ]221 Dzl =0, ¢=0,...,m. (2)
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[Honyumnu cucremy mu3 (m + 1)-ro ypaBHEHHs OTHOCHTENHHO HEHU3BECTHBIX
Z1y++-> Tn, D1,..., Dy, TO€ T1,..., Tn— HEU3BeCTHBIE y3ubl, & Dy,..., Dy —
Her3BeCTHbIe K09 PUIMenTs KBaApaTypHOH dopmyist (1).

Mpu m < 2n — 1 4YUEIO YpaBHEHHH HE NPEBOCXONUT YHUCJIA HEH3BECTHDIX,
[I09TOMY MOXKHO OKKJATh, UTO ajre0padteckasi cHCTeMa (2) HMeeT pelleHue.
MOXKHO MONBITATECA MOCTPOUTH KBAaJDPATYDHBIE (POPMYJIbI, COOTBETCTBYIOMINE
SHAUEHHIO M = 2n — 1, pemiast 3Ty CHCTEMy, OMHAKO HESICHO, OYIyT JIH y3JIbI
KBAAPATyp, Nosydaemble u3 (2), mpuHAANExKaTh OTPe3Ky [a, b]. B mporus-
HOM CJIydae MOXKeT OKa3aThcsa, ITO GyHKuus f(z) He ompeneseHa B y3nax
WHTETPUDPOBAHUA U yHOTpebJieHHe KBaJIPATYDbl HEBO3MOXKHO.

3aMETHM, YTO B [Jl. 8 TPH HNOCTPOEHHH KOHEYHO-PA3HOCTHBIX METOAOB PeIleHMHs
06bIKHOBEHHLIX TU(DDEPEHIHANBHBIX yPABHEHHH BO3HHKHYT KBAAPATYPLI C Y3IaMu
BHE OTpe3sKa [a, b].

3afiMeMCs ITOCTPOSHHEM KBaJpAaTyp, COOTBETCTBYIOIIUX MAKCUMAJILHOMY
3HaYeHuIo m = 2n — 1.

JIemma 1. Ecau zq,..., T, — y3av xeadpamypu (1), mounoti das ecex mmozo-
yaenos cmenenu 2n — 1, mo

b
/ wn(2) Pa_y () dit = 0

npu wn(z) = (z — z1) ... (& — ) u Ph_y(x) — npoussoavrom muozourene cme-
nexu He eviue 1 — 1.

Aoxaszameavemeo. Ilycts P,_1(Z) — HEKOTOPLIA MHOIOWIEH CTENEHU HE BBIIE
n — 1. BaremcTBue ycioBua seMMbl KBaparypa (1) TOYHA AJjI MHOTOWIEHA
Q2n-1(z) = wp(z)Ppr_1(z) crenmenu 2n — 1. Iostomy

b b
/ wn(2) Paey (2)p(z) dz = | Qunr(2)p(z) dz =

b—a &
= > D;Qun-1(z5) = 0.
J=1

2

IMocnenpee cooTHOIEHUE BBITEKAET M3 PABEHCTBA Q2n-1(zj) =0 mpu Bcex j.
Jlemma 1 nokazama.

Hanee mpemnonaraercsi, uyto p(z) > 0 mourd Bciopy Ha [a, b).

U3 pesynsraToB § 4 BoITeKaeT €JMHCTBEHHOCTh MHoOrousmena (),
Yn(z) = 2™+ -, OPTOTOHAIBHOrO BCEM MHOIOWIEHAM HU3MIEH CTEIEHH, eCiIH
CKAJAPHOE TIDOM3BEJEHHUE 3AJAHO COOTHOHIEHHEM

b
(7, 9) =/ f(@)g(z)p(z) dz.
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Mostomy Yn(z) = wp(®) ¥ y3JIbI OTHICKUBAEMOH KBAJPATYPHI HOJIKHBL ObIThH
npynaamu P, (z). CormacHo pesynbraram § 4 mHOrowies ¥n(z) ®a (a, b) mmeer
7. Pa37INYHBIX HYJein.

JIemma 2. Ilycmov 21,. .., Tn — HYAU OPMO2OHAALHOZ0 MHOZOWAEHE Yy, (T) cme-
nenu n u (1) — xeadpamypa, mounas dan mmozowaenos cmenenu n — 1. Toeda
xeadpamypa (1) mouna das muozounenos cmenenu 2n — 1.

Joxasameavcmeo. IIpoussosbHbIE MHOrOWIEH (Qo,1(2) cTermenn 2n—1 npex-
CTaBAM B BHJE

QZn—l(fL') = d)n(x)gn—l(w) + 7'71——1(33),
TOE gp—1 M Tp_1 — MHOrOWJIeHH cremenn n — 1. Vmeem
Rn(QQn-l) = Rn(¢n9n——1) + Rn("'n——l) = Rn(r‘/)ngn—l)a

Tak Kak Ry,(rp-1) = 0 mo ycwiosuio nemmsel. lamee,

b h—a —
Ro($ugn-1) = / Y (@)gn-1 (0)p(@) dv = === 37 Dytpu(@))gn-1(w;) = 0,
a _]:l

b
HOCKOJIBKY Y (2)gn-1(z)p(x) dz = 0 BaiemcTBue CBOWCTBA OPTOTOHAILHOC-
a

TH MHOrOUNeHa 1), (r) MHOTOUJeHaM HHU3IIeH cTelieHH, a Bce Yn(z;) = 0 mo
npenronoxeHuo JeMMbl. CraenoBarenbno, R,(Qon—1) = 0. Jlemma 2 1moka-
3aHa.

Teneps MOxHO mOCTpOMTH Tpebyemyio Ksagparypuyio dopmyiay. daa sto-
rO 33JaJMMCsi Y3JIAMM HMHTEPIONALHH Z1,..., Tn, B KOTOPBIX t,(z;) = 0, n
MOCTPOUM (HAIPUMED, CIeAysi NOCTPOEHHsSM § 3) KBaApaTypy, TOUHYIO s
MHOTOJIEHOB cTeneHn n — 1. B wutore nomyuum rtpebyemyio kKpaapaTypy

b—a
2

b n
/ F@p(a)dz ~ =23 D, (ay), 3)
a j=1

TOYHYIO JJIsi MHOFOUJIEHOB CTeneHW 27 — 1.

Ecmu nmourn Bcronmy p(z) > 0, To He cymecTByeT KBaJApaTypbl, TOYHOH
JJIsi BCeX MHOTOYJIEHOB cTenmeHu 2n. B camom gene, BospMeMm (on(z) = (z —
r1)%...(z — z,)? morma sesas wacts (1) -

b
/a (z—21)...(z - -Tn))Qp(:c)dz >0,

a mpasas pasHa 0.
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JlemmMma 3. Kosgpguyuenmuor D noaodicumenvroi.

YT

2
z_ﬂ) ABJIAETCA MHOPOYJICHOM CTEIleHu 27n—2,

Jloxasameavcmeo. DyHKuus (

obpaliaonuMcs B HYJb BO BCeX TOuKax «; # x;. Keanparypa (3) 6yger
TOYHA JNA ITOH (DYHKUHMH, IIOITOMY

[ () a5 (22)

Ty

PackpuiBag BwIpaxkenue ¥, (z)/(z — z;), womyaum

2

2 b S — T
D, = 7 / u p(z)dz > 0.
—al, oy T — Ty

JleMmMma [moka3aHa.

ITockonbky Bce Dj; > 0, To, BocnmosmbsoBaemuch (2.1) u (2.2), nmeem

b
Rl <2( [ pla)ds) Buna (). @
a
MoHO TOMYyYHTh TAK»Ke ONIEHKY IOTPEIIHOCTH Keaaparyp laycca uepes
f@)(z). Dra ouenka umeer BuA

MAC)
(2n)!

Ra(f) = 707 (0) / plz) d. (5)

a

st npakTuyeckoro npumenenust ¢popmys Iaycca HeOOXOIUMO HMETh B
PACIOPSIPKEHMH y3JaBl B KO3(DQPUIUEHTH 3THX KBaJApaTyp. MOXKHO NOKa3aTh,
4TO i ciiyvas p(x) — J9eTHON OTHOCHTENbHO ToukM (a + b)/2, mymm opro-
TOHAJILHBIX MHOIOWIEHOB, T.€. Y3Jbl KBaJpATyp laycca, paCIIOJOMXKEHBI CHM-
METPHYIHO OTHOCHUTEIBHO CepesuHbl orpeska [a, b]. Bemencrsue (3.5) xosd-
dunpenThl KBagpaTypsl Laycca (3) OyAyT yaOBIETBOPATH YCIOBHUIO YETHOCTH
D; = Dyt1-. 9To 0BCTOATENBCTBO HANOJOBUHY yMEHBIIAeT obbeM Tabmuiy
ans dopmya Taycca. ;
2:13j - (a + b)

b—a
HE 3aBHCAT OT OTpe3Ka [a, b]. B camom gene, e MHOTOWICH ¥,(z) =
(x —z1)...(z — ) NPUHANEKUT CHCTEME MHOTOYIEHOB, OPTOTOHAJLHBIX C
BecoM 1 Ha [a, b], To MHOTOUnNen (t—di)...(t— dn) HpHHAILIEKHT CHCTEME
MHOTO'JIEHOB, OPTOrOHAJNbHBIX ¢ Becom 1 na [—1, 1]. Ilosromy om cam, ero
HymH, a corgacko (3.3) u kosdduuments: D, ONpeeNIOTCS OJHOZHATHO,
HE3aBUCHUMO OT MCXOJHOrO OTpe3Ka [a, b).

Ecmm p(z) = 1, 10 koapduumentsr D; u uncna d; =
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IlpuBeneM OJd CBEJEHHS IapaMeTpbl KpaApaTyp laycca s oTpeska
[-1,1] npu p(z) = 1. B stom wryyae ocraToussli wien R(f) mas xsa-

npatrypHoit dopmynsr (3) ecTsb

2271+1(n!)4

@)y 2\
190 (2n)3(2n + 1)

R(f) =

Borencreue cpoficTBa CHMMETPHH MBI YKa3bIBaeM JIMIIb HEOTPHIATENbHbIE d;
u xo3pdunuentsr npu Hux (Tabn. 1).

Tabanna 1
dq d> ds
D, D, Ds
1| 0,0000000000
2,0000000000
2| 0,5773502692
1,0000000000
3 | 0,0000000000 | 0,7745966692
0,8888888888 | 0,5555555556
4] 0,8611363115 | 0,3399810436
0,3478548451 | 0,6521451549
5 | 0,0000000000 | 0,9061798459 | 0,5384693101
0,5688888888 | 0,4786286705 | 0,2369268851
6 [ 0,9324695142 | 0,6612093864 | 0,2386191861
0,1713244924 | 0,3607615730 | 0,4679139346

B macTosijee BpeMsi COCTABJIEHBI TabJIMILI y3JIOB U BECOB KpaapaTyp layc-
ca no kpaitHeil Mepe no n = 4096 ¢ 20 necsruuyHBIMM 3HaKaMu. Bconencrsue
ux Gosbmroro obbema, HasIMHASI C HEKOTOPOIO Ty, WX MyOIHKYIOT JIMIIbL JJIS
n =2 n=3.2"k

Wrorna uesmecoobpa3Ho BHIOM3MEHWTb HICK laycca MNOCTPOEHWsS KBaipa-
TYP, TOUHBEIX Ha MHOTOYJIEHAX MAaKCHUMAJBLHO BBICOKOH crernenu. Hampumep,

nycTh Tpebyercs BBIYHCINTD / f(z)dz, a 3mavenve f(a) BBHUMCISETCH CY-

OIECTBEHHO OBICTpEE, YeM 3HAYeHHs B JAPYTHX TOYKAX OTpe3Ka [0, 1] (anm
nodeMy-mubo 3apaHee U3BeCTHO). TOrJa UMeEET CMBICI MOCTPOUTH KBAJAPATYPY

1 n
/ f(:z:)dszDjf(dj), dg = a,
0 =
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TOUHYIO JUis MHOTOWIEHOB cremend 2n. Ecmm  Tpebyercs  BLIMHCIATD
1
/ f(z)dz, a sHavenmst f(1) u f(—1) sbrmcimioTes cymecTsenHO OnicTpee,

qeM 3HAUeHNMS BO BHYTPEHHHX TOUKAaxX oTpe3ka [—1, 1], TO mMeeT cMbICI TiO-
CTPOUTL KBAAPATYDPY

1 n
/lf(a:) de~ Y 1if(dj), do=-1, dp=1, (6)
_ pars

TOUHYIO IJii MHOTOUJIEHOB CTENEHW 21— 1; B NOCIENHEM CJIy9ae OKA3LIBAETCH,
aro  d; = dp—j, l; = l,—; npu Bcex j.

Crenens MHOrOWIEHa, JIJIss KOTOPOTO TOYMHA KBAJIPATYPA, ONPENEJIeTcs au-
coM CBOGOJIHBIX MapaMeTpoB KBaapaTypel. Keanpatypa (6) HaswBaerca xea-
dpamypoti Jlobammo wummn popmyaoti Mapxosa; npu 1 = 1 oma coBmazaer ¢
dopmysofi Tpanenuii, npu n = 2—c¢ dopmynoir CuMICOHA.

Sagaua 1. Beenenuem BecoBbIX (QYHKUMIT W 3aMeHOH IepeMeHHBIX 7 = (1)
CBECTH TOCTPOEHHE KBaAPaTyp (6) K NOCTPOEHMIO HEKOTOPBIX KBAJPATYD
Taycca.

(2) = ——
P = A

cTByIOIIEH KBagpatrypo# [aycca aBisercs

/ \/__d:rN n Zfzj

— Hysnn MmHorowiena Ueboimiesa T, (z).

3agada 2. Ilycrs [a, b] = [-1, 1], Jokazars, 4TO COOTBET-

(2§ — D)
2n

Yxasanue. Ilpu mpoBepKe TOYHOCTH KBALPATYpPHl A MHOTOWICHA CTElEHU
2n — 1 mpencTaBUTL MHOrOWJICH B BHIE

rge I; = COS

2n—1

Z am T ()

m=0
W YCTAHOBUTH, ITO KBajparypa Touua jud Ip,(z) npa m < 2n.

B macrosimee Bpems paccunTano muoro Tabmuu gopmyn [aycca m gopmyn
Tuna Jlobarro, B YaCTHOCTH, IIPU

@, 0] = [-1, 1], plz)=1,
a Takye B Oosee obuieM ciydae TpH
[a, 0] =[-1,1], pz)=0+z)*1—-2) «, B>-1,
H upH
la, b] = [0, 00), p(z) =2z%"%, a>-1.
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ECJII/I HO,H‘LIHTeraJIBHaH (byHKH‘I/IH KHTeI‘paJI'rl
w
I(f) = / fla) da
0
XOpOIHO HpI/I6JII/I)Ka.eTCfI TpHI‘OHOMeTpH‘IeCKHMH’ MHOTO4YJI€HAaM C HepHOﬂOM (.t)7

TO Henecoobpa3sHo HNPUMEHHTL KBAaJPATYpPy, SBJIAIONIYIOCA AHAJIOIOM KBajpa-
Typel laycca mng sToro ciiygast BUIA

w N-1 Jw :
nn=ss)=my (%), )

Nmeem paseHCTBO

Sn (exp {27rmi f}}) = % N-lexp {27rmi]%,%} =

7=0
B N = l=w mpH o HeNoM,
exp{2mmi} — 1 m
exp{2rmi/N} -1 Opu 5 He HEIoM

B To xe Bpems

.z w 1npu m=0,
I (exp {27rm1~}) =
w 0 mpum m=#0.

Cnenoparensro, kBagparypa (7) TouHa just ¢yHkumu cos(2mmz/w) npu
m = 0 wm npu m/N He meiroM u Jus Beex (yHKumi sin(2rmz/w). B
pe3yJIbTaTe 3ITOTO OKA3BIBAETCH, YTO KBAAPATYpPa TOYHA [UIS JIIOBOTO TPUTO-
HOMETPHYECKOTO MHOTOYJIECHA

N-1
tn(z) = ap + Z (am cos (27rm£) + by sin (27rm—z—)) + by sin (ZWNEL—) i (8)
m—0 w w w
CIIEI0BATELHO,

By (f) = Bn(f —t~n) + Bn(tn) = Bn(f — tn).
Ananoruuno (4) mnonyuaeMm OIEHKY

|RN(f)j < wipfmax | f(2) = i ()]

v [0,w

-

Huxnaag rparbs 6epercst mO MHOXKECTBY BCEX MHOTOWIEHOB BUAa (8).

3agaua 3. Jlokasarh, WTO He CyImeCcTByer KBaApaTyp ¢ N y3JaMH, TOUHBIX
JAd BCeX TPHUIOHOMETDHYECKHX MHOrOYIEHOB cTelieHu N.
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§ 6. IIpakTnyeckas OIleHKa IMOrPEeHIHOCTH
JIEMEHTAaPHBIX KBaJApaTyPHBIX dOPMYJI

Boilze HOMY9IeHBI Psifi KBaIPATYPHBIX (POPMYJ M CTPOTHE OIEHKU MOTPEIIHO-
ctu mra Hux. OJHAKO 9TO HE pelraeT Bcex NMpobieM 3aJadH THCIEHHOTO WH-
TerpupoBanus. BaxHefimel 3anadell BLIMTHCIUTEILHON MaTEMATHKH SBJIAETCS
co3laHie AJICOPUTMOE W MAKETOB HpOorpamM, obecredmBaIOmIMX IOMyTIeHHE pe-
[eHHsd 33739 C 33JAHHOH TOYHOCTHIO NPH MHHEMAJBHOM oObeMe 3arpaT de-
JIOBEYECKOro TpyJa ¥ paborel Mammmubl. JIpakTHdeckoe mpUMeHEHHE MOy YeH-
HBIX BBIIIE OINEHOK TpebyeT AHATMTHIECKHX BBIKIAQJOK H IIOITOMY JOCTATOY-
uo 6onpmoro o6bemMa paboThI UCCIEAOBATENST; KPDOME TOrO, 3TH OLEHKH 1IacTo
OKA3BIBAIOTCA CJIHIIKOM 3aBBINEHHBIMUA. [109TOMY HpPH CO3JAHWM TAKHX CHCTEM
OOBIMHO OTKA3BIBAIOTCS OT HCIOJIb30BAHUSA MMO/0OHBIX OIEHOK, 33UaCTYIO JXKep-
TBYA CTPOTOH TapaHTUEeH MAJIOCTH MOTPEUIHOCTH HIPUOIMAKEHHOIO pEIIeHnsd.

MOXHO TOBOPHTH, MTO 33/39a OT €¢ BO3HUKHOBEHHH JO IOJIYIEHHUd pe-
3yJIbTATA TIPOXOOUT tIepe3 HEKOTOPYIO CHCTEMY, COCTOSAIIYI0 M3 JojeH, pelra-
romux 3agady, ¥ 9BM. Ha nepponauansHoM 3stame npuMmenenuns IBM wuau-
fojiee Y3KMM MECTOM, TODPMO3HBIIAM DPAbOTY 3ITONH CHCTEMBI, ABJSIOCH HENO-
craTouyHoe kojuiectBo IBM. IlosroMy mpumeHeHHe AHATUTH'IECKHAX METOLOB
pellleHrs WM AHAIUTHUYECKOE TPOBEJEHHE OIEHOK IOTPEIIHOCTH OBLIO OmpaB-
JAHHBIM.

OpHako Temepb, C [OBCEMECTHBIM DACHPOCTPAHEHUEM BBIYMCIHTEIBHON
TeXHUKH U BHEIPEHHEM ee B Pa3fiMdHble Chephbl AesSTeNbHOCTH 00IecTBa, 06-
CTAHOBKA MEHSIETCS. Y3KHMM MECTOM 3TOH CHCTEMbI CTAHOBATCHA JJIUTEIBHOCTH
BHIGOpA MATEMATHYECKON MOJETH, METOAa DEIICHMd 33JatH, IPOrPAMMHDOBA-
HHsl M JAPYTAX 3TANOB, MPENIIECTBYIONUX HEMOCPEACTBEHHOMY DEIIEHHK) 3a-
Jaun Ha IBM. IpoxoxkmeHue 3THX 3TANOB OCOGEHHO 3aMEJISETCS B CIydae,
KOTha pernieHueM 3adad uHa IBM 3aHuMaloTca TpeNCcTaBHTENN KOHKDETHDLIX
HayK, HAnpuMep (QHUIIONOTH, MEAUKH, SKOHOMMCTLI, reorpadnbl ¥ T.IM., MAJIO
3HAKOMbIE C YHUCIEHHBIMH METOJAMU WM mporpaMmupoBanneM. Ob6yueHue ux
TOHKOCTSIM TEOPHHM YHCIEHHBIX METOAOB MOXKET NPEBPATHTHCH B CAMOIEJbD,
OTBJIEKAIOMIYIO OT PEIieHWsI OCHOBHBIX 33JaY WX HAYKHA, ¥ B KOHEUHOM CYUETE
oboiiTrch OBIIECTBY JMOBOIBHO Joporo. Ilosromy B HacTosiliee BpeMsl BajKHEH-
mei npobieMoil SBISETCS CO3JAHME CHCTEM DpeNIeHHs] 33JaY € MAaKCHMAJILHO
TPOCTHIM OOpalleHHeM, NPEeAIONIAralonMX MaJIyi0 KBATHQMHUKAIMIO IOJIb30BA-
Tejid B OTHOIIEHHM UMCIEHHBIX METOJNOB M OporpaMmupoBanus. Hampumep,
€CTeCTBEHHO NOTPe6OBATL, YTOOBI K POrPAMME BBIMMCIEHUS MHTETPAIA C 3a-
JAHHOH TOYHOCTHIO MOT OOPATHTHCS HMCCIEMOBATENb, 3HAIOMIUN, UTO TAKOE HH-
TerpaJl, HO He YMEIONIN HM HHTErPHPOBATL, HU AuddepeHrupoBaTh.

Koneuno, B pasBurum mHOrMX 0OjacTeidl 3HAHMS M TEXHUKH DEIIAIOIMAA
POJL MATEMATHKH COCTOHMT B CO3JAHUM MATEMATHIECKOH MONEJH SIBIICHHSI,
a moroM yxe B npuMeHennun IBM ama ee uccnenomamus. IIpm paspaborke
MOZIe/IM OT CHEUHAJIMCTa ITOH OoTpaciu 3HaHUS TpebyeTcs OmpenesieHHAs Ma-
TeMaTUYeCKasd KYJIbTypa, W Hallle BHICKA3BLIBAHME HE CIeIyeT MNOHUMATL KakK
OPEeIJIOKEHHE IOJHOCTHI0 HU30ABUTL €ro OT MaTEMATHKH.
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[Moponnexoil NMPOBOAMMEIX 3OECH DPACCYXKIACHWH SIBAACTCH CJIEAYIONIEE W3-
BecTHOe paccyxgeHue. Korga Mbl 3aHMMAaeMCs PpeIICHHEM KAKWX-TO 341,
TO HyXHO yuuThiBaTh 3QdEKTUBHOCTL Halel paboThl HE TOALKO N0 COBO-
KyIIHbIM 3aTpaTaM Ha DpelIeHHe 3THX 3aJa4, HO U I[IPUHHMATH BO BHHMAHHE
yOBLITOK, IIOHECEHHBIA OOUIECTBOM B pEe3yABTATE TOrO, YITO HAMM HE pelieHb
HEKOTOpbIE JIpyTrHe, BO3MOXXKHO 0Oosee BaKHBIE 3aJa4H.

Ilpn mpaxTudeckoM aHajn3e MOTPEMTHOCTH YUCIEHHOTO WHTECPUPOBAHUST
YaCcTO IIONbL3YIOTCS PA3NWIHBIME [OMYIMOHPUYECKUMU IpueMamu. Haubosee
PACIIPOCTPAHEHHBIM M3 JTHX OPHEMOB siBJisieTcss ciemytomuit. Ilpomssossitea
BLIYHCIEHHsT IO JBYM KBaJpaTypPHBIM (])opMyJIaM

- / ' fa)da ~ 54(f) =

Jajiee HEKOTopast JinneiHas komMOuHAIIMs S(f) = S f)+0(S%(f)—SH(f)) arux
KBaJApaTyp OPUHHAMAETCS 34 IPUO/IMAKEHHOC 3HAYMCHWE HHTErpaja, & BeJUYIHHA,
p= lSQ(f) - Sl(f){ —3a Mepy norpermHocTd npubiikentHoi dopmysst I(f) =
S(f). oBONBHO THUIMYHBIM sIBJsieTCA caydai 6 = 0.

OumcaHHBI BBIIIE [OAXOJA, HENL3A CYWTATHL IIOJHOCTHIO ONPABIAHHBLIM
BCJIEJCTBHE €ro HEOMHO3HATHOCTH.

Tycrs, HanpnMep, S f)—Q)opMyna Cumicona:

S2(f) — (bopMyJIa Tpanen,nﬁ:

S(f) = f(=1)+ f(1)

u 6 = 0. Torma B KauecTBE MEPHI MOTPEIIHOCTH BBICTYHACT BEJIWYHMHA p =
2 ,
1A = 2£(0) + f(-1)|. Bum
2 .
55(f) =2/(0)

— ¢popMyna TPAMOYTOJNBHHUKOB, TO COOTBETCTBYIOINEE 3HAUECHHE p = %I f) -
2f(0)+ f(—1)|. Takum 06pa3om, MBI NOIYUHIU [BE PAIMUHBIC IMIUPUICCKHAEC
OLEHKU IOTPEHIHOCTH ONHOH u Toi ke (popmynsr CumiicoHa.

lonwiTaemes nposiceuTs curyanmio. Beipaxkenue S(f) asagercs HekoTopoit
KBaJpPAaTYyPHOR CYMMOH

S(f) = (1)

II0 COBOKYNIHOCTH Y3JIOB %j, HPHHAJJIENKAIUX OOLEINHEHUIO Y3JI0B, COOTBET-
creyomux xBaapatypam S'(f) m S%(f). B To ke Bpems -«

p =,

rae

(2)
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Bo3bMeM NPOM3BOIBLHYIO JHHEHHYIO KOMOMHALMIO BHua (2) M TIOIOXKHUM
SY(f) = S(f), S*(f) = S(f) - 0l(f).

Torna Mpl mOIy<IuM npubiukenHoe 3Havenue umHTerpasa I(f) = S(f) c¢ ouen-
koit morpemuoctu p = 0|I(f)[. Msl BHAMM, YTO HAa TAKOM HYyTH MOXHO IO-
JIyYHTh HEOTPAHHYEHHOE MHOXECTBO OIEHOK IOTPEITHOCTH ONHOH H TOi e
kBajaparypsl (1).

PaccMmaTpuBaeMyIio 3afady MOXHO (OPMYIMPOBATH CIEAYIONIMM 0OGpazoM.
TIpubnuKeHHOE 3HAYEHHE HMHTErpajla BBITHCIZETCH no (opmyie

b—a o
I(f) = 5(f) = —— > D;f (). (3)
J=1

Tpebyercs IOCTPOUTH BhIpaXkeHue BuAa (2), mamooulee NpPEACTABIEHHE O IO-
IPELIHOCTH KBaApaTyphl (3).
ITpeamnonoXuM, UTO MOrPEITHOCTh KBAAPATYDHI (3) NpeacTaBisiercst B BHIE

R(f) =D(b~a)" ' £ (). (4)
Paccmorpum cityyait m < N. Torma B kauecrse {(f) MOXKHO B3STh BEIHUHHY
ll(f) = —E(b - a)m+1m!f($i1 Peees ‘Tim+1)a

Tae Tiy,..., Ti,,, — Pa3JIHUHBlE y3Ibl KBaApaTypbl (3). Pasmenennas pas-
HOCTh MOXeT OBITb BBIpaKeHa Uepe3 IMPOU3BOJHYIO, IOITOMY HMEEM

I(f) =D —a)™ 1 fM(), a<(<b.

CrnenoBarensno, mpu a = const, f(™(a) # 0, (b—a) — 0 cupaBemymBo CO-

ornomenue R(f) =~ {(f) m Bemmumny p = |I(f)| Moxmo mnpuHsTs 3a Mepy
IIOTPEITHOCTH.
ITycTs, HampuMep, OLEHMBAETCS HOTPENIHOCTH (POPMYJIBI TPAIICLIMi

/abf(w)dw ~ 5 =221 (f(a) vo-f(%50) +f<b>) .

Coryacio omenkam #3 § 3 mMeem

(b _0')3 "
R(f) = ———~- .
(f) = =55 1"(0)
Takum 006pa3oM, Mbl MOXKEM INPUHATH 33 Mepy NOTPEIIHOCTH BEIAYHHY
b—a a+b

10 =21 (S52) + 1o

Wnrage obcromt gmemo, korma m > N. Torna Henb3s MONyddTh HHMKAKO-
ro npubmmxenust k f™(() uepes Bemmummbr f(z1),. .., f(zy), m mpobneMa
NOJyYeHHs] SMIUPUYECKON OIEHKH T[OTPEMIHOCTH B PACCMATPHBAEMON BBHIIIE
NOCTAHOBKE HE MOXKeT OBITh pelIeHa.

3
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Hanpumep, Mbl He MOXKEM IOJIYHYUTH YIOBIETBOPHTENBLHOIO NPEACTABJICHUS
06 omenke morpemHocTd (opmynbl CuMicoHa depes 3uatucHus f(a), ]‘(1}9)
F(b). Omgmako MOXKHO IOJYYUTb HEKOTOPYIO 3aBBIIICHHYIO OLEHKY NOOTPEeNI-
HOCTH.

PacemoTpuM omun momxo) K pa3pelleHHIO BO3HHKINeR npobsemsbl. 1Ipen-
[MOJIOKHUM, YITO HAM VJAJOCH HOJIYIHATH OLEHKY MOFPEIIHOCTH BUIA

|R(f)] < (b— a)N D max f(Nhl)(:r,)

[a, b]

= 0.

Tonoxum
N y
p=(b—a)"D(N - ! |f(a1;...; an). (5)
pa a = const, fN"V(a) £ 0, (b—-a) - 0 umeem o ~ p. Taxum obpa-
30M, BEJIMUMHY 0 MOXHO IPHHATH 33 UPHOJMXKEHHYIO OLEHKY IOIDELIHOCTH
dopmynnt (3). DTa onenka OyAeT CHIBHO 3ABBINIEHHONM, TIOCKOIBLKY NPH TIPEI-
nosioxxeunn m 2= N umeem R(f) = O((b —a)V “). OpHako Jryuireil OUeHKu

NOrpemHocTi PopMynsl (3) WO CpaBHEHHIO ¢ OLEHKOW 4Yepe3 o, IO-BUIUMOMY,

HeNb3s upeiokuTh. B ciayuae dopmynasr CumicoHa BepHa oueHka (D) mpm

- 1

D= g © TeKuM o6pazoM, 33 Mepy NOTPENTHOCTHM NOPUHHAMAEM BEIHYNHY
4(b—a) fa+b
L2 rw -2 (452 + s )

B ciyuae MHOroMEpHBIX MHTEIPAJOB BCE MPAKTHYECKHE CHOCOODI OIEHKH MOTPeL-
HOCTH OIUPAIOTCA Ha HCXOIHYIO, PACKPUTHKOBAHHYIO HAMHU mpoueypy. Jeno B ToM,
YTO B MHOI'OMEDHOM CJIYUAE HOI'PEITHOCTE OIEHUBACTCA MePe3 3HATEHU S HECKOTbKHX
HPOU3BOAHBIX mOoAbIHTerpanbuoit ¢pyuxunu. Ilonytuenne «060CHOBAHHBIX» OIEHOK,
nopo6ubx (6), ayia Takux (opMya Kpaiine 3aTpyanuTensHo. [losroMy obpamaroTrcsa
K HCXOOHON TPOUEAype C HOCHeRyrumell 3IKCIEPUMEHTANLHON MPOBEPKOI Pe3yiIhTa-
TOB €e IIPUMEHEHHUSI.

§ 7. MaterpupoBaHue 6bICTPO OCHUIIINPYHOLINX
b yHKITHIA

IIyctes Tpebyercd BBIYHCIUTL WHTEIPAN

/a ' f(a) explie} da, ,

rie w(b—a) > 1, f(z)—rnagkaa ynknua. OynKuun
Re (f(z) exp{iwz}), Im(f(z)exp{iwz})

HMEIOT Ha PacCMAaTPHBAeMOM OTpe3ke npumepHo w(b—a)/m uyneii. Ilockoms-
Ky MHOFOWIEH CTeleHd 71 uMeeT He Gonee 7 HyJeil, TO Takue QYHKITUH
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MOLYT OBITH XOpPOMmIO NPHOIMIKEHBI MHOTOWIEHAMH CTEeNeHH 7. JIMLIb IPH
n > w(b—a)/m. Iosromy mjs HEMOCPEACTBEHHOIO BBIMHCICHHS WHTErpPAJIOB
oT TakHX (PYHKIUH HorpebyeTcs NpUMeHEHWEe KBaAPATYP, TOUHBIX Ul MHO-

rOYJIEHOB BBICOKOH CTENEHH.
Bonee DBITOJHBIM MOXKET OKa3aTbCA MyTh PACCMOTpeHHs (DyHKIHN

exp{iwz} Kak BecoBoil.
Kak u B § 1, 3amagmmcs y3JlaMH HHTEPIOJIAPOBAHHA

_bt+a b-a
T 2

dj, /:1,,77

b

A 3aMEHHM HCXOAHBIH HMHTerpas Ha / Ln(z)exp {iwz} dz, vme Ly,(z) —ud-
< @
TePIIOMSAHONHBIE MHOrOWIEH ¢ y3iamu zj. Ilocuenuuii maTerpas Moxer GbITH

BLIUUCJICH B $SBHOM BHIC

b b— l & b~
/ Ln(x) expliwa} dz = S3(f) = — % exp {iw ’J;“} 3 b (w—22) [N
a - j=1

roe
! € —dy )
Dip) = [ (I1 5= ) exping) az. )
A\ 4 -
Honyuunnace KBaupaTypHas GHopMya
b
/ £ () expliws} dz ~ 52(f) 2
7

C OCTATOYHBIM YJIEHOM
b
R, (f) = / (f(x) = Lp(z)) exp{iwz } dz.

B coorserctBun ¢ (3.1)

Ru(f) < [ 1£(2) = Ln(@)] dz < D(dy,.. ., dy)(max |[f@(@)]) (222 "
la, ] 2

a

Beruncienne MHTErpasoB TAKOrO poja ABIAETCA THIMYHON 3anadeil, BCTpe-
qajomelicsi Ipyd passiokeHun (yHKOMHA B psaanl Pypbe, OpH NOCTPOCHHH IHA-
rpaMM HANPABIEHHOCTH AHTEHH M T. I,

B crangapTHBIX NporpaMMax BBINHCIEHHS HHTETPAJIOB OT OBICTPO OCIHJI-
JUpyowux GQyHKnui ucnons3yorcs ¢opmyasr (1), (2), coorBercTByomme
caydasim: n =3, dy = —1, dy =0, d3 =1 (3Ty POpMyny Ha3LIBAIOT Hopmy-
a0t Quaona) unu n =25, dy = —1, dy = —0.5, d5 =0, dy = 0.5, d5 = 1.

Ecnu ¢opmynsr (1), (2) ucmonp3osaTh It BBIYMCJICHHS HHTEIPAJIOB OT
YHKIEHA, He ABISIOIAXCS GBICTPO OCHUWLIHPYIOIIAMHU, TO MOXKET BOSHHKHYTH
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CIeAYIONIasl HENPUSTHOCTH, KOTOPYIO Mbl MPOWLIIOCTPHpYeM Aast n = 2, di =
—1, da = 1. B sTtoM cayuae

?

1 . .
1-¢ . sinp pcosp—sinp ,
Dip) = [ S5 enplipg) g = L 4 EERE SRR

sinp pcosp—sinp ,
- i.

1
Dy(p) = [ 5 exmineyds == ;

IIpu p — 0 umeem
*08 p — Si si
pcosp —sinp p 0% 7 inp

p? B p
Takum obpazom, Di(p), D2(p) - 1 mpu p — 0.

IMycte p —wmanoe uyncimo. OyHKIUHE SINp W pCOSP BBIVACIAAIOTCS B MallH-
we ¢ morpemsoctavu O(27Y) u O(p2~t) coorsercTBenHO. Bailencteue 3TO-
ro xosddumuentsr Di(p), Do(p) npuobperalor norpemsocts O(27%/p). Ilpu
7 > 2 OKa3BIBAETCSsl, UTO IIOTPEMHOCTH Kosdbdunuentos D;(p), BBIYHCISEMBIX
o dopmynam (1), Moxker okasaThca BenuumHOH mopsiaka 277 /p™~!. Hampn-
Mep, mpu t = 30, n = 5, p = 0,01 Takasm TOrpeiTHOCTb YK€ HEAOIIYCTHMA.
MosTomy cTaHmapTHBIE MPOrPAMMBI BHIYHCIEHUS WHTETPAJIOB OT OBICTPO OC-
UTIPYIOMMX (bYHKIUA JOMKHBI UMETh CHENUAJILHBINA OJIOK, HPeLyCMATPHBA-
oM M3MEHEHME PACUYeTHBIX (hOPMyYJ NP MAJBIX P € TeM, YTOObI H30exaTh
CYIIECTBEHHOTO BJIMSIHHUSI BLIYMCIHTENBHOM TOrPEUIHOCTH.

Ecim n He 0oYeHb BEIMKO, HANPHMED 7. = 2, TO MOXHO IOUTH IO CJIEAYIO-
MEeMy TyTW: OpH |p| > pn, Tlie HEKOTOpPOE P, NMOAOMPAEM 3KCIEPHMEHTAJNBLHO,
BEIMMCJIEHUsT Tpou3soguM mo dopmynam (1), (2); ecmm [p| < pn, TO BbuM-
CAsieM UCXOLHBIA uHTerpas no dopmyne tpameuwii (3.7), paccMarpuBas BCIO
dyuxumo f(z)exp{iwz} xak nompiHTerpasbHyw. B paccmarpuBaeMoMm ciiyuae
(n=2,dy =—1, do = 1) dopmyna (3.7) npuobperaer Buj

b —a
/ f(z) exp{iwz} dx ~ b 5 [exp{iwa} f(a) + exp{iwdb} f(b)]. (3)

Q@opmynsr (1), (3) MoxHO 06benuHHTL B oamy GopMyiy

b —_—
/ f(z)exp{iwz} dz = b 5 a exp {iwa i
a

"} D\0)f (@) + D) FB), (@)

rae

b—a
pP=uw 5
sinp pcosp-—sinp, §
5 i mpu |[p| > po, (5)
Dr,2(p) = P P
exp{Fpi} mpr  |p| < p2.

B craEmapTHBIX NporpaMmax BLIYHCIIEHHSI MHTErDAJIOB PAacCMATPHBAEMOIO THIA
[IPUMEHSIOTCS KBaaparypsl Buja (4), (5). BosuukaeT Bompoc: 3ad9eM YCIOMXHATH
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cTaHmapTHYIO nporpammy? MoxkeT ObITh, IpoUle HANUCATH CTAHIAPTHYIO IPOrPaM-
My BLIMHCITEHHs 10 (opmyne (2), CTAHIAPTHYIO IPOrpaMMy BLIMHCIEHHS MO (hop-
MyJIe Tpanenui W JaTh MHCTPYKIMIO: NpU Gosblumx |p| obpaiarbes K nepsoit us
CTAHAAPTHBIX IPOrPAMM, IIPH MATEIX |p| — ko BTOpo#? O6cymum uenecoodpasHocTb
Takoro roaxona. Haleil menbio sBIS€TCs CO3JaHne MAKCHMANIBHBIX YA00CTB MOIb-
sosartenio DBNM. Eciu B onucanuu NPaBHII HCIIONL30BANNA CTAHLAPTHO Iporpam-
MBI HAIMCAHO CJIMIIKOM MHOTO, TO IIOJb30BaTellb MOXKET He IOHATH TOro, UTO Ha-
[IACAHO, U

1) obpatuTbcs K Apyro#l mporpanmme, Xyjumei 1o KavecTBy, HO MMEIOeH JIy4inee
onucaHue MIH Dojiee NpocToe ObpalleHne;

2) BOCMOJNB30BATHLCS IPOTPAMMON HENPABHIBHO U HE IOIYYHTh PE3yJIbTATOB; Ha-
[pUMep, B PACCMATPHBAEMOM CITy'ae, IPHMEHUB MEeTOJ pacdeTa 1o dopmyaam (1),
(2) mpu p = 0, OH nOAYYNT ABAPHIHYIO OCTAHOBKY DBM;

3) BOCIONB30BATHCA IPOTrPAMMOIM HENPABMIILHO M IOJIYUIHTh HEBEPHBIH Pe3yJbTarT,
npeanonaras, 4TO OH BEPHBLIN; HAIIpUMED, TaK CJIYyHYHUTCA, €CJAH OH BOCHO/Ib3YeTC:d
dbopmynamu (1), (2) mpu 27¢/p"~! nopanka 1.

OueBHAHO, YTO MNOCJAeTHHH ciIy4ail Bieder 3a coboit Hambojiee HENPHUSITHLIE MJIA
MOJb30BATENST MTOCHEACTBUSL.

IIpu BeIGOpe MeTO1A JJIs CTARAAPTHON NPOrpaMMbl HAJIO CTPEMHUTHCS K TOMY, YTOObI
OTIHCAHUE MTPOTPAMMBI, COCTABJIsIEMOH Ha Haze 3TOro MeToa, OBIJIO IO BO3MOYXKHOCTH
OpPOCTHIM M KpaTkuM. Hajgo ¥UMeTes B BHAY, YTO BCAKOE JONOIHUTENLHOE BBICKA3bI-
BaHUE MOXKeT ObITh MCTONKOBAHO HENPABHILHO B yuiep6 juis o6JacTi IpUMeHeHs
OpPOTrPAMMBI.

IIpusBeseM OAMH NOYYUMTE/NBHBIH peaNbHBIA NpUMeEp. B ONMCAHHM OJHOH W3 CTaH-
JAPTHBIX IPOTPAMM BBIYNCJIEHHS KDATHBIX MHTErPaJIoB ObLIO HAIMCAHO: «[Ipumene-
HU€ HACTOAIIEH IPOrPaMMBbl HENeecoobpasHo, eCcan YHCII0 Y3M0B HGepercs 60abIINM
100000». Croycrst KOpOTKOe BpeMsi porpaMMa OblIa NPAKTHYIECKY UIBSITA U3 yIO-
Tpebnernsi. OKa3aJ0Ch, YTO CPEAH HEPBBIX NOAb30BATENEH IPOTPAMMBI IIOAABISIIO-
niee GONBIIMHCTBO Cpa3y 3aJaBanuck YucioM y3jo0B 100000, npu 3TOM Ha BBIUH-
CJIeHHE MIPOCTOTO WHTErpaja YXOLHIO CIHUIIKOM MHOIO MAIIHHHOrO BpeMeHu. BecTs
06 3TOM PaCHpPOCTPAHMIACH IIOBCIOLY, U BCKOPE K MPOrpaMMe IepecTaid obpamarh-
ca. Ha camMom nesle npu ee HCIOMB30OBAHMH GONBIIMHCTBO PEAJILHBIX HHTETPAJOB
BBIYUCISAJIOCH C NPHEMJIEMONR TOYHOCTBIO TpH Iucie y3yos nopsaaka 1000. Yucno
160000 6p10 yKa3aHO JUILb KAK OPHEHTHPOBOYHAS BEPXHsS MPAHUIA 3HAYEHHIT,
1Ip¥ KOTOPBIX BBIMHCIHTEbHAA NMOTPEIIHOCTh elle He OKA3LIBAGT KaracTpodute-
CKOTO BJIMSHUSI HA PE3YJILTAT.

§ 8. IToBbIIIEHE TOYHOCTH MHTETrPUPOBAHULA
3a c4eT pa3bueHHnsI OTPE3Ka HA PaBHbBIE YaCTHU

U3 omenku (2.1) BBITEKAaeT, ITO MOTPEMIHOCTD KBAJPATYPHI OLEHUBACTCS TEPe3
LIOTPEIIHOCTb, C KOTOpO#t (yHkuus f(z) Moxker OblTh HpUOIHMIKEHA MHOTO-
4leHaMu creneHu m. [TosToMy MOXKET IOKa3aThCsl €CTeCTBEHHBIM JOOUBATHCSH
YBEJIMUEHUs] TOUHOCTH 3a CUeT MOBBIEHWs CTeNeHH MHOTOWIEHOB, JJISL KOTO-
PBIX 3Ta KBajapaTypa TouyHa. OOHAKO TAKOW MyTh CONEPXKUT CBOM <IOJBOJ-
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HBbIE KAMHH». HpI/I HEYyAQaIHOM BI)I60pe Y3J10B MO2KeT OKa3aTbCd, 4TO BEJHUYIHHA
n

E |C;j| pacter BMecre ¢ n. Torma B onenke (2.1) Benmumaa V Takke pa-

j=1
CTET BMECTe ¢ T M MOXKET OKa3aThbCsd, ITO yMmeHnbmenue F,,(f) ¢ poctom n

He KOMIIGHCHpPYeT yBenudeHme V.
Hanpumep, mna mpocreiiiirero paBHOMEDPHOIO PACIIPEIEICHUS Y3JI0B

26 - 1)

i=1,...,n, lab=[11
o2 n o b =[-11)

(n) _
&M = -1+

OKa3bIBaeTCcA, 9To npH m = n — 1 umeem log, V ~ n. B pesynsrare 3TOTO,
HanpuMep, Mg anamuTHueckoil dymrkmuu f(z) = (1 + 2522)}

1
R =|[ #@)ds—5u(0)] - 00
-1
opu n — o0.
Paccmorpuy ciaywait, korna oTpe3ok HHTerpuposanus ectsb [(—1, 1], u copmymapy-
eM 0DIILy [0 TeopeMy, yKa3bIBAIOIIYIO Ha, HEODXOJUMOCTh OCTOPOKHOIO ODPAILEHHA ¢

dopMymamMu, TOUHBIME 1JIA MHOIOYJIEHOB OUeHb BBICOKOH crenmenn. [lycTs mpH ka-
JKJIOM N Mbl HIMeeM KBaJpaTypy

/f(z)dz Zc'(“f(d;")), (1)

TOMHYIO AN MHOro4neHos crenenn n—1. O6o3natuM qepes w, (T, T3) YACIO Y3108
xBagpatypst (1), npuHALIE)KAIMX OTPe3Ky (71, Z2].

Teopema (6e3 mokazaremncrsa). Ilycms cywecmsyem ompesox [r1, To] €
[—-1, 1] maxod, wmo

wn(lla 1'2 74

n /'nm

Tozda mooicro yxasams b 7 0 u a maxue, wmo Jaf 00HOU U3 GHAAUMUNECKUT

Ppyrryul
Re ! U it !
z — (a + bi) e z — (a + bi)

6ydem GBNONHATMBCA COOMHOUWEHUE

lim |R,(f)| = oo

n—00

npu 1 — 00.

Takum o6pasomM, y3iiel KBagpatyp (1), TO4HBIX 19 MHOTOYJIEHOB CTeneH: n— 1, mpu
6OIBIIUX T JOJIXKHBI PACIIONATATHCS C TAKOM YKe INJIOTHOCTBIO, KAK HyJIH OPTOrOHab-
HBIX MHOTOYJIEHOB, T.€. KAK M y3Jbl KBaaparyp laycca. MHaue Tak#e KBaIpaTyphb!
HeJb3s PACCMATPHUBATL KAK YHHBEPCAJIbHBIE.
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Ilepenumenm oueHky (5.4) morpemmoctu ¢dopmyn laycca:

ma <2 bp(z)dx) B (f). @)

ITycrs nompiTerpaibhas Gyukius f(z) menpepsisua. Torma, coryiacko reope-

me Beitepmrpacca, npu mobom € > 0 maifyierca Muorouwnen Py(zx), mmast xoro-

poro 1[11a)](|f(:v) — Py(z)] <e, orkyma cienyer, €ro E,,(f) — 0 upm m -+ co.
ab

TakuMm 06pa3oM, st J060# Henpepbienoit dbyukuun f(r) norpemHocts (op-
mya Taycca Rp(f) = 0 mpu n — cc.

Bagaga 1. Ilycrn f(x)— yurmus, uarerpupyemas no Pumany. Jlokazars,
qro gns dopmyn Faycca R,(f) — 0 npu n — oc.

W3 cxasamnore Bbime BUIHO, 4TO opmynnl Faycca morau 6b1 ObITH HOJOKEHBI
B OCHOBY YHHBEDPCAJBbHBIX MPOIPAMM BBITHC/IEHHA WUHTEIPAJIOR ¢ 33JaHHOM TOYHO-
crpio. Ilpu 3TOM npuaeTea BBOIUTL B 9 BM kakum-u60 06pa3oM y3/bl 1 BECA 9THX

KBQJApaTyp.

Bo MHOrEx iIydasx BO3HHKACT 337344 BLIYHCICHUS HHTErPAJIOB, LOC II0-
JbIHTErpaJibHAA (DYHKIUS HMJIH €€ I[POU3BOAHBLIE HEBLICOKOTO IOPSIAKA HMEIOT
YUIACTKM PEe3KOro u3MeHeHWsl, HaupuMmep obpamaiorcs B 6Geckoneunocth. Ta-
Kue (pYHKIUU IJI0X0 NPHUOIMMKAIOTCS MHOTOWIEHAMH CPa3y Ha BCEM OTPE3Ke
HHTCIPUAPOBAHUS. 3JECh aCTO OKAa3bIBaeTcsl 6ojiee BLIFOIHBLIM PasbuTh HCXOJI-
HBIA OTPE30K 1A JacTH W HA KAXKJON TacT TPUMEHATH CBOKO KBAJIPATYPHYIO
dbopmyny, layeca wnimm kakyo-subo ,H,py[‘yIO

Ilycre Burumcnsiercas uHTerpan I = / f(z)dz. Pazobbem orpesok [A, B]

Ha M wacreit [aq_1, aq], A ap = A, ay = B. [ns Berancienust wHTErpasa
MO KaXKJO#i M3 9YacTell UPUMEHMM KaKylo-nubo KBaJparypHyio <dopMyny u3
8§ 1, 3 Buua

Qg — mn _ +a _ _
i, = / J(e)du x5y = LS g (“q g 1(1]-) (3)
Ja .

q—1 7=1

C OLEHKON OCTATOYHOTO YJIEHJ

()

) ag — g1 m+1
————2 .

B pesysbrare mHTErpanm mo BceMy OTpesKy 6ymeT amIpOKCHMUPOBAH CYMMOW

M M n
Qg ~ Qg—1 [ ag_1t+a Qg — Gg—
):E Sq:§ (]2(] § le<q2 q+q2qld]’) (4)
Jj=1

g=1 g=1

Ry(f) < D( max

lag—1,aq]
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C OHEHKOH OCTATOYHOrO YJIEeHa

| = 1= suin] < DZ( mox [1@)) (452)"

H'Q~1 > ("fl]

Bripaxenne (4) wacTO HA3BIBAIOT COCTMASHOU WIH 0006ULeHHOl K6adpamypHoL
popmysot.

PacemorpuM naubosiee mpoctoil g MCCIEMOBAHUS CJywai, KOTJa OTPE3KH
pa3buenns MMeIOT OAUHAKOBYIO JJIUHY aq ay—1 = H. Torna ouenxa morpenr-

r

sHoctu (B) mocse 3ameHsl  max ! F(@)| wa semmumsy A, = max( Fim (.1:)!

npuobpeTaer BHJ, e ’
IRy (f)| € DAm(B — A)H™, e D =2"{""Vp, (6)
HIIN
Ry (1)] < Dty B M)

IlpuBeieM KOHKDETHBIE KBaJAPATYPHBIE (POPMYJIBI B ONEHKH IOTPEIIHOCTH
JUIs 4acTHhIX ciy4daeB ¢opmyn (3).

1. CocraBuasa dopmysa Tpamnenuii ¢ MOCTOAHHBLIM LIAIOM HHTErpPHU-
poBanus. B sroM wrydae npH IIOCTOAHHOM mare aq — aq—1 = H dopmyna
(3) upuobperaer Buj

/:Mf(x) de ~ H (f(;‘])

a OCTATOYHBIM WIEH OIEHHBAETCA CIIeAYIOINMM obpazom:

flar) + -+ flan—1) +

f(C;M)) "

(arr — ag)H? A (arr — a0)3_ (8)

2 g
|R%/(f)] < A2 D = PIve

2. CocrasHast dpopmyna CHMIICOHA C NOCTOSSHHBIM HIArOM MHTErpH-
posaumsa. IIpm nocrogaHOM miare a, — aq—1 = H = 2h ¢opmyna (3) npwe-
obpeTaeT BU/T

/a " ~ H <éf((1.0) + %f(al/g) + -;—f(al) + %f(a3/2) +

0

# 5H@) + -+ g o) + 5 onoa) + 5160

rae a; = ao + jH. na ocrarournoro wieHa clpaBejiiBa OLEHKA

Aslap —ao)H* _ Ag(anr —a0)® _ Aglam — ao)
2880 T 2880M* 180

Tlocnenassi 3amucy, onenku Hambonee ymorpebUTENBHA.

ht, h=

[Ra(£)| < g



§ 8. [ToBsIlIeHNE TOYHOCTY MHTErPUPOBAHIIS 123

Mot nomyuund (GopMysabl € NOPAIKOM INOTPENIHOCTH O(N™™) uno otHO-
mieENI0 K oOmeMy dMCIy y3sioB umHTerpuposanus N = Mn B upeanomnoxe-
HHU OTPAHUYIEHHOCTHU | f(m)(m)l. SameTrum, uTO B ciydae GopMyJl Tpamenui
u Cumrcona obiiee uucyio y3yoB N OKa3anoch MeHbIIe, deM Mm, TMOCKONBKY
KOHIIBI 3JIEMEHTAPHBIX OTPE3KOB [Gg—1, Gy OBUIM Y3/IaMH HHTETPUPOBAHHS H
3gaveHUs (PYHKIMHA B 3THUX KOHIAX HCIOIB30BANMCH IJisi BBIYHCJIEHHS HHTE-
rpajioB O ABYM COCEIHHMM 3JIEMEHTAPHBIM OTPE3KaM.

dr < 00, ¢ £ 2; TONYYHTHL OLEHKY TOTDENTHo-

Sagaua 2. Ilycts /B 'f(q)(rc)
ctr  (QOpMyJIB 1‘paﬁé4un171 .
Bl < ([ 100 as) ae o)
re Y, — abCOMIOTHAS IOCTOSHHAA.
‘B
Sanaua 3. HyCTI)/A ‘

ctu popmyns CummcoHa
B
|R111\/I(f)| < By (/A ‘f‘(Q)(JJ)‘ dm) HY,

rme [J; — abcomoTHas ITOCTOSHHAA.

f () (z)‘ dr < 0o, ¢ € 4; NONYYHUTL OLEHKY IOTPENIHO-

[IycTh, HanmpuMmep, BBIUYUCISETCH
1
/ (sinz)%dz, 0<a<1l.
0

Tax xak ((sinz)®), — oo mpu z — 0, TO MBI He MOXEM MOJYIHTH HHUKAKHX
oneHok morpemHocTu 4uepes max |f'(z)]. B To xe Bpems dynkums (sinz)®
MOHOTOHHa Ha otpeske [0, 1], mostomy

/ | (sina)ey

CnemoBaTesbHO, OpW  HMCHOIBL30BAHMM KBaJapaTyphl (4), COOTBETCTByIOMIEH
M =2 ¢ TIOCTOSHHBIM IIAIOM G4 — Gg—1 = H, cormacHo (9) umMeeM OLEHKY
norpemuocta O(1/N).

B namsOM mnpumepe u3 omenku (6) MAanoOCTh TOTPEIIHOCTH HE CJIEHNOBAJIA;
B TO e BpeMs Ha OCHOBaHMU (9) MBI 3aKJIIOYaEM, UTO 3ITa IHOTPELIHOCTD
nopsinka O(1/N).

He cnenyer mymars, uro B ciiygae GyHKIMH ¢ MaJbIM UHCJIOM OTPAHHYCH-
HBIX MPOU3BOJAHEIX COCTaBHBIE (POPMYJIBI YHCAEHHOTO HHTEI'PHPOBAHUS HMMEIOT
Jyqmuil NOpANOK CXOAUMOCTH TIO cpaBHeHuIO ¢ (opmynamu laycca. Ilpenmo-
JIOXKHM, YTO IOABIHTErpajbHas (DYyHKIHUA HUMEeT ¢ OTPAHMYEHHBIX NPOH3BOJ-
Hbix. Torza, mpumensia cocrasryio dopMymy (4), COOTBeTCTBYIOmyIO T = (,

=1.

dz = (sinz)®

0
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MOJIyuMM HpubJIMAKEHHOE 3HATMeHHe HHTerpaja ¢ morpemuocrbio O{N~9). C
JpPYIO# CTOPOHBI, M3BECTHO, 4TO JJs TaKkoi dyukmun Ey, (f) = O(N79).
Ilostomy m3 (5.4) cienyer olleHKa NOTpelTHOCTH (opMyJbl laycca ¢ N ys-
JIaMH

Ry(f) =O(NTY).

Taxunm o0pa3oM, HOPAMOK ONEHKH B ODOHX CIAYUAAX OTUHAKOB.

OfparuMm BHHMaHHE €lie Ha OXHO yaobcTBo Hcmosb3opanusa (opmyn Laye-
€a cpa3y IO BCEMy OTPE3Ky WHTerpuposanud. He Hy)XHO OLeHHBATH THIO ¢
OTPAHWYEHHBIX TPOU3BOAHLIX IMOJABIHTErPAJBHON (DYHKIMM M B COOTBETCTBUH
¢ 3TUM BRIOHpaATh HauboIee MOAXOAAMYIO (POPMYJY HHCIEHHOTO WHTETPUPO-
BaHMA 110 OTPE3KaM pa3bhenus — npu upuMeneHun (opmyn Taycca Topsmok
norpemmoctn O(N %) obecrieunBaercsl aproMaruidecku. KoHeTHO, HE HYXHO
AYyMAaTh, ITO (GopMysa, umMewmas Gojiee BBICOKHM NOPAIOK CKOPOCTH CXOIU-
MOCTH, HIPY KOHKPETHOM YMCIe y3JI0B BCerga Todunee (hopMyJibl Goiee HH3KO-
ro TOPSOKa CKOPOCTH CXOJHMMOCTH.

8 9. O nmocraHoBKax 3a4a4 ONTUMU3AIINN

Mepr nonyuwnian pan GpopMmys IHCICHHONO MHTEIPUPOBAHHMSI M MOTJIH OLI ITOJIY-
YUTH elle Oosbiiee KOIHYECTBO Takux (Popaysi. Bo3HmKaeT BOIPOC: MOXKIO
JU NOJYYUTh JIYUIIME 10 IOPAJIKY OICHKH IIOTPEHIHOCTH IIPH TeX 2KE Npen-
TIOJIOXKEHHUSAX O TIOALIHTErPAJIbHON (DYHKIHMH HJIH XOTd OBl YJIyUIIHTH KOHCTAH-
ThI B 3TUX oueHkax! M3ydeHuwe 3TOro Boipoca NPUBOAUT K 33Ja4e IOCTPO-
eHHs# KBaJpaTyp € ONTHUMAJNLHOM ONEHKOH MOTPEINHOCTH, WK, KaX TOBOPIT,
ONTHUMAJILEBIX KBaJparyp. B c¢Bia3M ¢ 3tuM BO3HHKACT (JIeayjomasa mpobie-
Ma—deMm DosbIme ¢mocobOB pereHns 3aJIatdH, TeM TPYIHee PeIuuThCd BbI-
6paTh KakKOH-TO M3 HHX, TMOCKOJIBKY KaXIblH CIOCO0 MOMXET HMETL CBOH TIO-
JIOXKUTENbHbIE KauecTBa: MPOCTOTA MPOrPAMMHPOBAHKS, Maloe BpeMs PaboTLI
9BM, MaJsag 3arpyska IaMmsTH, OPOCTOTa OIEHKH IOrPEHIHOCTH, IIPHMEHH-
MOCTBb K IIHPOKOMY Kpyry 3amad. Takum obpazom, ciaeayer uMers B BHLY,
UTO MHOTAA HU3JIUINHAsS HupopManus o crocobax pelreHus 3a4ad IpH O0iL-
IIOM HX KOJIUYECTBE MOXKET TaKXKe U 3aTOPMO3UTH PEAJHbHOE pPElleHue 3aJ1aM.
IlosToMy HeoOXOnMMa KaKas-TO CHCTEMATH3AIMS METOJOR PEIIeHUs, HX OT-
60op. EcTecTBeHHO TWBITATLCS PEIIUTH 33JA9% HAWIYHUIIAM, ONTHMAJLHBIM CITO-
coboM. MBI yXKe DACCMATPHUBANM HEKOTOpPbIE MOIEIbHbIE (HDOPMYJIUPOBKH 3a-
nad 00 ONTHMAJIBHBIX METOJAX PEIIeHNs HA IIPUMEpe BLIMHCICHUA 3HAMEHMI
QyHKIMA; TpH 3TOM BO3BHHMKAIOT ONPEIEICHHLIE MATEMATHYUECKHE IOCTAHOBKH
33424, Tpedylommx pelneHus. )

IIpun paccMOTpeHHH KaXK0H HOBOM NpoOJeMbl KEJIATEJIbHO IMOMIYIATE €€
naubosee mogpobHOE, HAWIyUIEee ONUCAHWE U 3aT€M PEIIUTh BOIHUKIIYIO 3a-
Jady HamrydamuM obpazom. OgHako OGBIYHO 3TO HE ylaeTcs CUEIaTh W IPH-
XOAMUTCS JOBOJIBCTBOBATHCA MEHBIIHM: OIHCATH HpobseMy HawmlydmmMm obpa-
30M H DelUTh €€ Y/JIOBJCTBOPUTEJBHO HJIH ONHCATHL IpobieMy yIOBJIETBOPHU-
TeJIBLHO H 3aTeM IIOJHOCTBIO DEIIUTH BO3HUKINYIO 3ajady. [Ilpm paccMOTpeHHH
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npobJeMbl ONTHMH3AIMH METOHOB MOXKHO TI'OBOPHTE O BBIOODEe MEXIy yIo-
BJIETBODHTE/ILHBIM DPelIeHneM MpPOOIeMbl ONTHMHU3AIMA METOJOB Yl KJIACCOB
32744, GIM3KMX K PEATIbHBIM, WM HONHBIM PEIIEHHEM TPOOJIeMbl M1 3TaIOH-
HBIX MATEMATHUYECKHX KJACCOB, NOJODHBIX PaCcCMAaTPHBAEMOMY B CIIELYIONIEM
naparpadge. MoxKer BHI3BATH HEJOYMEHWE BHICKA3BIBAHHE 00 «YIOBJETBODH-
TeJILHOM pemieHuH NpobseMbl ONTHUMH3AIMH MeTOIOB» JJId KaKMX-TO KJac-
COB — Beib 33J1a9a ONTHMHU3AIUUA METOIOB Ha KJACCE CBOJMTCS K BIIOJHE KOH-
KpeTHOIl MATeMATHIECKOH 3aJlade, KOTOPYIO, HO-BHJIHUMOMY, MOXKHO DEITHTD
OKOHYATEJIBHO, & HE <«YJOBJIETBOPUTEJHHOY.

B npuHOUIE 3TO BBICKA3BIBAHWE BEPHO, OIHAKO OOLIYHO IIONHOCTLIO pe-
MUTh 3ajady B IIpHEeMJieMoe U1 TpPAKTHKH BpeMd He yI4eTcd, TaK Kak
BpeMs, HeoOXOJMMOoe ISl IOCTPOEHHS OINTHMAJNBHOTO MeTona, OOLIYHO CyIlie-
CTBEHHO NPEBOCXONUT BpeMsl, B TeUeHWe KOTOPOro BO3HUKAET HOBOE, YTOU-
HEHHOE OMNHCRHHUE KJIACCOB PacCMATPUBAEMBIX 333<. Takke HAJO WMeETh B
BUJy, UTO He BCETNA yAaercd (POPMAIH3OBATL TAKOE MATEMATHHUECKOE OMHCA~
HHE KJIACCA PEAJIbHBIX 3aJad: UMEETCS KAKOe-TO KATECTBEHHOE MPEeJCTABJIEHUE
0 KJacce, MMEIOTCA HEIJIOXHEe YHCICHHBIE METOJbl W UHTYHTHBHO SICHO, YTO
B MNPAKTHYECKOM ILJIaHEe ONTHMAJLHOCTL METOJOB JOCTHTHYTA; B TO JKE& BpeE-
M" HeT JaKe 4YeTKO (POPMAJW3OBAHHOTO OIMCAHWS KJACCA DPEIIASMBIX 3aJad.
Hanpumep, peanbuo TpedyeTCd BLIMHCAHTH HHTErPajbl OT KYCOUHO-TVIAIKUX
QYHKIHMI, OAHAKO B TEUYEHWE JOJIIOr0 BPEMEHH TAaK U HE YyAaJ0Ch TPEIJIo-
JKHTh ONHCAHME MHOMKECTBA TaK¥MX (PYyHKIHH, KOTOPOE COOTBETCTBOBAJIO OBl
peasibHOM mpakTuke Bblumcinenuil. TouHo Tak Ke, HANpUMED, NPH AHAJIM3E
(GU3NYECKUX MOJCACH MOXKHO OIHCATH 3aJa4y € MOMOUIBIO CIOMKHOM CHCTEMBbI
madgdpepenInaabiblX YPABHEHHH H PEIIATh 3TY CUCTEMY € MAJIOH TOYHOCTDLIO
WM OMHCAThL 3ajady bojee rpybo ¢ MOMONIBIO TPOCTOH CHCTEMBL M PEIIHUTH
3Ty CcUCTEMY C OONBIIOW TOTHOCTHIO.

B pasHpIX ciyuasx, B 3aBHCHMOCTH OT KOHKDPETHOH OOCTAHOBKY, ObIBaer
nejgecoobpazeH TOT WJIM HHOH TONXOJ K pelleHuIo 3ajavud. lIpencrapisgercs,
YTO Jjid MPUKJIAITHOW HAyKu vacTo Oojiee CYIECTBEHHO HE OKOHUATENbHOE pe-
HIeHHe BAPUAIMOHHBIX 3aJa%, a NPABWILHAS HX mOocTaHoBKa. O6Lramo 60jb-
oy 3(pdeKkT AaeT yA0BIETBOPUTEILHOE PEHIeHne NPABUILHO ITOCTABICHION
B OPaKTHIECKOM CMBICJIC BapHAIUOHHON 38JaYH, UeM TIOJHOE DEnieHHe yIpo-
HIEHHON 3aJIaIK, HE OXBATBLIBAIOIICH BCE CYLIECTBEHHBIE XAPAKTEPHBLIC YE€PThI
HCXOJIHOH TIPO6JIeMBbI.

Yto Takoe ONTHMAJLHBLIA MEeTOH peileHhs 3alatun?

[Toji omTUMaNBLHBIM METONIOM pEIIEHHS 330aYH MOXKHO MOHMMATL METOH,
Tpebyomuil MEHAMAJIbHOM 3aTpaThl MamuuHoro ppemesu. Ho 3rto Bymer me-
NpaBUJIbHAA TOCTAHOBKA, IOCKOJBKY, B MPHHIMIIE, BCAKYIO 3334y MOXKHO pe-
muTh 6e3 IpUMEHEHUsT MAINWH, 34TPATHB HA 3TO OUYECHb OOJIBIIOE KOJHUIECTBO
BPEMEHH.

Ilox, onTUMAaNBHBIM MOMKHO TOHHMATL METOJ, TPeOYIOmHUil MUHMMAJIBHDBIX
3aTpaT BpeMEHH (MJIH COOTBETCTBEHHO MATEPHANLHBIX 3aTpaT). llpm arom
WIeAyeT MOMHHUTBL, YTO BPEMS U 3aTPATHl HA IIOUCK OHTHMAJBHOTO AJITOPHT-
Ma YK€ BXOOST B peEIIeHUe 33JaTH.
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Korma MBI CTABEHM BOODPOC O PpeINEHHH 3aJladd ONTHMAJILHBIM OGPas’oM,
Mbl He yYHMTHIBAEM Da3HBIX BO3MOXKHOCTeil HCCJIe[OoBaTesiel, pemanmmux 3a/1a-
qy. A BeIb B 3aBHCHMOCTH OT HHIUBHIYAJTbHBIX BO3MOXHOCTEH HCCIENOBa-
Tensa, Hagmuusg OBM, Oubiuorexkn, n1abOPAHTOB, COTPYIHHKOB, ODI3AAIOIIUX
ONBITOM pemeHdst MOMODHBIX 33Jad, ONTHUMAJIbHOE pemleHue, BooOuEe roBops,
Gymer pa3IHYHBIM.

Mgu! roBopunu 06 ONTHMANLHOM PEHIEHMH KaXXJOH KOHKPETHOW 3aJaum.
Takas ITOCTAHOBKA BOIPOCA HE COBCEM IPABHIbHA TAKXKE 0 CIEIYIOIed Npu-
uynHe. Ha camom Jiesle KOJJIeKTHB HCIenoBaTesiefl CTAJIKUBAETCH € IeJof co-
BOKYIIHOCTLIO 3aJa<. MBI MOXeM I[OCTABUTH lepek, cooil Lellb PeluTh [ep-
Byl0, BTOPYIO M T.J. 33JaYd 3a Kpardainree spemsi. OJHAKO IOCTAHOBKA BO-
npoca B KOPHE M3MEHUTCS, €CIM MBI 33/1aIUMCS LeJbl0 PEHIUTL ¢ MHHUMAIIb-
HLIMH 3aTPaTaMH{ ILEJIYH0 COBOKYIHOCTHL 3aJad. MBI MOXEM peliaTh MePBYIO,
BTOPYIO ¥ T.J. 33aJau¥ ONTHMAJbHBIMM MeTOJaMM, HO 33 9TO BpeM:d HAy-
Ka, YVHIeT BHIepel, H eciid Mbl He OyJieM H3ydaTh HOBBIE METOHBI, CO3/aBATh
HOBBIE AJITOPUTMBI WM CTAHAAPTHBIE [POIPAMMBI, PACCYHTAHHbIE HA, PEIICHUE
Oyoymmx 3a7a4, TO B LEJOM MbI npourpaem. llpw Hamuumu Gosbioit cepum
3ama4, He Tpebylomeil CBEPXCPOYHOIO DPEINEHUsl, BBITOJHEE 3AHATHCH TEOPETH-
JEeCKUMHU MCIEAOBAHMSIMHA, CO3JATh HOBLIE AJITOPUTMBI, 3 3aTeM YXKe pemiarh
ITH 33J1aYH.

Her omHO3HAYHOrO OTBETA TAKXXE€ HA BOIMPOC O TOM, KTO HOJKEH 3aHH-
MaThCa ONTHMAJBHBIM pelIeHHeM 3aJad. ECiaM MBI MMeeM JeJI0 ¢ eJUHCTBEH-
HO#l KOHKDETHO# 3ajadeif, 3aBemoMo He Tpebyromeil HOBOro ajaropurMa Hu
6oNpIINX 3ATPAT MAINWHHOTO BPEMEHW, €e JIyulle TOPYYUTH BHUIONHHTHL pa-
GOTHUKY HH3KOM KBATM(DUKANMH. YBEIHUCHHE UMCIA 33739 M HX (JIOXKHOCTH
Tpebyer uUpUBJIeYeHUs PAOOTHUKOB BBICOKON KBaJIM(PHKAITUH, [MOCKOJILKY 3IECh
ux ortmada Oyner Hambosnee mnonHoH. KoHeUHO, Ba)KHO M3YyUHUTDH OMNBIT pelle-
HUS KaK (JIOKHBIX, TaK W IPOCTLIX 3amat nomobuoro tuma. Jjaa Toro yroObl
33139y ONTHUMH3ANUM METOI0B MOXHO OBINIO PACCMATPUBATL KAK UUCTO Ma-
TEeMATHIECKYIO 3aJady, HeoOXOOUMO OUpeNeNUTh IENeByI0 (YHKIHMIO HCCIEIO-
BaHHUs, KJIACC PACCMATPHUBAEMEBIX 33049 H BO3MOXKHOCTH HCCJIEI0BATEJI.

KagecTBO Kakoro-To ajropurmMa Ha KJacCe 3a7a9 Mbl XapPaKTEPH3YEM €ro
KavecTBOM Ha CaMOM «IJoxo#i» HOJs Hero 3ajade 3Toro kjacca. Ilostomy
YeM yXKe KJAacC PacCMAaTPHUBAEMBIX 3aJ1a, TeM JIydulle KadeCTBO AJITOPHTMOB
Ha 3TOM KJIacce. '

Kazajioce Obl, cliegyeT MOCTPOMTH ONTHMMAJIBHBIE AJTOPATMBI JJIA PEHICHUS
BO3MOXKHO Oosbliero umciia kiaccoB 3anad. OJHAKO NpPHM W3JIHUIHEH NETAJIHA-
3aIIMM CJIMIIKOM MHOIO YCWJIM# y#JIeT Ha OTBICKAHYE ONTHMAJBHBIX METOI0B
peitennd. B aToM wiydae MoXeT He XBATHTL CHJI M BPEMEHN HA PpEANIbHOE
pelreHne caMux 334ad, pa3paboTKy W CO3JaHWEe CTAHOAPTHHIX mnporpamm. Ko-
HEYHO, 3TH 3aMEYaHMA IIPOTHB JCTANM3AIMM B MEHbIIEH Mepe OTHOCATCS K
CIydalo CHenyaJu3UPOBAHHBIX MAMIMH H YCTPOMCTB, IAe CiledyeT MaKCHMaJlb-
HO CY3UThb KJIACC PaCCMATPUBAEMBIX 3aaM.

Ilpu mepBoM B3rAsgAe Ha TPOGJIEMY KaXXeTCd, 9TO B NMPAKTHKE BBIMUACICHHH
BCErJa HMEIOT JIeJI0 ¢ KOHKPETHBIMH 3aJa9aMU W HHKOI/A HE PAcCMATPHBAIOT
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kaacc 3anad. 11o 3ToMy HOBOZY MOXHO CKa3aTh clemyiomee: (pOPMasbHO IpH
BRIOOPE METO[a PpeIIeHUs] 33Ja4h HCCIeOBATESIb HE OTHOCHT €€ K KaKoMy-
b0 Kaaccy; OJHAKO METOJ| PEIleHHsI BCerna BhIOMpAETCS B 3ABHCHMOCTH OT
HEKOTOPBIX THIHYHBIX CBOMCTB 3aJaqdu: THI JH(QepeHIHaTbHOTO yPABHEHUS,
gasuaue OCODEHHOCTH y PEIIEHMs], YHCIO0 KOHEUHBIX IPOM3BOUHBIX U T.1u. Ilpu
BHIOOPE ANTOPHTMA HCCICA0OBATEIb YUHTHIBACT 3TH CBOMCTBA U TeM CaMbIM
BOMBHO HJIM HEBOJBHO OTHOCHUT PACCMATPUBAEMYIO 3aJa4dy K KJacCy 3a/1ad,
061JAI0MKMX ITHMH CBOMCTBaAMMU.

Ilpu amanuse 3a0ad MU pasbHEHMHM HX Ha KJIACCHI UAaCTO BO3BHUKAET BO-
IpoC: KaKOMy KJaccy 3aJat YAENMTb IepBOOUepeNHOC BHHMAaHHe, B TaCTHO-
CTH, Ha KaKOH KJIACC 3aJa4 CIeLyeT PAacCIUTHLIBATL IPH COCTABJIEHHH CTAH-
JApPTHOI IIpOrpaMMbl UHCIeHHOro uuTerpuposanusi? Ilycrs, Hampumep, mpu
MOMOLUM 3TOH NPOrpaMMbl MPHUMEPHO C OAMHAKOBOH dYacToToi OyayT BeIUM-
CISITHCST MHTErPAJIbl KAK OT IVIAJKHWX, TaK W OT He O4YeHb WIAJKHX (PyHK-
muii. Ha kakue DyHKIUH HYXKHO OPUEHTHPOBATHCS TIPH BBIOOpE AJITOPUTMA
ang 9Tol mporpaMmbi? OTBET HA TOT BONPOC MOXKHO TOJYYUTH U3 (JIEIYIO-
mux coobpaxennit. Ha rmankux ¢yuknuax agropur™m Oymer paborarh Gosee
3(p(PEeKTUBHO, TIO3TOMY BpeMsl, 3aTPAYMBAEMOE Ha HX pelleHue, OyIET MEHb-
e BpPeMeHM, 3aTPaIMBAEMOr0 HA DPEIIEHME 330349 ¢ HETVIAOKHMH (DYHKIUSIMH.
50% SKOHOMHH BpEMEHH MpPHU BLIYUCGICHHU HHTErPAJIOB OT IJIAOKHX (PYyHK-
M TIPUHECET MEHbINYIO BBITOY, ueM 50% 3KOHOMHU BpeMeHW IPH BLIYH-
CIIEHUHM HHTErpaJioB OT Hersyiagkux ¢yHkuui. CienopaTesbHO, IIEJ1ecoobpasmee
YIeIUTh BHUMaHHEe 3(M@EKTHBHOCTH AJIFOPUTMA B CJIy4Yae HErTaaKuX (pyHK-
muii. Koneuyno, BeiBOJ, ByJeT ApyruM, eciv OOds Hermaakux (yukiui Oyjger
MaJIa.

IIpu oTBICKAHMHM ONTUMAJILHOIO METOHA PelIeHHs KJIAcca 3aJad B CJydae,
KOTJA IPEIIIoNaraeTcss HeHOCPEACTBEHHOE BHEIPEHUE AJITOPUTMA B BbIYHCJIHM-
TEILHYI0 NPAKTHKY, OOBIMHO BO3HUKAET CJellylolas HpobieMa: HaM He yua-
€rcss cpa3y HAUTH ONTHMAJIBHLIA METOHN PelIeHHs 33134 PACCMATPUBAEMOrO
kKjgacca. Ilocne HekoTOporo BpemMeHw paboTBI MBI HAXOOUM KAKOH-TO METOI,
HHOra ONU3KUH K ONTUMAJbHOMY, MHOIZA IPOCTO JYYINdM, YeM paHee u3-
BECTHBIE, & 3aTe€M IIOCTENIEHHO COBEpIIEHCTBYeM ero. B Kakoil MOMeHT Ha-
A0 OCTAHOBUTHCA B YCOBEDIIEHCTBOBAHMW METOAA H IEPEATH K COCTABJICHUIO
CTAaHJAPTHBIX IIPOTPAMM pelleHuns 3Toro kmaacca 3anad? Ilpu orTsere Ha 3ToT
BOIIpOC HANO YUHMTHIBATE (JIEHyIOmIUe IpoCThle coobpaxkeHusd. Eciau Mpl mo-
CemuM U OLICTPO HAYHEM BHEIPSTH TOJNBKO HUTO HOJYUEHHBIH aJIFOPUTM,
TO, MOXET OBITh, HAM NPHIETCSI BCKOPE CO3JaBATh HOBHIE ANTOPHTMBI H3-34
ILIOXOr0 KaveCTBa 3ITOTO AJTOPUTMA. 3aTArMBAHHE BPEMEHM IIPH COCTABJICHHUH
CTAHIAPTHHIX IPOrPaMM TAKIKe HEXEJIATEIbHO: TPH 3TOM MbI HOHYCTHM 60ih-
ol mepepacxol, MalIMHHOTO BPEMEHH IPHU PEIIEHHH 33Ja4 110 HMEIUTHMCS
CTaHJAPTHBIM MPOrPAMMAaM.

Moxno BO3pa3uTh, YTO CO3HaHME COBEPHICHHBIX CTAHAAPTHHIX HIPOrPaMM
npuBeneT K OONBIION SKOHOMHMM MAMIMHHOIO BpeMeHH B 6yaymeM. Onmako
MpH 3HAIM3E ITOrO BO3PAKEHUs! B CBOW Ojepelb CJeLyeT yUecThb, 9r0 Ma-
ITHHHOE BPeMs CTAaHOBUTCH BCe MeHee NedMNUTHBIM M Oosiee pemeBbiM. Kpo-
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Me TOro, 4eM paHbllle MbI DEIIMM Ty WJIH HHYIO 3aJa4dy, Tem O0IpIIYIO pe-
AJILHYIO IIOMIB3Y TIOAYYNT OOIIECTBO B IIEAOM.

HyXHO yuMTBIBATH TAKIKE BAXKHOCTH OBICTPOrO BHEJIPEHUS BHOBL CO3IAH-
HBIX AJrOPUTMOB JJIL CAMOM 3aJladH OTBICKAHUA ONTHMAJBHBIX METOJ(OB pe-
menud. deno B TOM, uTO aHANW3 PE3yJAbTATOB PACUETOB MOXKET YKA3ZATH Ha
HeoOXONMMOCTL U3MEHEHHST KJACCA PACCMATPHUBAEMBIX 33139 M OTKPBITL IIyTh
O HOBLIX TEOPETHUECKUX HCCIeAonanuit. Mpl BUAUM, UTO mOAXOM K 1pobie-
M€ OINTHMAJLHOCTH IJOJKEH HOCUTL IJUHAMMYECKHIH XapaxTep: HOJKHBI CTPO-
ATLCS ONTHMAJBLHBIC HJIM OJM3KHE K HEM METOJBl IJisi BCE HOBBIX KJIACCOB
3344, TPEIbAaBIAACMbBIX HAYKOH M TEXHUKOM, IIDUM HM3MEHEHUH BO3MOXKHOCTEHH,
npegocrapiageMbprx IBM.

IIpu sToM meobxomumMa Kak Tekylnmad pabora, tak u pabota 1mo JoBeme-
HHIO0 TPEJIOKEHHBIX pPaHee TMOCTAHOBOK M0 OKOHUATENBLHOro pelrenus. s
BBIYUCIUTENLHON MaTeMATHKU, KAK H JUIS BCIKOW IPUKIAJHOR HAYKH, Xa-
PakTepHA Caenyomas obcTaHoBKA. OOBIMHO 32aYH HOBBIX THIIOB IIPEIbIBJIsI-
I0TCH CHAYAJa B HE3HAUWTEJbHOM KOJUYECTBE H TPEDYeTcs CpOMHOE UX pe-
wenue 060l IIeHOH, He CUYUTAsICh HU C KAKUMH 3aTpatamMd. Ha nepBom
JTane NPUMEHSEeTCS NTEepBBI NONABIOWICA TpueMileMblil Merom. [lamee sTwm
33Ja9YM IOCTYIAIOT B OGOJIBIIOM KOJHUECTBE, MPOU3BONUTCS Oojiee WM Me-
Hee YJIOBJIETBOPHUTENbHAS ITOCTAHOBKA 3aJd9M ONTHMH3ALUA METOHOB M Ha-
XOMUTCS HEKOTOPOE ee¢ peHIeHHe. 3aTeM 3ajava [EePeBOJUTCH Ha HOTOK, T.e.
pellieHre 33037 3ITOr0 THITa, IMIPOU3BONMTCH IIPM IOMOIIK IIAKETOB COOTBET-
CTBYIOIINX CTAHAAPTHBIX Mporpamm. He ciepyer nymMaTh, UTO HA 3TOM 3Ta-
e TIOJIHOCTHIO KOHYAETCS] HCCICIOBAHUE NAHHOTO THIA 3aIa9 — 9TOo0LI CO31a-
BaTh 3 DEKTUBHLIC METOILI PEIICHHS] HOBBIX 3aJIA9, HyKHO OCMBLICIHBATL TE
33J1a9H, KOTODPBIE OCTAJUCh HECKOJLKO 0334, M NPOBOAUTL HX TEOPETHIE-
ckoe u3yuenue. Wuorma 6wiBaer uenecoobpasno pabory mo GeICTpOMY pelle-
HUI0 UEpPBBIX IOCTYNUBWIMX 3a/lay CepuH W TMEpPCIeKTUBHYI paboTy mo co-
37aHM0 3G@EKTUBHLIX METOHOB PENIEHUST ¢ CAMOT0 HAYaJa OPraHu30BaTh
MApAJLNENLHO.

CooTHouteHre MeXIy TEKYmed W NEePCrneKTHBHOR paboToll TakxKe dapJid-
CTCs1 BaXKHeHIMM HaKTOPOM KUSHEIESITCILHOCTH JIIOOOH HayIHoil opranusa-
uru. B KaXIplf MOMEHT BPEMEHH OPTaHW3alM¥ MPEIbABIAIOTCA HEKOTOPBIE
TpeOOBaHNUS, BBHITOJIHEHHE KOTOPBLIX HEOOXOAMMO [JIs €€ CyIeCTBOBAHHI: Ca-
MOOKYIIA€MOCTb B CJIy'ae X03PACUETHBIX OPraHH3alui, CBOEBPEMEHHAS OT4YeT-
HOCTb II0 TOMOBOMY TiaHy  T.1. OIHAKO CYIIECTBYIOT U KDPUTHYECKHE MO-
MEHTHl BPEMEHH, KOTJA [PEeIbABJIAIOTCA IMOBBIIEHHbIe Tpebopanud K pabore,
HalpuMep, HeoOXOOUMOCTH CBOEBPEMEHHOrO peIeHHs HOBBIX KJACCOB 3a,/1ad.
IlosTOMY NpH IUIAHMPOBAHWE DPABOTBI JIOJKHBI IIPEAYCMATPUBATECA KAKHE-TO
TEOpeTHIeCKHe Da3pabOTKM BIPOK, PE3EPBHI JIIOAEH, MATOUHHOIO BPEMEHH.

BepueMcs kK BOTIPOCY 06 ONTHMH3AIUH METOIOB.

Yacro MaTeMATHK, CO3/IAB ONITHMAJbHBIA Win OMM3KUMl K HeMy MeTon pe-
IICHUA 33aJaYH, CeTyeT Ha TO, YTO 3ITOT METOH IUIOXO BHEIpSercs B BLIYH-
CJINTENbHYI0 NMPakTuKy. OTBeT Ha 3TOT BOIPOC MOXKET OBITH CAMBIM Pa3HBIM.
YacTo 3TO HPOMCXOJHT BCJIEACTBHE KOHCEPBATH3MA IMPAKTUUIECKUX pabOTHH-
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KOB, HX >XeJlaHus paboTATh CTAPHIME, NPUBBLIYHLIMKH MeTomamu. Muorma sro
O LSICHSIETCSI HEJIOCTATKAMM CaMoro meroja. Hampumep, Cllydaercs, 9TO Kpo-
me (¥ jaXe BMECTO) ONTHUMAIBHOCTH METOIA JKeJATEJbHbl H CYIIeCTBEHHDI
[POCTOTA MeTOJA M BO3MOXHOCTH HAJEXKHOIO KOHTPOJIST TOYHOCTH IOJIy<ae-
MBIX DPE3yJbTATOB. MOXKeT IyYHMThC, UTO CaM KJAcC PACCMOTPEHHBIX 3aJat
HE COBIIAJIAET C KJACCOM, K KOTOPOMY OTHOCHTCS OOJBIIHMHCTBO 33J1ad, II0-
CTYNAIOMIMX OJi PeILICHU.

KoneuHo, Hy>XHO YUYHTBIBATL TAKKe BOIPOC O TOM, HACKOJBKO IIMPOK BO3-
MOXKHBIH KpyTI' PeiaeMbIX 3aJatd paccMaTpupaeMoro kiacca. Ecmu ceituac m B
HepCUeKTHBE OXKHJAAeTcd peweHne HeDOABIIoro HHCIa 3aJad PAcCMaTPHBACMO-
ro KJjacca, pa3paboTKa ONTUMAIBHEIX AJIIOPUTMOB M CO3JAHHE CTAHJIADTHBIX
OPOrPAMM  DeIleHnst 3aJad 3TOro Kjacca Moryt ceba me ompaBmaTh. B To
K€ BpEeMsi M3ydMeHHe 3aJal OINTUMH3ALMN METOJOB Ha PAa3IHUHBIX KJacCax
4aCcTO NOJIE3HO TeM, UTO DY PEeUICHUH BO3HHUKAIOT HOBBIC METOABI, KOTODbIE
3aTeM HaXOJAT NPUMEHEHHUE M UPH DEIHeHHU 3aJ3Y HU3 IPyruxX KJIAcCOB.

§ 10. IloctanoBka 3a/Jauu ONITUMU3ALUKA KBAIpaTyp

Paccyxnenus § 9 HOKA3BIBAIOT BAXKHOCTL M3YUEHUs PA3JHIHBIX MMOCTAHOBOK
mpobireMbl ONTHUMM3ANMN METOHOB Ha Kiaccax (yHKIi.
PacemoTrpum 3asiaay BRIUHCIEHHST HHTETPAIIA

Hﬂ=£#wmme

O6nacte unrerpupoBatng {1 # BecoBas {pyuxnust p(P) npeanonaraiorcs Quk-
CUpOBaHHBIME. KUacc paccMaTpUBAGMBIX 3aJAT OMPEIENM 33TAHHEM KJIACCA
F poppmrerpaneunix dyuxunit. [Toepewnocmuvio xeadpamypot

.
I(f) = Sy(f) =D _ D f(Py)
j=1

Ha kaacce F HasbIBAIOT BCJIMIHILY

By (F) = sup |By(f)],
feF

Ile, KaK OOBIYHO,
Ry (f) =1(f) — Sn(f).
Hwxusas rpaus

Wy(F) = inf Rn(F)

35 P

HA3BIBACTCH ONMUMAALHOT OUEHKOT NOZPEUWHOCITIY KEAOPATYP HA PACCMAMPUEa-
emom kaacce. Eomm cymiecTByer xBanpatypa, mia Koropo#t Ry (F) = Wx(F),
TO TAKYIO KBaJIpATyPy HA3BIBAIOT ONMUMAALHOU WM HAUuAYwwed Ha PACCMa-
MPUBAEMOM KAGCCE.

5903
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B § 2 6ouia monytueHa OreHka (2.4) UOUPEHIHOCTH KBaApaTypPbl, TOMHO
JJ18 MHOTOYJIEHOB cTenmedd m, uepe3 {m + 1)-10 npowssomnyio pyHKIEU. IDTa
OLleHKa #ABIAeTCA HeyiayumaeMmoil (cm. samauy 2.3). Takum obpasom, mis
KJ1accoB (PyHKImiL

F: If(m“)(:c)léA npu z € [a, b

peanuunia Ry (F') uzBecTHa H 3aJava NOCTPOEIHS ONTHMAJIBHON KBaJPATYDh
CBOOUTCA K HAXOXKIEHHIO KOIPDHIHEHTOB M Y3JIOB, HA KOTOPBIX JOCTHIAETC:
amxaaa rpans Ry (F). Hns paga xiaaccoB (ryHKIME 3Ty 3a0avy  yaasiocn
pemnth. Hanpumep, npu m = 0 Takoit KBaapaTypoil sBjgeTcd cOCTABHAA
¢dopMysla HpsIMOYTOJILHUKOB

1 1SN (5—1/2
/0 f(I)deN;j<—————N )

C OUEHKOH oorpemtdocTH
[Rn(f)] < A/(4N). (1)

(HToxazarn!) .

B macrosinee Bpemsi ONTAMAJBHBIE KBRJAPATYPBI IOJYYEHDI A9 HEHOJb-
woro Habopa KJIaccoB (DYyUKIMHA, B OCHOBIOM OAmON mepemennoi. Hemocpei-
CTBEHHOE 3HAYEHHE ITHUX KBAJAPATYD JJIsT NPUIIOXKEHHIT HEBEJIHKO, OIIAKO 3TO
He BHAYAT, UTO HE HyXKHO 3aHAMATHCS NOCTPOCHHEM TAKUX KBaIPATYD.

[MocTpoenre oNTUMANBHBIX KBaApaTyp U JaJIbHEHIICe MX pasBUTHE Ha CIIy-
qaft Gosbliell iaAKocTH U GOJBUIErO YMCIA MEPEMEHHDIX OKA3AJHCD [ICHIILIMU
He T[I0JyMeHHeM KOHKPETHBIX KBaJApaTypubiXx (DOpPMyJi, a BBIACHCHHEM Kavte-
CTBEHHOH CTOPOHBLI BOOPOCA: TJe KAKHE MCTOIbI JIyHIIe, Ha KaKyl TOYHOCTH
MOXKHO PACCYUTBIBATL UPH MCHONB3OBAHUM ONPEENEHHON HH(OPMANUEN O TMo-
JABLIHTErPASIbHON (DYyHKIMH, KAKOB& IUIOTHOCTL PACIPEAEIEHHA Y3JIOB Y «XO-
pomeit» KBaJpaTypsbl.

IlycTs, nanpumep, UPH IE€PBOHAYANBHOM AaHAJU3€ 3A7439M Mbl PEHIHJIIHN
BOCHOJIB30BATHCA  HH(pOpManmeil 06 OrpaAHWYEHHOCTH TIEPBOil  IMPOH3BOAHOMN
If'(z)] < A; ounenka norpemmuoctd (1) HAC He yCTpamBaeT, HOCKONBKY JIJisl
JOCTHXKEHHUST HYXKHOH TOYHOCTH € TpebyeTcss CIUIMIKOM OOJIbLIoe 9HIO Y3JIO0B:
ecm A/(AN) <€, ro N > A/(4e). Onrumansuocts ouenku (1) ykaspiBaer Ha
HEOOXOHMMOCTD CyXKEHHMs KJIAcCa PACCMATPUBAEMBIX 331a4 IIyTeM ydeTa Jo-
HOMHATENbHOH HHQOPMANUK O MOABIHTErPANbHON (DYHKOUHU (CTPAHUIEHHOCTH
BTOPO¥ TNPOU3BORHOMN, THII 0CcODON TOUKH HOABIHTErpaJbHON DYyHKIMH, aHAIU-
THYHOCTb U T.1I.) HJIM DPACUIMPEHHS MHOXKECTBA HCIIOIb3yEMBIX METONOB HH-
TErpUPOBAHHUS.
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§ 11. OnTuMu3anus pacupejesieHnus y3JI0B
KBajgparypHoit dopMyJibl

Pa3sBuTHE METOIOB YUM(JIEHHOTO HHTEIPHPOBAHUsI MO0 Obl HOWTH O NIyTH
CO3JAHMS OINTHMAJBLHBIX METOJOB Ha pasnnuHbix kiaaccax Cr(A4; [a, b)) u co-
3AAHHSI HPOIPAMM HA OCHOBE ITHX MeTonoB. 3mech u ganee Cp(A; [a, D)) —
kiacc (YHKIHH € KyCOYHO-HENPEPBHIBHON 7-# NPOM3BOIHOM, yIOBJIETBOPAIO-
el yCIIOBHIO

‘f(r)(w)} <A npu z € [a, bl

Bckope mocne Hadajld PACCMOTPEHHS 33Ja7 OINTUMM3ALUH METOMAOB CTAJIO $IC-
HO, UTO Y€ H3BECTHBIE HA 3ITHX KJACCAX METOHBI C OINEHKOH NOIDENIHOCTH
(8.7) Hemanexu or onTuMaibubIX. Kak ysuamm B § 7 L 5, 3a cuer omrTd-
MH3AIIAN KBaJAPATyPHOH (hOpMYyJbl OIEHKA HorpermHocT (8.7) Ha pacecMaTpu-
BAEMBbIX KJIaCCaX He MOXKeT ObiTh yaydiuena mo nopanky. IIpm stoM Ttakxke
CTaJI0 FCHO, YTO HEKOTOPBIE METObl, MPAKTHYECKH COBIJIAIONINE C METOMIA-
mu Jitepa u Iperopm (cM. § 13), gBIAIOTCS aCHMITOTHYECKH ONTHMAJIbHBI-
MH TI0 OIIEHKE TJIABHOTO <LJICHA TMOTPEHIHOCTH. VIMeercss B BHAY CJICKYIOIIEE.
J1st 9THX MeTOJOB Ha COOTBETCTBYIOIIMX Kiaccax (byHKIMH ObLIH IOy UCHBI

OIIEHKH HOIpEUuIrHoOCTH

Cr/Nr + CT+1/NT+17

B TO BpeMs KakK JJIsI OINTUMAJIBHBIX Ha ITUX KJlaccaX MeETOIOB OlLEHKa II0-
T'pENIHOCTH HMeEeT BHJI

¢ /NT + O(1/N"T).

Kazanoces Obf, UTO MOCKOJNBKY €CTL TOUTH ONTHMAJIBHBIE METOIbI, TO CJIe-
AYIOIIAM 5TAIOM JIOJIKEH CTaTh IEPEBOJ, BCEX MPOIPAMMHBIX KOMIJIEKCOB WH-
TErPUPOBAHUS HA HCIOIL30OBAHUE ITHX METOJOB.

Onnako TomoOHOE YTBEPKIEHHE HEJb3s PaCCMATpHBATH Kak HeccrnopHoe.
Benencreue Gonpmoro muoroobpasust 3asad, TpebyloIIMX pelleHus, NOPH Ie-
pexose K ITally BHEJAPEHH: MEeTOHOB B TIPAKTHKY BCErAA CJIEAYET IPOSBIATH
HU3BECTHYIO OCTOPOXKHOCTBL. Henp3s MONHOCTHIO PYydaThCs, YTO MPHHATOE HAMM
OIIMCAHHUE KJIACCOB ITHX 33749 HAMIYINHM OOPA30M COOTBETCTBYET KJIACCAM
peanpHBIX 3aga4. Hanpumep, wremyeT mpusuarh, 4T0 Kjaacchl Cp TUIOXO OIH-
ChIBAIOT peasibHble 33/a49d. KOHEYHO, M3-3a MPHUBLIYKH K TPAJMIMOHHLIM Me-
TOJaM BHeJDEHHe HOBBLIX METOJOB OOBITHO TpebyeT SHEePrHYHBIX JEACTBHH €O
CTOpPOHBI MX HPHUBEPXKEHIEB. B TO e BpeMs HaA0 UMETH B BUJIY, YTO CTaphle
METOAbI MPOILIM UCHLITAHHE BPEMEHEM M MOLYT OKa3aThCsa 6Gojiee MPHTOAHDI-
MU [ PEIIeHUs 33Ja9 HEKOTOPBIX KJIACCOB, IIOTOMY OTOPACHIBAHUE CTAPBHIX
MEeTO/I0B HOJIPKHO IPOU3BOAMTHCA JIMING II0CJE JOCTATOYHOTO TEOPETHYECKOI'O
H NPaKTHYECKOrO AHAJIH3A.

B ciyvae paccmarpuBaemoit npo6ieMbl ONTHMH3AINNE METONOB HHTEIPHPO-
BaHHUsA Ha I[PAKTHKE ellie [0 IIOJIHONO BRIACHEHHS BONPOCA 06 ONTHMAaJbHOCTH
METONOB HPHILIM K CISAYIOMMUM 3aKJIOUEHUASIM.
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TIpu pasGHenud MCXOMHOTO OTPE3KA WHTErPUPOBAHUS HAa ONHHAKOBLIE 3Jie-
MEHTapHbie OTPE3KH Qg — Gy—1 = H MBI nonyuaeM WHOOPMAIMIO O TIOMBIHTE-
rpafibHOfl (PYHKIUY DABHOMEDHO 0O BCEMY OTpe3Ky HMHTErpupoBanus. B To
»Ke BpeMsl TIOAbIHTerpajibHast QYHKIMA MoXKeT ObiTh Oonee ruialkoil Ha wacTm
OTpEe3Ka HHTErPUDPOBAHNSI, HOITOMY TaM CJI€JyeT HOMECTHTH OTHOCHTEILHO He-
OOIbIIOE KONMHYECTBO Y3JIOB, T.€. JJs NPAKTUIECKA ONTHMAJILHBIX METOJOB
pasbmenne OTPE3KA HWHTErPUPOBAHMS HA YACTH JOMXKHO OLITL mpHcrocobyero
K CIeUH(pUKe MOBEHEHUS NOJABIHTErPAIbHON (DYHKINY.

PaccMoTpEM BO3MOXKHBIE TOCTAHOBKM 3373y DACHPEJENEHMS Y3JI0B B 3aBH-
CHMOCTH OT 0OCODEHHOCTEH MTOBENEHHs! MPOHU3BOZHON ITOALIHTErpaJbHON (yHK-
OHH. JTH [TOCTAHOBKHM HMEIOT MHOIO ODIIEro, OJHAKO JJIS KOHKDETHBIX 33744
TOT HIM HHOW IIOJXOJ HHOTHA OKa3biBacTcs Oosee yaobaeiM. st mipocto-
Thl HM3JIOXKeHHs Mbl OyHeM [OPOBONUTE PACCMOTPEHHE Ha mpuMepe (DOPMyJIb
TpaIeLnuii.

Ilycts BerMHCAsgeTCsT HHTErpat

1
1) = [ fia)ds

¥ nofpiHTerpadbHad dbyHkuma ypowaersopser ycrosuaMm |f7(z)| < A; ma or-
peskax [Bi_1,By], l =1,...,¢, toe 0 = By < By < --- < By = 1. llaz

BBITHCJICHHA HHTETrPAJIOB
By

Li(f) = f(z)dz
B,
IPHMEHHUM COCTABHYIO (DOPMYJIy TPAlEliuil ¢ PaBHBIMH OTpe3KaMd pasOHenus
AJIAHBI H[ = l)[/N(, rae l)l = B( — Bl_li
f(Bi-1) |, f(B
19 ~ 810 = i (25 g g o L2
U3 pesynsraroB § 3 cieiayer, 9TO OCTATOYHBIN 4YJIeH ONEHHMBACTCS BEJIMYH-
Ho#t A;b?/(12N?). Torma cymvapmas morpemHocTb IpH 3ameme I(f) cymmoir

q
E Si(f) ue npes3oiijieT BeIMYUHBL
=1

[MocTtapum 3anawy: npu 3agagnoM sucine N = Nij+---+N, orpeskos pastu-
€HUA PACHOpPSIUTHCA BBIOOPOM BenwuwH N; Tak, YTOOLI CyMapHAas OILeHKA
morpemHocTd ¢ ObuIa MHHMMAJILHOIM.

Hapimem mupumym @ mpu yenosum W = N; + ...+ Ng— N =0, ne mpes-
mojlarasi II0Ka, 4T0 BenuduHbl N, nensie. [IpupaBHUBAasg HYJI0 IPOU3BOIIHBIE
dyurnun Jlarpamxa ¢ + AV, nonyvyaeM CHCTEMy ypPaBHEHHI

B(@+ A1) A
ON, 6N}

+A=0.
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4 A
N, = b/ gxl (1)

U3 ycoosma ¥ = 0 mosyduM ceayiollee ypaBHEHHe OTHOCHTEIILHO Al
q
A
> o ZL_ N,
6
(=1

W3 aroro ypasHeHusi omnpegeisem A u sarem u3 (1) maxomum Nj. Iockombky
N, momxkubl OBITH IEILIMH, TO BO3bMEM, HAIIPHMED,

OTciona

o

Ny =N = | b 3 (2)

O4eBHAHO, UTO
N—-q< N +--+N)<N.

MBI He HAILIM HACTOAIIEr0 MHHHMYMa ¢ [0 MHOXECTBY BCEBO3MOXHBIX IIE-
apix Ny, ..., Ny, ynosmerpopsiomux ycmosuo Ny + ---+ Ny = N, omHaxo
JaJibHelliiee YyTOYHEHHE BpAM JIH Da3yMHO.

O0GBIHO TIPAKTHUYECKHUH HHTEpEC NPEJCTABJAET APYras BapHALMOHHAA 3a-
Jada: HaWTH MHHUMajbHoe 3HadeHue N = Nj +---+ N, Ipu KOTOPOM OlieH-
ka mnorpemuoct P He npesocxomuT 3anaHuoro e. Hockosnbky ¢ MOHOTOHHO
yOLIBAET C POCTOM BENWHUHELI [N;, MOCTATOUHO OTPAHUUHATHCS ciaydaeM P = e.
Bosbmem ¢pynxiuio Jlarpanxka B Buie

N1+---+Nq+)\_1(<l>—e).
IlpupasunBas mysaio ee mpousBogubie o Nj, [ =1, 2,..., ¢, NOIydnuM Te XKe

[ A
ypasrennst (1); momcrasnsa swadenme Np = by 3y B ypasHenue P = ¢, mo-

JIY UM
q /3
. A /
MBS b=
=1 <48 l )

Onpenengem ), a 3arem coorsercrsyromue N;. CooTHOmeHns 1jsd onpesese-
HUS BeJIWIuH [V, IOy YIUBINIAECS IPH PACCMOTPEHHM ITUX JBYX 33Ja9, WMEIOT
OIWHAKOBBIN BuA. [103TOMY 1 BHIBOOA KAXECTBEHHBIX DE3YJIHTATOB 00 ONTH-
MaJILHOM PACIPEIeJIEHUN Y3JIOB NOCTATOYHO OBLIO OLI OPPAHHUYMUTHCS PACCMO-
TpeHueM OJIHOH W3 3THX 3a71aY.

Hameit nenpio gBiserca pa3paboTKa ONTUMAJIBHLIX METOMOB PEINEHUs H
paspaboTKa HAa HUX OCHOBE CHCTEM IIPOrPAMM PpElIeHHS THUIIOBBIX MaTeMa-
THYECKEX 3anmad. MoxkHo npejactaBuTh cebe TpOrpaMMy BLIMHCICHHS WHTE-
rpajla C 33JaHHOH TOYHOCTBIO, paboTapInyid no ciaemyloimieir cxeme. IIpo-
H3BOAUTCH BHMHCICHHE TabJIUIBI 3HAYeHWl (QYHKOUM Ha HEKOTOPOH CeTKe
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T1,..., Tn. Ilo 3TON Tabsuue cocraBisiercss TabaMIAa Pa3leJIEHHBIX Pa3HO-
creit f(zg; z1; 2)y- .., f(Zn—2; Tn_1; zn). M3 paccMorpeHmMs 1ol Tabiuipr
JenaeTcA BBIBOA, 0 Haubosee menecooOpa3sHoOM pa3bueHHM OTpPe3Ka Ha 4acTH
[Bi-1, B;] u 3nauennsx A;, COOTBETCTBYIOIINX 3THM HaCTAM. 3aTeM, B COOT-
sercteun ¢ (1), Beibuparorcss N; W HPOU3BOIZUTCI HHTETPHPOBAHHE.

BosbIIHACTBO alrOpUTMOB PeasibHO pabOTAIONINX CTAHJAPTHLIX MPOTPAMM
fasupyeTcs HE HA TAKOM HEIOCPEICTBEHHOM HCIIOJL30BAHHH TIONYYEHHBIX CO-
OTHOIIEHHH, a Ha OJHOM KAYE€CTBEHHOM BBIBOJIC, SBJISIIOMEMCS cyeacTBHeM (1).
Jlna 3Toro mepenuineM paBeHCcTBO (1) B BHIE

I—Q—Az(bz/Nz) =3

JleBag wacTh 3TOro BBIPAXKEHHs] PABHA OICHKE ITOTPENIHOCTH IO JIEMEHTAD-
HOMY OTpPe3Ky HUHTerpupoBaumsi jjunsl by /N;, Ha XoTopble pa3bur OTPe30K
[Bi-1, By]. Takum obpasoM, 5mo COOMHOUIEHUE O3HANAEM, YO NPU ONMUMAND-
HOM DACNPEJCAECHUL Y3A08 UHMELPUPOSAHUS OUEHKU TNO2ZDEUWHOCTEN, NPUTOO0A-
WUECA HA INEMEHMAPHBIE OMPEIKY URMELPUPOBAHULA, JOANCHY Gbimb 0JUHAKO-
EHLMU.

Jns momyveHus: 3TOr0 BBLIBOJA HOCTATOYHO OBIIO OTPAHHYIHTLCA CJIyTaeM
q = 2. 910 06CTOATENBCTBO NOAIEPKHBAET 0OIUEe CBOHCTBO KAYECTBEHHBIX
XapaKTepUCTHK MEeTOJOB pelleHus 3aia4d (He 06g3aTeIbHO MaTeMaTHUECKHX):
OAR UT NoAyueNUR JOCTNAMOUHO 02DAHUNUTNGCA PACCMOMPEHUEM TPOCTETULUT
Modeseli, YHUMBLBANULUT OCHOBHBIE CTMOPOHY ABAECHUA. '

Kak mpaBuwjio, aJICOPDUTMBI, OCHOBAHHBIE HA KAYECTBEHHBIX BHIBOJAX O
CBOMCTBAX PpEIIeHHsI ONTHMH3AIMOHHON 332JaH, UMEIT 0O0A€e 1WUPOKYIO
obaacms NpuMeHenus, €M AJTOPUTMBI, ITOJ0DHbIE BBIIEOMTHCAHHOMY, OCHO-
BBIBAIOIHECS HA KOJHUECTBEHHBIX COOTHOEHusX. OmnumcpiBaeMble HaJiee HOpo-
rpaMMbl BBIYHCIEHUS HHTErPAJIOB, OCHOBBIBAIOIIHECH HA ITOM KAUECTBEHHOM
BBIBOJIE, MO3BOJSIIOT BBIMHCIATL € BBICOKOH CKOPOCTBIO CXOJUMOCTH MHTErpa-
Jbpl OT GYHKUHE C pEryisipHBIMH OCODEHHOCTAMH THHmA I, o > —1.

Paccmorpum ente ommy, GAH3KYI0 NOCTAHOBKY 33MadM ONTHMH3AIMH pac-
HIpeJIeNIEHUsl y3JI0B HMHTErpupoBanus. Irobbl He yTOMISTH UUTATENs] BTOPO-
CTENeHHBIMH JeTajlaMu, MBI He OyneM NpOBOAUTH MOAPOOHBIX OIIEHOK UJIEHOB
BBICIIEr0 IOPSJIKA B OIEHKE IOIPEITHOCTH.

IIycts orpesok wunrerpupoBanus [0, 1] pasbur Ha wactu [ag-1, ag], ¢ =
1,..., N, ag =0, ay = 1, 1 uHTErpajd 0O KaXKJIOH YACTH BLIUKCALETCS IO
dopMmyne Tpamenui

L1
Gq — Qg—1

L) = [ fle)de  sy(f) = T2 (Flagon) + Flag)).
Qg1 2

Torma muTerpan uo Beemy orpesky [0, 1] Beruncnsiercs 1o dopmyse

q N
1) =3 _1(f) = D sq(f)
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C OILBHKOﬁ OCTATOYHOIO *lJIeHa

N (ag — ag_1)®
r = Z max ,f”(.L” Al A VAR (3)
pi! J

Aq—1,0q 12

[Iycrs wmssectno, uro |f’(x)] < F(x) ma [0, 1], rme F(z) nempepbBua, M
[ycTh B KauecTBe @, B3ATHl 3Hadenus ¢(q/N) mempepssHO muddepeHmupy-
emoit yHKIHM o, ynosaersopsiomei ycrosusim @(0) = 0, (1) = 1. Ilo-
CKOJIBKY

aq—aq_l-——(p(%>—g0<q——]v——-l> zw'(%>%+o(jvl—> nmpu N — oo,

TO

Max ]f”(x)l < max F(z)=F(ay)+0(1) =F (cp(%)) + o(1).

[ag~1,aq] [ag-1,a4]
W3 »TuHX COOTHONIEHMH TIONIyvaeM

f”(ﬂ?)’ (g — ag1)” <eg= (w'(i>>3 —F—&i(—%)—) +o( ! )

max 12 N 12N N3

lag—1,aq]

Honcrapnsas mocaefHue COOTHOMEHUs B (3), HMeeMm
N F q
o1 TN (‘”(N >> 1
<t nw CW) e relw)
Boipaskenne © (pHrypHbIX CKODKaX SBIAETCS KBaJApaTypHOH cyMmoil Pumana
IJIST MHTEerpasa
1
3 F(p(t))
[ (o= a
Jo

0T HernpepbiBHON ((byHKOUU. ClenoBaTeNbHO,

_ _;_2. (/c;l(go'(t)ff%i) dt) +o (1—%) . (4)

PacemorpuM 331ay MHUHAMH3AIMH NEPBOTO, IJIABHOTO YJIEHA BBIPAKEHUS
(4). HOns ymobersa pelmeHust ypaBHeHusl Diljiepa NpUMEM 33 HE3aBHCHMYIO
nepemennyo bynkuuio . Torma xosdduiuent mpu 1/N? B rnaBHOM uiene
MOrpellHOCTH 3aIMIIeTCd B BHJE

1
[ S a,

Ypapuenne Dittepa ama GyHKIUH, MEHEMHA3HpYIOmeH (yHKIHIOHAI

el

1
/ G(p, t, ') de,
1]
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HUMeeT BHJI

d [(0G oG

B pacemarpuBaemom caydae O0G/0t = 0, mostomy m3 (5) umeem O0G/dt' =
const. IlogcraBnasa KoHKpeTHOe 3HadeHne GyHKimH G, MOIydIuM

(t’(go))'sfjg—) = const
Fp)(¢'(1))* = C1. (6)

Obmee pemenue TOoro ypasHenms 3apucuT 0T (] W elle OT HEKOTOPOH Io-
croaunoit Cy. 3HAYEHWd ITHX MOCTOSHHLIX MOXKHO ONPEAETUTH U3 IPAHUYHBIX
yeroBuit ¢(0) = 0, (1) = 1. Pemenne pacCMOTPEHHON BAPHAIMOHHON MOCTA-
HOBKH MOXET NPAKTHIECKH HCIONL30BATHCA DPA3TMYHBIME crnocobamu. Hampu-
Mep, B ClIydae TAaAKuX byHkumit f(z) IporpaMMBbl OCYHIECTBIAIOT THCIEHHOE
uHTerpupoBanue (6) Ha CeTKe ¢ maroMm, CylmecTBeHHO Goabmum 1/N, u 3arem
PACIIPEJIENAIOT y3Jbl B COOTBETCTBMH ¢ MOJIyUE€HHBIM DPENICHHEM.

N3 coornomenust (6) MOXKHO CIEJATL TOT K€ BBIBOJ, O PABEHCTBE OLEHOK
MOTPEITHOCTEH Ha 3JIEMEHTAPHBIX OTPE3KAX HHTETPUPOBAHHUS TIPH ONTHMAJIb-
HOM pacmpejiejieHUn y3j10B. B camom gaene, ymuoxum (6) ma ﬁg‘, ITOJIOXKHM

t =% n samemum F (o () u %¢' () CcOOTBETCTBEHHO 3KBHBATEHTHBIMH

BEJIMIMHAMU : max ]F (), ag — aq-1. B pesynbprare nomyaum
aq_l,aq

_ 3
max F(:z)(aq 1) O

= . 7
[ag—1,aq]} 12 12N3 ( )

JApyroi# u3 BO3MOXHBIX NYTEH NPAKTHUIECKOTO HCIOIb30BAHUA PEIICHNST
ypaBuenus (6) cocTtout B cieayiomeM. Ilycte Tpebyercda BBIMHCIATL 60D
HIyI0 CEePUI0 UHTETPAJIOB € OJMHAKOBBLIM XAPAKTEPHBIM IIOBEJCHHEM IIOILIHTE-
rpadibHbIX byHKUMH. BhlmeauMm nmpocredimyio MOmenbHYI0 (yHKIHIO, I KO-
TOPOH 3a7ata ONTUMU3AUMHU Y3JIOB MOXKeT OBITH pellleHa B sBHOM BHIE, H
Janee OylneM IPOM3BOAUTL WHTErPUPOBAHUE C PACIPEJAECTIEHHEM Y3JOB, COOT-
BercTByonuM 3Toil dynknuu. Ecnu xapakTep m3menenus (pyuxumii M3 pac-
CMaTpUBAEMOA CEpHM 3aBHCHAT OT HEKOTODOTO IapaMeTpa, TO 3TOT LapaMeTp
cylellyeT ydIecThb IIPH BhIDOpe MONEenbHOM (YyHKIMY; eCTECTBEHHO, YTO MOJEJIb-
Had yHKug He 00S3aTEIBLHO OTHOCHTCH K PACCMATPHBAEMOMY Khaaccy. dem
Bonburee KOMMYECTBO 33Ja< NPEXbABIIETCs JJId pelleHus, TeM Omiee OIpas-
JAHHBIMM MOryT OBITBH 3aTpaThl, CBI3aHHBIE € YIAYHBIM BHIGOPOM H PaCCMO-
TpEeHHEM MOIEJILHOR 3aJa4u.
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§ 12. IIlpuMmepsl oITUMHA3 AN
pacnpegejieHusl y3JI0B

PaccMOTpuM TpEMeph! pemenust ypassenus: (11.6) 1A KOHKpeTHBIX 3aJad.

Mpumep 1. IlycTb BBIYUCIAETCA CEPHUSI HHTErPAJIOB

/lf(b, z)dz
0

rme b— nmapamerp cepum, f(b, z) = zbg(b, ), —1 < b < 2, g(b, z) —
rnagxaa dbyukuus, g(b, 0) # 0. Ecm b # 0,1, To Bropas npousBonHas
fzz(b, T) He orpanmuena B okpecrHoctd Touku (, mosTOMy mpH BHIGOpE
MOJENbHON 3afadH CJIeAYeT YYeCTh 3Ty CHenu(HKY IOBeIEHHS IOBIH-
TerpanpHOi (pyHKuuH. B okpecrHocTu Toukd r = 0 MBI HMeeM

Faa(b, ) = b(b — 1)z 2g(b, 0) + O(z*1).

TakuM 06pa3oM, B OKPECTHOCTH TOYKKH £ = () BTOpas NPOM3BONHAS [z
NpUGIN3UTEIFHO IPONOPIUOHAJBHA BTOPON NPOM3BOAHON (yHKIuH y =
2%, mosTomy dyHKImIO Y = ¥ ecrecTBEHHO pPACCMATDHBATL B KAaTeCTBE
momensuoit. IIpumem 3a F(z) Bemmunmy |b(b —1)|2°~2; Torma ypapuenue

(11.6) sanumierca B BHAE

OTCIONA

3 —_—
(3”“ 1) oot + O,

b+1

U3 ycnosus ¢(0) =0 nonydaem, uto Co =0, a u3 yaosusa ¢(1) =1—

4TO cpbg_l = t. Takum 0OpazoM,
p(t) =115 (1)

o 1
U 49 MOJAECJIBHOW 3aJaYM BBIUHUCICHUS HHTErpaja fO (Eb dxr onTUMaJib-
HBIM B paCCMATpHUBAEeMOM HaMH CMbICJIE ABJIAETCA paclpenejieHhe Yy3JI0B

_(4\TH
e ()

ITpoBeneHHbIe BhIMIE MOCTPOEHMs, BOOOMIE TOBOpS, HENPHUMEHHAMHI K pac-
CMATPUBAEMOMY CJIyYal0, NOCKOJBKY NpH nonyveHuu oueHku (11.4) mpeamo-
JIarajach OrPAaHMYEHHOCTH BTOpO#M npowmssoppoi ¢ymkuum F(z), mHe umenomas
MecTa [Ist JaHHOH 3amavu. OZHAKO MOXKHO OBOCHOBATH MPUMEHHMOCTH OIEH-
ku (11.4) u B paccmMaTpuBaemoM ciydae.
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Bagada 1. [lycrs gna dbyuxnuun

() 0 pu z =40,
Jolz) =
z? upu z € (0, 1},
rne —1 < b < 1, no ¢gopmyse Tpalenuil ¢ HOCTOAHHBIM IHALOM G4—04-1 = 1/N

BBIYHCJIACTCSI

St
/ fo(z) dz. (2)
0

Jlokazarb, 9TO CyMMapHas [OTPEIHOCTh  YAOBJICTBOPSIET — COOTHOILEHHMIO
Ry(f) ~ Dy(b)/ N't* rtme Di(b) # 0.

Bagaua 2. Varerpan (2) sorwmcasterca 1o ¢GopMysie Tpalenmil ¢ pacnpee-

3
JeHreM y3ioB ag = @(q/N), ¢(t) = t1+0, onpenessiemsiM (1). Jokazars, uro
CyMMapHasi MOrDeNHOCTh yJoBJeTBopsAer cooTnomennio Ry (f) ~ Dy(b)/N2.

3agmada 3. Varerpan (2) Boluucaserca mo (hopMysie Tpanenuil ¢ pacipeje-
aerneM y3noB aq = @(q/N), ¢(t) = t*. Ilokazare, ¥ro upn a > 2(b+1) cym-
mapuast norpemsocts Ry (f) ~ D(a, b)/N?. Hposepurs, uro D(a, b) > Dq(b).

CpaBHeHHE pe3yJIbTATOB PENIEHHs 3THX 3334 IIOKA3BIBACT, UTO II€PEPACIIPEIeIeHHe
Y3JI0B B CTOPOHY O0JbIIeil UX KOHIEHTDAIU¥ BOMH3UM OCOOEHHOCTH, B YACTHOCTH
ONTUMHU3ANUA PACTIpele/eHus Y308, MPUBOAUT K yBEHUEHUIO MOPAIKA CKOPOCTH
CXOOBMOCTH.

IIpumep 2. Burunciaserca cepust MHTErpasion

5
/ ®(Inx)g(b, ) dz,
Jo

rne g(b, z) —iagkas $yukuus, g(b, 0) # 0, b— napamerp cepum. Ilo-
CKONBKY Inz mMmeer 0coBeHHOCTH B Touke (), TO KAMXKETCH eCTECTBeHHDIM
B3ATL B KadecTBe MojespHoli (yskimmn y = z’lnz. Ee sropas mpous-
BOMHAS WMeEeT BH/I

y" = 2P2b(b— ) Inz + (26— 1)).

Mpu F(z) = |(z"Inz)"| ypasnenne (11.6) me pemaerca B KBajpaTypax,
noaToMy yupocTuM 3azady. Ilpu x — 0 dbyskumus Inz pacrer “MenjeHHee,
geM Jro0ag crenenHas GyvRumEa y = z ¢, & > 0. Mcxoas w3 aroro B

ypasnenun (11.6) Bosbmem F(z) = const-z'2.

IIpumep 3. Briuuciasercda cepus HHTErPAJIOB

/01 exp {——%}g(b, z)dz, (3)
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rae g(b, z) —rnankas byuknusa, g(b, 0) # 0, b— napameTp cepuu, KoTo-
pBIfi MOXET NPHUHEMATH O4eHb Majible 3HaveHms. IIpu Mmamnpix b mojpin-
rerpajipHas (OYHKIOHs M €€ HPOM3BOJHBIE DE3KO MEHSIOTCS B OKpeCT-
HoctH ToukKH z = 0 3a cuer muoxurens exp{—z/b}, mosromy wumeer
CMBICJI IIPOU3BECTH ONTHUMH3ALYIO PACIPEJEICHHUs! Y3JI0B MHTErPAPOBAHUS

1
Ha MOJEeJIbHOHN 3aJade BBIUYHCICHHS HHTErPAIA / exp{—z/b} dz. Ilomno-
0

xum F(z) = |(exp{—z/b})"|. Ypasuenue (11.6) mpuobperaer Buj
1 P dp 3
2?5 ) (E) =0

1— exp{—é’%} = Oyt + Cy.

Orcroaa

Uz ycnosust ¢(0) = 0 cnemyer, aro Cy = 0, a u3 ycuoBus @(l) = 1

o {-£) = (1-em{-5 1)
=i (1-an {11}

Ilpumep 4. Broiunciaserca cepusi HHTETPAJOB

OTKYIa

1
| expl=a/81a(v, 2) ds, 4)

rae g(b, r) —rnaakas dynxkuus, g(b, 0) # 0, b— napamerp cepum, KOTO-
pPBIA MOXET NPHHHMATHL OYeHb Majibie 3HadeHus. [lpm Majbix b momblH-
TerpasibHad (YHKIHMA ¥ ee MPOM3BOAHBIE PE3KO MEHAIOTCH B OKpECT-
HocTH TouKHM z = 0 3a cuer MHoxwurens exp{—z2/b’}. Ilostomy B
Ka4yecTBe MOJIEIBHOM 3a1aYd BO3BMEM 3a/lady BBHIUMCICHHA HHTEIPaJIa

1
/ exp{—2?/b*} dz. Tlonoxum F(z) = l(exp{—zz/b2})”{; TOrI2 B Kave-
0
crBe ypaBHeHus (11.6) momydymm ypaBHeHHE
11 — 2% /6% exp{—?/b*} (dyp/dt)? = C1b? /2,
OTKYyZa

/ V1 — 292 /62| exp{—?/3b*} dip = / Y/ C1b2/¥/2 dt.

OTOT HHTETrpaJl He BLIYUCASETCS B SBHOM BHJE, IIOITOMY IOIIBITAEMCS

npou3BecTH ynpomenus. Hanpumep, moxno zamemurb /|1 — 2¢?/b?|
Ha 1. Ilpm Gonpmmx 3HAa4YeHHsIX /b, KOTJA TOTPENTHOCTH TAKONR 3aMEHbI
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GospIIas, ee BINSHHE HE CTOJb 3HAUHTENBHO M3-32 MAJOTO MHOMXHUTEJS
exp{—©?/(3b*)}. Tlocne Takoro ynpomennst dyHkumus o(t) 6yaer Bbipa-

%
KATBCS 4vepe3 (PYHKIHIO, 00paTHYH QYHKIIMH / exp{—u2} dv.
Jo

3agauan, noxobHLEe PACCMOTPEHHBIM B IpUMepax 3, 4, BO3HUKAIOT JOBOJIBLHO YaCTO,

HaanMep, Ipyu pacyeTax AUarpamMm HANPABICHHOCTU AHTEHH BLIMUCIAIOTCH Ce-
-1

PUH HUHTETPATIOB / exp{ibg(b, z)}h(b, ) dz B WIMPOKOM AHANA30HE HIMEHEHHs b;

dbyuxnuu g(b, z), h(b, x) apasworca nosonasHO raaxkumu. [Ipu b He ouens Gonbuux
3TU MHTErpallbl MOI'YT BBIYACHATHCA C MOMOUILIO IPOCTERInK KBagparypabix Gop-
myst. C pocToM b HPOM3BOAHBIE NOABIHTEIPANLHOM (HYHKIHE PACTYT, IOATOMY Tpe-
fyeMoe KOMMYIECTBO Y308 HHTErPUPOBANNA YBEIUIUBAeTCA. [[pu oveHs Gonbmmx b
MOYKHO BOCIIONB30BATHES METOIOM TEPEBAITA HIIK HHBIMH ACHMITOTUTECKAMYU METO-
pamu. QIHAKO AJA «TIPOMEKYTOYHbIX> 3HadeHHi b 06a 9TH MeTona OyayT mIoXH:
HEPBLI — U3-3a TPYJAOEMKOCTH, BTOPOil — H3-3a Mautoi TouHocTH. [lostoMy uHOTIA
NPUMEHSAIOT CIAEAYIOUIMH METOA: KOHTYDP HHTETPHPOBAHAA NPEoGpasyercs TaK, ITo-
GBI OH IPOXOIMII 110 THHUAM HAUCKOPEHIero crycka (dbynxmun exp{ibg(D, z)}, xak
3TO MENaeTcaA TPH HCIOJb30BAHWA METONA TepeBasia. IloayqanTcd HHTerpaisl OT
PE3KO MEHAIUTHXCA (DYHKIHMHA, aHAJOTHIHBIE DACCMOTPEHHBIM B OpHMepax 3, 4.

W3 npuBeneHHBIX NIPUMEPOB BHIHO, UTO ONTHMM3AIUS PACIpEJEIeHUs y3-
JIOB MHTEIPDHPOBAHUA Ha OCHOBe ypasnenus (11.6) TpeGyer mocraToqno BeICO-
Ko¥ kBajmpuKanuu ucciaegosarend. llosromy mamee B § 17 Gymer paccMoTpeH
BOTIPOC O Tepenade 3TuX Gynrmmit DBM.

§ 13. I'naBHBIIT YJI€eH IOrPEIIHOCTH

IIpumenennie GopMmysa A OIEHOK TIOTPEITHOCTH, MOJOGHBIX TONYYCHHBIM B
§ 2, 3, Tpebyer HOCTATOYHO BHICOKOH KBAJH(DUKAIMH HCCIEIOBATENS, HAIIPHU-
Mep ISl HOJydeHHs! TpebyeMbIxX OIEHOK HpOU3BOJHBIXK. [Ipu nonyueHuu ps-
Ja W3 ITHX OIEHOK, HAIPHMED OIEHOK I COCTABHBIX (OpPMYJ Tparerud H
CuMIcoHa, BO3MOMKHO CYyIECTBEHHOE 3arpyOsieHue OIEHKH, MOCKOJIbKY obmiast
OIICHKa IOIDEIIHOCTH PaBHA CyMMe MOAYJEH OIEHOK Ha OTAENbHBIX OTPE3KAX.

OTH 06CTOATENbCTBA ONPEHEJUIN MHTEPEC K MOJIY'UeHUI0 BLIDAXEHUS [IJIst
IIABHOrO WieHa norpemtHocTu. [lo mHGOpMalyH O BEJWYHUHE IVIABHOTO YJIEHA
TIOIPEMIHOCTH MOXKHO IIOJIHOLEHHEE TPOBOJAWATL CDABHEHWE METOIOB.

Kax 6yner Bumuo manee, caM (akT HAJIHYUsA I[JIABHOIO WIEHA y HOrPEeMI-
HOCTH IIO3BOJISIET CYOWUTH O pPeabHON BeIWYWHE IOTPEIIHOCTH, He npuberas
K TeopeTHiecKHM orenkaM. OOpaTuMcsi K COGTABHONW KBaapaTypHOil dopmylie

B
Tpanenuil BorunucieHds uHrerpasa I(f) = / f(z)dz ¢ mocrossHHBIM IATOM
A
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H. HOns ymobera obosnaunm H = (B — A)/M, aq = A+ gH, B wacrHocTH
ap = A, ayy = B. HNmeem

1)~ S5 = 830 = 1 (T2 4 sle 4+ slann) + HP0).

Cornacso § 3.2 cupaBeIUIIBO PaBEHCTBO

B -1/ H3
Hf(aq 1)2+ f(aq) _ f (§q2) , (€ [Gq—la aq].

"Q

" fla)de =

Gy-1

IIpoCYMMHPOBAB IO ¢, IOJLYYIHM
"ANM M H3
[ @ = sun+ R, R =316
[4)] g=1

Besmauny morpemnoctd R(f) MOXHO 3ammcaTs B BHIE

H? M
R(f) = =5ilf), ilf) = Hf"():
| £

BripaxkeHue B NMpaBoif HacTH €CTh KBajpaTypHad opMmyJa I HHTErpasa

am
/ f"(z)dzr, nostomy npu H — 0 umeem
ap anr
z‘(f)—+/ () da.
ag

CureopaTenpHoO,
H2 M " » 2
R() =25 [ f'@) s+ Bal), Ralf) = o).
Jag
Sagaua 1. Ilycts ’f(B)(ac)l < M3 na [A, B]. IlokasaTh, YTO B 3TOM CJIydae
|R1(f)] < esM3(B — A)H?.

3agauya 2. Ilycts 1f(4)(ac)] < My wua orpeske [A, B]. Ilokasars, duro
|R1(f)] € eaMy(B — A)H.

ITonygaensoe coorHomenne niua R(f) MOXKET HCHONB30BATHCA B PA3UIHBIX
nesrsx. Hanpumep, ero MoXHO TPENCTABHTL B BUJIE

H2
R(f) = —75 (f'(B) = f'(4)) +o(H?). (1)

Hlocne Boramenenns f/(B) — f/(A) nonydaem 3Hauenwe TIABHONO WieHa MO-
rpemuocTy. IIpesnonoXuM, 9T0 AOCTHIHYTas TOYHOCTH He SIBJSIETCS YIOBJiE-
TBOpHMTenbHOH. 3anumem (1) B Buze

I(f) = Sy(f) + o(H?),
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rae
H‘Z
12
, ‘ 4)( . 4
Kak cieayer W3 pelleHHsl 33Ja4d 2, NOpH I £ )(z)’ < My wpipaxenne Sy (f)
OKa3bIBAETCSH KBAJAPATYPHOM cymmoi c¢ morpemmocrbio O((B — A)H?), Te.
TakoH K€ IO NOpAAKy, Kak y ¢opmyanl CHMICOHA.
MOKHO TONBITATHCS BBIACAUTH TJIABHbIA HJIEH HOOTPEIIHOCTH IOy IHBIIEH-
ca ¢opmyasl. MMeeM paBeHCTBa

M

q=1

Sai(f) = Sx(f) (f'(B) — f'(A)).

2

) = 5 (Faga) + fla) = 35

(f) GymeM paccMarpuBarTh Kak TNPHOMMXKEHHOE 3HAYEHHWE WHTe-

(fl(aq) - fl(atrl))-

2

Bennuuny sj

rpaJja

Qg

L= [ fwa.

‘Lq—l
Moncrasnaas B pasuocts Io(f) — s2(f) npeacraBnenne f(z) B BHAE OTpesxa
pana Teitnopa, MOXKHO IIOTYYMTH MJIABHBIH UJIeH MOTPEIIHOCTH Ha 3JIeMEHTap-
H5
AR (I 8

720
Ilpomomxasa npouecc BBIAENEHHS TVIABHOIO WIEHA ITOTPEIIHOCTH, MPUXOIMM

K TOCITeAOBATENLHOCTH K8AOPamypHuz gopmys Fdaepa

HOM OTpE3KE€ B BHEC

-1
I(f) = SE(f), SH() = S4(f) = 3 v B £V (B) — 12D (a))
1=1

C OIJ,eHKOI'/'I IIOI‘peIIIHOCTI/I
I(f) — S%(f) = —yuf® (¢*(B — A)HX. (2)

CyII_[eCTByeT arneayoliiee COOTHOWEHUE, KOTOPOMY YAOBJIETBODAIOT YHCIIA ’}’J
T oo
— J
= Yz,
et — 1 Z J
7=0

.
O6BIYHO MPHHATO 3AIMCHIBATE YHCHa 7y; B Bume B;/j!, rme B; — Tak Ha3bIBaeMbre
wucaa Bepryaau.

J1s1 cBeJieHAs IPMBENEM HECKOJIBKO 3HAYEHMH YHCET ;!

1 1 1 1
M=13 MT Ty T 302400 * T T 12096007
1
Y10 = 47900160
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Ucnonszosanue (popMyn Distepa HeynoOHO, IOCKOJIBLKY HEODXOJHMMO BBIUH-
CAATH He TOJNLKO 3HAYeHWs (DYHKUMM, HO U 3HAYCHHSA €€ NPOU3BOIHBIX.

Onnako, € B BBEIPAYKEHHU Si?( f) 3amenurs upomssommete f(2R1(A)
u  f*~U(B) npousBoAHbIMM HHTEPIOJSIUUOHHBIX MHOTOMJIEHOB CTEHeHH |

COOTBETCTBEHHO € Y3JaM¥W Gg,..., 0 B GN,...,Qn—;, TO 1Tpu [ = 2p—3 u
= 2p — 2 mocijie TPOBEUEHHS [IPOMEXKYTOUHBIX IPeoOPa30BAaHUN MOy YAIOTCIT

dopmyave wucaennozo unmezpuposanus I'pezopu

I(f) = Gy (),
{

Gh(f) = S3(f) - HZﬁk (V¥ flans) = (=1)FAF f(ap)),

rIe

B wacraOCTH,

1 1 19 3 863 275
ﬂl“i—éa 162"—'2-4" /63“:{‘2—(5’ ﬁ4~1_6_67 65"‘604807 ﬁ6—24192

B cnyuae moapiaTErpasibHBIX (DYHKIHE ¢ HEPETYJAPHBIM XAPAKTEPOM IIOBE-
[IEHUd, THIA PaccMOTPeHHBIX B § 11, npumenenne popmyn Diutepa u ['peropu
Hex(h(PEKTHBHO, TOCKONBKY IMPOMU3BOMNHBIE BBLICHIMX MOPAAKOB HJM HE Orpa-
HHUYEHBI, HJIH OYEHb BeJMKH. [l03TOMYy 1pH HEmoCpeaCTBEHHOM BBIUMCIEHUU
OIIpeNeJIEHHBIX WHTErPaJIoB 3TH (POPMYJB B HACTOAIEe BPEMS IPHUMEHSIIOTCS
peako. OAHaKO OHH HCHOJNB3YIOTCSA NPH HHTETPUpPOBAHMHM (DYHKLMIE, 3aJIaH-
HBIX TaDJIAYHO, 1IPY BBIYHCJIEHUHA HEONPEJEIEHHBIX MATErPAJIOB, MPH pPeleHuu
HHTerpasbHbIX ypaBHenuit Bombreppa u JIpyrux 3ajadax, Te CyIHECTBEHHO,
qTOOB 3HAYEHWSA NOALIHTErPAJIbHOR (PYHKIHUYM BLIYACAAIMChL MMCGHHO Ha paB-
HOMEDHOH CeTKe.

3azaua 3. Jlokasarh, 9TO IVIABHBIM 4WieH IOTPENIHOCTH KBaapaTypsl ['pero-
pu I(f) = Gy (f) ects S HF2(FUF(B) — (~1)H+1 FEHD(4)).

1
3agaua 4. Ilycts / f(z)dz Buvmcisercs mo cocraBHOU (opmyJsie Tpare-
Jo

UM ¢ OEPEeMEHHBIM MAroM HHTeTPUpOBAHUA: G, = ¢(q/N), roe ¢ -— rmajakas
bynxmus. Jokasare, UTO ryaBHBIM WIEH JIOIPEIIHOCTH €CTh

1
12;;2 /0 " (p®))(¢' (1)) dt.

Yxazanue. CMm. mocrpoenua § 11.
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§ 14. IlpaBunio PyHre
MIPaKTUYEeCKOIl OIeHKH IOTPEITHOCTH

Mgl NIOMYy4HIM, YTO TJIABHBIA UjeH MOrpemHocTH (GopMysasl Tpamnemuii ¢ mo-
CTOSTHHBIM IIArOM HMHTETPHUPOBAHUS PaBCH

S HA(F(B) - F/(4)).

B cayuae ¢opmyn 6osee BBICOKOIO MNOPSIAKA TOYHOCTH MOXKHO NOJYYIHTL
NpEeACTABJIEHHE TJIABHOLO UJIEHA INOTPEMHOCTH KBAJPATYDPHL Uepe3 IIPOH3BOI-
HblE BBICIIMX HOPALKOB. HemocpeacTheHHOE HCIOIL30BAHHME HTUX BBHIPASKCHHH
OJI OIEHKH BeJMYHUHBI [VIABHOIO “WIEHA MOTPEIIHOCTH WHOTAA HEYOODHO, Io-
CKOJIbKY TpeOyeT BBINOJIHeHUA onepamuu guddepennupopanus. B apyrux sa-
AadaxX BRIpasKeHHe TJIABHOTO WIEHA IOrPELIHOCTH MOXKET OKA3aThCs HACTOILKO
WIOKHBIM, 4TO €ro BBIYHUCICHHE TpeOyeT MNOMOMHHUTESBHOTO WUCIEHHOTO WH-
TerpupoBaHua. I103TOMY B BBHIYMCIMTEILHONW IPAKTHKE NPHUMEHsIETCS CIOCoD
NPAKTHIECKOA ONMEHKH MOTPENIHOCTH, He HCHOJIL3YIOMNHA (DaKTHUECKOrO BHIPA-
JKEHWd TJIABHOYO WICHA MOTPENTHOCTH, 4 ONWPAIOIMICAH JUIL Ha (AKT Cyie-
CTBOBAaHHUs TaKOI'O TJIABHOrO wWieHa. /I mpocTedmmx 3aJav TUIIA YHCIEHHOI'O
HHTETPUPOBAHHUS 3TOT CHOCOD CBA3BIBAETCS ¢ UMeHeM Pynre, B Gojee CItox-
HLIX CIyvasx — ¢ uMeHamu PuuapacoHa u DuinmnoBa. ITOT crmocob OCHOBAH
HA BBIJEGJEHWH TJIABHOIO *LJIEHA IIOTPELIHOCTH IO Pe3yJbTATaM pACIeTOB C
ABYMs pa3JIMIHBIMMA LIAraMH.

Pacecmorpum npocTefuuii BapuanT npuMeHeHua 3Toro npasuia. Ocyrme-
B

CTBUM INpUOIMIKEHHOE BLIUMGJIeHHE wuuTerpana I(f) = f(x)dx ¢ momo-

mpio  HopMyJbl  Tpamemuit ¢ WOCTOsHHBIM wmarom Hy = (B — A)/M; n
Hy = (B - A)/My; M, = 2M;, re. Hy = H1/2. Cornacao (13.1) umeem

pPaBeHCTBO

2
I(5) ~ $1, () = =5 (£1(8) = £/()) + o(213). .
1
2
1) = S (1) = =22 (F/(B) ~ () + o(H]).

Mbl cTpeMUMCS MOOCTPOMTBH AJITOPUTM BLIYMCIEHHUS [VIABHOTO WIEHA IIO-
IPEMIHOCTH, HE HMCIOJB3YIONIHNA €ro KOHKDPETHOrO BbIpaxkeHus. JlJis aToro 3a-
numeM (1) B BHOE COBOKYNHOCTH NPHUONMIKEHHBIX DPABEHCTB

I(f) = Sa(f) = CHE,
I(f) — S, (f) = CHJ.

Bemuuuunr S, (f) u Sy, (f) onpenenesnnt B pe3ynprare pacderos, IOITOMY
MBI HMeeM [Ba NPHUOJIMKEHHBIX PABEHCTBA OTHOCHTEJIBHO IBYX HEU3BECTHBIX
I(f) u C. BulunTasg BTOpPO€ PABEHCTBO W3 IIE€PBOTO, IOJYYUM

St (f) — San (f) = CH? — CH? = 3CHj.

(2)
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TaknuM 006pa3oM,

1
CH} = 3 (Sua() = Sans(£))- (3)
IMoxcTasnsst npubmkennoe Bbipaskenme CHZ B (2), momywaeM npuGimrKeH-
HOE PABEHCTBO

1) = S = 5 ($10.05) = S (), (@

1
TakuM 06pa3omM, BeJUUYHHA 3 (SMZ( f)=Sum (f )) ABISETCH TNABHBIM UIEHOM

[OTPelIHOCTH NPUGIMKeHHOTo 3Havenust murerpana Sy, (f). Ilepenoca B (4)
snauenne Spr,(f) B npaBylo wacts, noaydmm Qopmysy gias Oonee TOMHOTO
mo nopaaky, 1eM Sy, (f), upubnmxenus x I(f):

1) = $u,(5) + 5 (S10,(5) = S, (1), )

Taknm 06pa3oM, ONHCAHHBIR CIHOCOG MOCTPOEHHS TJIABHOTO 'LIEHA MOrPEIl-
HOCTH TIOPOXKJIAET HEKOTOPYIO KBaaparypHyo dopmyay 6ormee BBICOKOTO IO-
PAJIKA TOYHOCTH.

Sagaua 1. [JokazaTh, 4TO mpaBasg 4acTh B (D) COBIAJAET ¢ COCTABHOHW KBa-
Jpatypuoit dopmysoir Cummcona.

Nudopmariusi ¢ BeJIHYMHE TJIABHOTO UJIEHA IIOTPEIIHOCTH <ACTO HCIIOJb-
3yeTcss Iy NIPHOIVMKEHHOTO ONpeleeHus MUHUMAJIBHOTO KOJIHYECTBA Y3JI0B,
JIOCTATOYHOTO JIJIs1 JOCTHXKEHHd 3aJanHOi TouHocTH. M3 (3) maxomum, wro

1

C =~ 2 (SMz(f)_SMl(f))7

a 3aTeM BHIOMpAEM IIIAT HHTETPUPOBAHHS H3 YCJIOBHSI
ICH?| <& wm |CH?| ge‘SM.Z(f)l, (6)

roe € — 3aJaHHasd abCcoIIOTHAS HJIM OTHOCHTCJIbHA IIOTPEIIHOCTL Pe3yJIbTATA.

Bemucannsie Boime cooTHomenus (2)—(5) HOCAT ACHMITOTHYECKHH Xapakx-
Tep, mostoMmy 3HaueHue C, HainenHoe u3 (3), Oymer aocToBepHEIM (T.e.
OMM3KMM K HCTHHHOMY) JIMIIL UPH JOCTATOYHO MayioM Hy;. B oTBercThen-
HBIX @JIydadx IIOJle pelleHus 33Ja4dd ¢ maroM H, yJaOBJIeTBOPSIOIIHM
yeiaoBusm  (6), Iyt KOHTpons HaJ, TOYHOCTHIO peUIAlT 3aJady ¢ [IaroM
2H ¥ ondaTh ONpeNessioT TJABHBIA YJE€H IOTPEITHOCTH, COOTBETCTBYIOITHIL
mary H.

OnucanHBIE METOJ, YTOUHEHHMS DPE3YJbTATA [0 HTOraM JBYX PacdeToB IpH-

MEeHHM K MerojlaMm Jj60ro mopgaxa TOYHOCTH, HIpUIEM He 00s3aTenbHO 6paTh
M, = 2M;.

Sagaga 2. MMeercs HEKOTODBLI METON PEINEHMS 33Ja4H C IOTPEHIHOCTHIO

I(f) = Sm(f) ~ C/M™.
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[IpousBeieHO BLITUCAeHHe HHTerpana ¢ My u Moy = AM| orpeskamu pazbu-
enus1. [Jokazars, Uro

1) = San () ~ el = 5w F),

m—1

371eCh HWMEeTCsa B BIJY UpefenbHuifl mepexon upun Ms — oo, = const.

3agaua 3. Ilycrs
C 1
I(f) = Su(f) = WqLO <W> -

ITokazarp, wTO

Sur, (f) ~ San (f)
(My/Mp)™ —1

I(f) = Smp(f) ~

upu yciaoswd, uro My, My — M; — oc.
3apaua 4. Ilycro
\ C 1
I(f) = Sulf) = g +0 (W) -

[Toxasarn, uro

SM2 (j) - SMl(f)
(Mz/My)™ — 1

I(f) = Sa, (f) ~

npu yciaopuw, uro M; — oo, M, > M.

B cayvasx, xorma Bprauciasiercst OOJIBINOE KOJHMYECTBO HHTETPAJIOB € OCO-
OEHHOCTSIMA OUPENEJEHHOTO BHIA, 03 CEPLE3IHOr0 TEOPETUTIeCKOro aHAJIN3a
HEeJL3 ONPEJEIATE IOPAJIOK CXOJAMMOCTH METOJA HA WHTErpPaIaX 3TOro poja
(M3-32 HEOPAHHUEHHOCTH NPOU3BOJHBIX MbI HE HMEEM IIpaBi I0JIb30BAThCS
Pe3yJILTATOM O CYyIIECTBOBAHHH [JIABHOTO JI€Ha MOTPEemHoCTH). B apyrux ke
GIyYasx [OPSAOK MOCPEITHOCTH MOXKET OBbITL M3BeCTeH, HO HEesdCHO, KAKHM OH
OKa3bIBAETCS IIPH PEaJLbHO HCIOJb3yeMbIX 3HaueHusx M.

PaccMoTpuM BOIpoC O cuocobax MOPOBEPKH BBIMOIHUMOCTH COOTHOIIEHH T
R(f) ~ CM™™ npu peasblo HONYyCTHMbLIX 3HadeHusx M.

Moxmo nocraparbcsi moioOpaTh MONEJbHYK 331a9y € W3BECTHBIM OTBe-
ToM, OJHM3Ky© K paccMarpusaemoit. Torma mocsie HpopeneHusa pPactueTa MBI
OyneM UMeTH B DACIOPINKEHWH TPHONMKEHHOE 3HAYCHHE Sy U IIOrPENIHOCTH
Ry =1 —S,. MoXer CIy<adTHCH, 9TO MMEIOTCS KAKHE-TO MPEIIIONONKEHHS O
XapaKTePe MOBEJEHUsI ITOA BEJHYHMHBI, HAIPUMED UTO

R, ~ const -M ™™, (7

B rtakoM ciydyae MOXKHO HOACIHTATH JJIsi HEKOTOPOH HOCHAEHOBaTeNbHOCTH My,
sgagenns MRy, ¥ mocMoTperh, CTaOMIM3HPYIOTCA JIM 9TH BEJMYUHBI C PO-
crom M. Eciax "Her npennoyoXeHds O XapakKTepe MOBENEHUS MOTPEIIHOCTH B
OAHHOH 33J71a7€, TO MOXKHO INPHMEHHTH CIEAYIOMIYI0 METONUKY.
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Bo3pMmeMm KOODAMHATHYIO IJIOCKOCTE In M, I\ 1

| Ry

In

In (I—}%) (puc. 3.14.1), naHecem Ha Hee TOU-
KM

1
InMg, In— . 8
(n ¢ IRML|> ()

EciM 3TH TOYKH DACHOJIONKEHBI XAOTHUe-
CKHM, TO 3TO O3HA4aeT, 4T0 uuciaa My He Ha-
CTOJILKO BEJIMKH, YTOOBI B IOTPEIIHOCTH BbI-
genuiica miasHbY wied. Ilpemmonoxum, aTo
acumnToTAUECKOE HepaseHcTso (7) B maHHON
obnacTn wm3MeHeHWsi mapamerpa M BBINOJ-
msercst ¢ Oonbluoi TounocTeio. U3 (7) wie-
JLyeT, {TO

In Mk'

Pne. 3.14.1
In

1
m’ ~mln M;

nocte AudPepeHIupPOBAHUT HMeeM

1

dln
Ry

din M

~m. 9)

3amerum, 9To onepauus nudQepeHIAPOBAHNS ACHMIITOTHYECKNX PABEHCTB, BOOG-
IIe FOBOPSI, HE3aKOHHA.

Cornacrno (9) B ciayuae, xorma (7) BHINOJHSETCS JIOCTATOYHO TOWHO, TOU-
ku (InMj, In(1/|Rp])), nomydaemele B pesysbraTe sKcmepumeHnTa Ha DBM,
JOJKHBI JIeXKaTh Ha KDPUBOW, TAHIEHC yIJla HAKJIOHA KOTODOHl CTPEMHTCS K
m. Eam yron Hak/IOHa KPHBOH MeHFETC DEe3KO, TO eIie IHeT OCHOBAHHMI
IpUMEHsTh Npaswio Pymre.

Ilposepky cnpaBefMBOCTH HDPEANONOKEHHS O XAPaKTepe MHOBEJCHHMS MO-
TPEIIHOCTH MOKHO OCYUIECTBJIATH M TaKUM MyTeM. ECiM CIipaBeijidBoO pa-
BEHCTBO

Ry~ ¢/M™, (10)
TO
SM)\—SMNC(I——/\—m)/Mm. (11)

C npyroit croponnt, ecau (11) semonuserca npu M > My, To 6ymer Bbimoi-
HaTbest 1 (10). [TosTomy BMecTO TIpoBepKH HpakTHYecKo# BhImomEAMocTH (10)
MOXCHO NPOM3BOAMTE IPOBEPKY NpakKTH4YecKod sbmosmumoctu (11), B wacT-
HOCTH, Tpu nomomu m3yvenus rpacdukos dbyskumit g(M) = (Spry — Sp) M™
HIM DACNOJIOXKEHHS TOYeK

(ln Mg, In ——~1—-) . (12)

|SM)=)\ - SMkl
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3aMeruM, 9UTO BO3IMOXKHOCTH OIpeNeseHHsl 3HAUEHAA 1 U Boobuie I1po-
Bepku ycaoBEs (10) IIyTeM <HCIEHHOrO 3SKCHEPUMEHTa JOBOJILHO OrpaHUye-

nM

1
mel. Hampumep, caywsam R,, ~ coust- u R, ~ const'ﬁ TIpaKTHIE-

CKM HEpPa3JIUYAMLI IIpHU TaKOM DPacCMOTp€HNH, IIOTOMY YITO B oboux cryvgasix

dlIn /dlnM — 1 nmpu M — .

RT n

8§ 15. YTOouHeHUue pe3yJjibTaTa WHTEPIIoJdliuein
0oJiee BBICOKOI'O MOPAAKA TOUHOCTU

Ecnu noapiurerpanbuag GyHKUOAI OOCTATOMHO TJIAAKAd, TO, KAK IIPABHUIO, IIO-
IPENIHOCTD KBAAPaTypHOH (opMysbl MOXKeT ObITH HpeACcTaBIeHA B BHIE

!
I(f) = Sm(f) = Ru(f) = > Di(f)M ™" +r(M), (1)
k=1
rae i1 < ... < iy, (M) = o(M™"). O6bIuE0 HpH IJIAAKOH IOJBIHTErPAIbHOM
byHKIE uMeeM iy — 1] = - =4 —4_) =&, rHe § = | wm s = 2. Hanpu-

Mep, B Tpeamoioxenus orpasmiennoctd fMH2)(z) morpemmocts (GopMyost
Tpanenuii, corsacio (13.2), mnpeacraBiaseTca B BUJE

Ry (f) =
o\ B~ AN okt py _ pl2k-1) B - A\
- ;7%( )@ - e o (224

[Ipennosoxum, uyro mpowusseneHo weraucienue Spr(f) npu smavennmsix M =
My,..., M;. Mpl umeeM paBeHcTBa

4
I(f) = Sa; (£) + D De(F)M; % +0(My), §=0,...,1L
k=1

Obfpasyem nuHelHyI0 KOMOHHAIIMIO YTUX COOTHOLIEHHH C HEKOTOPHIMH KO3(-
dunmentamu ¢;, norpeboBa, UTOGBI

> g=1 (2)

=0
Tlosiyuyum cooTHONIEHME :

! { !
I(£) = 3 esSus (£) + > Dulf) (Z chj—ik> +
3=0 k=1 =0

Hpe,ILHO.TIO)KI/IM, HYTO BBIIOJHAKTCA pPaBEHCTBA

I
CJ'T(MJ').
Jj=0

)
> oM =0  mpu k=11 (3)
—
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TOTAA z 1
)= ¢Su; (f)+ D eir(My). (4)
j=0 Jj=0

!
Ecmd peJauHOR E ¢;r(M;) moxHO npenebpedb, TO
J=0
!

Z( M (5)

J=0

Cucrema coormomenuit (2), (3) obpasyer cucremy w3 ! + 1 jguHEHRHBIX aj-
rebpaniecknx ypasHeHWH ¢ | + 1 HEW3BECTHBIMM, IIO3TOMY €CTb OCHOBAHHS
OXHUAATH, YTO OHA WMEET DellleHHe.

Ananorns MeXJy pacCMaTPMBAEMON 3anmadedt W 3ajaveil HMHTEPIIOJSIIUA
nosponger HaifiTH ¢; B aBHoM Buge. [lepemmmem (1) B Buze

l
QUM ™) = Su(f) =r(M), e Quy) =I(f)= Y Dyt (6)

U3 coornomenusa (6) muuHo, 4To 3ajaua Haxoxjenusa I(f) moxer ¢opmy-
JIHPOBATHLCI CJIeAyIomuM 00pa3oM. 3aJanpl 3Havenus MHorowiena (Q;(y) mpw
_ a1 -1, - = I(f). Cor
y=My",..., M "; rpebyerca oupegenurs 3maxenue @Q(0) = I(f). Corracmo
unTepnonanuonHoi gopmyne Jlarpamxka (rr. 2 § 2) umeem

!
Y=Y
Quly) =Y Qulyy) 11
=0 it Yy —Yi

MOITOMY
l
Yi -
0) = ¢i@Qily), me ¢ =1]] ;—l‘—, yj = M (7)
i—0 2

U, JIeJ0BaTEeNLHO,

!
I(f) = Q(0) = chcel yj) chSMj(fHZcﬂ-(MJ)
7=0

9=0

Mur monyumiam coornomenue (4) ¢ BBIIUCAHHBIMU SIBHO 3HAYCHUAMH ;.
IIpumeHeHHe OMUCAHHOTO METOHA, WMHOIJA HA3LIBAEMOro Mmemodom Pombep-
2@, MOXeT OBITH NOJE3HBIM B GIenyomedl cuTyaruu. [lycTe MBI 3aJaJHCH
KakKOi-TO KBagpaTypo#, Beruuciauim Ha 9BM u Beyjlanm Ha neuars 3Ha-
aennst Spg0i(f), ¢ = 0,...,1, HO 0OKa3a/MOCH, UTO HYKHOM TOYHOCTH emle
He gocrurmm. Torga MOXHO HOUBITATHCA NONYYMTL TPHOIMKEHWE K HHTE-
Tpajy, NpUMEHMB mpaBuiIo Pombepra Mo HEKOTOPOA COBOKYIHOCTH 3HAYEHMH

‘S’M()Q"“"'1 (f)’ LR S'M02P"'1 (f)
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Hnorna npuMeEHSIIOT CIEAYIOMYIO IpOoLeAypy YHCJIEHHOIO WHTErPHUPOBAHMS,
3analorcss HEKOTOPBIM YHCIOM My U IIOCHeNOBATENHHO BBIMHCIAIOT HPHOIIH-

. 1
’KeHHble 3HadYeHWs MHTerpajia nmo ¢opmyse tpanemuit I(f) ~ 51(\4’2.( f) opu M,
oTpeskax pasbuenus: My = M - 2k VnobHee Bcero BECTH BBHINMMCIEHHS IIo
bopmyie

. B-A . 25 —1
s () = %Sﬁﬁ_l(f) LD (A+ —Jm—(B—A)>.

Tlpu xaxaoM k TOMIE BBIMHCIEHUT 55\2 (f) mocieoBATENLHO BBIYHCAAIOT
1 k+1), )
S](V[i(f), cey S](Wk )(j) 0 pEKyppeHTHOH Qopmyte

e (850 = 550 ().

(4) — ¢li-1)
Sag () = Sy, () +
Taxum o6pa3oM, MOCIEAOBATEILHOCTh BLIUHMCJIEHUH ONPEIENsIeTCs CXEMOI
P )

(n (1) (1) 1)
Shie S0, T, 1(\43

2

S oy o

S M, —S5 My M,

sl

4
st

4

)

Burancnenua suavenmii SJ(C[k( f) OOBITHO MPOOMKAIOT IO TeX IOp, IIOKA
OPH HEKOTOPOM k HE OKAXKeTCs, 4TOo m_in'S](\})k( f)— S](\?k A Hl <e.
: . -

Kax mpasuno, meron Pombepra cymecrsenHo ycrynaer mo sdgdexrTusnocTd
kBagpaType [aycca m MeTOIaM MHTErpHPOBAHHA C ABTOMATHYECKHM BHIGOPOM
mara (cm. § 17).

3apaua 1. lloxasars, uro SI(CI);C( f) ectb pesynbTAT [pUMEHEHHMs NPABUIA

PoMbepra x sHadeHmam S](Vl[i(f),..., ](Vl[i_iH(f).

§ 16. Berunciiene NHTErpaJioB
B HeperyJdapHOM Clydae

CyIecTBeHHYI0 4YacThb pPEaibHO BCTPEYAIOMMXCH IIOJIBIHTErPAJIBHBIX (DYHKITHUH
COCTABNAIOT (PYHKITMM C OCOOCHHOCTSIMH, NpHUeM OCOOEHHOCTh MOXET COuep-
XKaTrbCa b0 B QpyHKnuMH, Jub0 B ee TPOM3BOIHON, Wi (YHKITUH, TPOHU3BOI-
Hble KOTODBIX O4YeHb BeJuKH. EciauM Takasi HeperyJssipHOCTh NOABIHTErpPAJIbHOM
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GyHKTHN He BBI3BaHA KOIe6ATEeNbHBIM XADAKTEPOM €€ MOBEJEHWS, TO HEIIO-
X0# Pe3yabTAT JAIOT CTAHJAPTHBIE HPOTPAMMbI C aBTOMATHYIECKMM BBIOODOM
miara, koropele Gyunyr obcyxzarbcs B § 17. B cinydae pacuera manoil cepun
HHTErPAJIOB ¢ OCOOCHHOCTSAMH OOpAIleHHC K 9THM CTAHJAPTHBIM IIPOrDAMMAM
MOXKET 0Ka3aThCs manbosee renecoobpasubiM criocoboM penteHust 3ajadun. Jime
BBEIUHCIICHUA K€ OONbUIOH CepHM MHTErpajoB C OCODEHHOCTSME HeOOXOTIMO
[IPUBJIEYL HCCIEAOBaTENed Golee BRICOKOH KBAJH(MHUKAIUU. YKaykeM Pl IpH-
€MOB, KOTOPBHIE MOT'YT OKa3aTLCS HONE3HBIMM IIPH PACCMOTDEHHU 3THUX BO-
IIPOCOB.

1. Boimenenne BecoBo#t dyukmum. Ilycts  Bhrumcisdgercs HHTerpas
/ f(z)dz, rre mpemensl MHTErpUpoBaHUA ¢ W b MOU'YT OBITH U GECKOIEUHBI-

mu. IlpescraBpum nonpiHTErpaisyo ¢Qysxiuio B Buge f(x) = g(z)p(z), rue
p(z) — jocrarouno 1pocrtast, a g(z)—riaakaa Gyskmun. Hanee upumensiem
KaKOi-mb0 W3 pPACCMOTPEHHBIX paHee CIOCOO0B BLIUHGIEHHS HHTEIPAJIOB C
BECOM. PACCMOTDHM HEKOTODBIE INPUMEpDI.

dz ,
Ilycrn Beramcensierca wunTerpas / ————=. [Ilpencrasum f(z) B BHHE
EERVA R
1 1 1
= - —, rne (GhyHKIES ————— sBisierca raakoil. OyHKIHO
VitaZ 1-2% V14 z?
1

ﬁ MOXHO PacCMATPUBATBL KAK BECOBYIO. DTOH BeCcOBOH (DyHKIHH COOT-
-

BeTCTByeT KBaJiparypa Merepa, gacTo Ha3biBaeMasl KBAJIPATYPOR IPMUTA.

IIycrs BRIMHCIgETCS / f(z)dz, npuuem f(z) MoxkeT 6BITH HpeJCTABJICHA

B Buie g(z)2®, roe —1 < a <1, g(z) —rmankaa ¢byukuma, g(0) # 0. pu BoI-
UHCJICHUU HUUTErpasia, HO (bopMyne Tpamenuit ¢ HOCTOSHHBIM mraroM H = M1
[Orpemuocrh CTPeMHUTCA K IyJio Mefjennee, dem M ™2, Ojue u3 BO3MOX-
HBIX CIOCOOOB BBIMHCICHHS HITErpaja-— obpallieHne K Kpaiaparypam Laycca,
COOTBETCTBYIONIMM JIAHHON BecoBoil (yHKIUH.

2. MoxHO MOHTH 110 MyTH pasOHeHWs WHTEerpaja HA YaCTH M BLIUHCIEHUIH
MHTEerpajia MO KaKJO0W 4JacTH IOpH IoMomy nocTpoenwit uz § 7. Ilpexcranum
HHTErpaJd B BHIE

qH 1

I_Zlqv q—/ 7 g(z)z%dz, H = i

(g-1)H

3amenus QyHROMIO ¢(T) HA MHTEPHONSIMOHHBIA MHOIOUJIEH

)H) g9(qH) —gjg(q - 1)H),

Pg(z) = g((q— l)H) + (m —(g—1
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MOJLY UM

-gH
Iy = /( P (z)z%dz =

g—-1)H
_ - a+1 _ __ a+2
_ potlgat? ((1 (1a :{‘1) M (la ;é‘n )g(qH) + (1)
— (1 - a+2 —1 —(1=-1 a+2
N (1 (a+1éCJ) 1 /q a(+1 /q) )g((q—l)H)).

CyMmmupys 10 g npasble dacTd B (1), DOJyIuM KBaApaTypy AJIs BEIMHCICHUS
HCXOIHOTO MHTErpajia. B psage ciyuaes Oyger ymobuee nosmoxuts ¢(qH) =
(gH)"*f(gH) wu, TakuM 0Opa30M, MOJYUYUTH KBAJAPATYDPY, HUMEIOILYIO BUJ,

M

I~ D(g, H)f(qH). (2)
g=0

Samauva 1. [Just kpagparypsl (2) IMOAYYHTH ONEHKY MOTPEITHOCTH

const - max |¢" (z)| M 2.
(0, 1

{Ys

Hasiee b6ynyT paccMmorpensl 6oee TIpOCTBIE O BHAY CIIOCOOBI BBITHCIIE-
HOAS HHTETPAJOB OT (YHKIUH ¢ ocobeHHocTamu. ONMCAHHBIA BhIe CHocoD
ANMIIPOKCUMANUY HHTErPaJia 110 3HAYEHASAM (PYHKINM Ha (PUKCHPOBAHHOMN, B
YaCTHOCTH, PaBHOMEDHOH ceTKe o0salaerT ONPEJETIEHHBIMU IMPEUMYINECTBAMH
B CIydUae, KOUJA 331993 BBIUUCICHAA HWHTETDAJIA IPEICTABIdeT TIacTh Oosee
CJIOXKHOH 33J1a9HM, HANPHUMEpD IPH PEIIeHHH HHTEIDAJILHBIX YpPABHEHHH IyTeM
CBEJIEHAS K PEIICHMIO CHCTEMbl JIHHEHHBIX aljrebpanveckux ypaBHenmit. MHo-
raa HeoOXouuMas TOYHOCTL YXKE JOCTHraercs npu 3aMene pyHkiuum ¢(z) Ha
oTpe3kax pasbueHHs 1Ha IOCTOAHHYIO. B 3ToM ciiyuae momaraem

/ ilg(“”)p(“') | j:p(‘”) N

1 KBaapaTypa JId BBIMUCIICHHUA MCXOJHOI'0 MHTErpaJia Hpno6peTaeT BU

ag—1

.1 N “aq
[ stwierde= > g [ pla)da. (3)
0
g=1
3anada 2. I[lycTe BRIYHCIIETCT HHTErpaJ

1
z)b
I:/0 Bg(—j_);gdm, rae b— majoe yucio.

Ilokasare, uro mpu wucnoib30BaHuu (HOPMYJbl TPAIEUN € IOCTOSHHLIM IIa-
oM aq —aq-1 = H =M ! [orpemrHOCTHL OLEHMBAETCH Uepes

const - min { Ml—b FM%)‘?} . (4)
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Banaua 3. [Ipu a; — ag—1 = H xsaaparypa (3) aya STOro HMHTErpaja UMe-

eT BHI
3 - 1)H
< o3 -e(452))

g=1

rae (¢ — 1)H < (; < ¢gH. IlonyIuTh ONENKy HOTPEnInoCTH

1 Ry M~ l

< const - 1[101%)]4 g’ (x)

B paccMaTpHBABIIMXCA BbINIE CIIyYasX KOIDPUIHEHTH KBAIPATY]D UMEIOT BH/IL
)
/ Pi(z)p(z)dr,
g1

rae P;(z) — HexoTopble MHOTOWIIEHB, TPHIEM ITH HHTErPANLI BLITUCIAIOTCA B fAB-
oM pugte. JJisl paga KaacCos 3a0ad, TAe ITH HHTErPAJIBL He BLIYHCASIOTCS B ABHOM
BUE, MOXKET OKA3aThCs PA3YMHBIM HaIITH 9TV MHTErPAJIBl IPH TOMOIIH IHCAECHHOTO
HHTEIPUPOBAHKA. DTa, JOTIOJHHUTENbHAS PadoTa ONPaBALIBAETCS, €CITH M0y TUBIIIH-
ecst (POPMYJIIBI HCITOAL3YIOTCS MHOTOKPATHO, HANPUMED, IPU BLIMHCICHUN GOIBILON
CCPHN MHTErPAOB, NPH BLIYHCHCHHH KPATHLIX HHTETPAJIOB KAK ITOBTODHBIX (CM.
1. 5), a Taxk:Ke MPA PEeINeHuN HIITErPaJbHbIX YPABHEHHIT.

3. llycrs Tenepr BLITHCISETCH
1,(f) = f( ) exp(iws) dr,

rae w — 6onbinoe 4ucno, f(z) — mocrarouiio rmankas dpynxngs. Bygem pac-
cvarpunarh (GyHKUMIO exp{iwr} Kak BecoBylo. IIpejcraBum udTerpas B BUJE

~qH
I = Z I, I,= /( f(x) exp{iwz} dz,

g=1 q—1)H
JUlsl BBIMHCJICHHST WHTerpasa [, IpuMmennM xpaigparypy Tuma (7.2).
4. B HEKOTODBIX CIyvYaaX NOABIHTErPAIBLHYI0 (DYHKIUIO MOMXKHO MPEICTa-
BuTh B Buge f(x) = G(z)+g(x), upniem / G(z)dx Geperca B 9BHOM BHIE,
A

a g(z) —rmankas ysxiug. IIycrb BEIUHCAACTCS HHTETPAJ

1422

L oy Inzx .
I=./Of(m)d:v, flo) = 2 (5)

Bosemem G(z) = Inz. Torma dysxmus g(z) umeer Bun

lnx
14 22

g(z) = -
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.l
Benuynna / lg" ()| dz 6ymer koHeuHa, ¥ MOMKHO MHOK33aThL, WTO HOrpent-
0

1
HOCTH BBLIYHCJISHUSI HHTErPAIa / g(z)dzr mo ¢opmyse Tpamenmii ¢ mocro-
0

— -2
SHHBIM IHATOM Qg — Gq-1 = M I mveer mopamok O(M~%). Yrober mno-
rpemtrocts  popmyssl Cumicona umena nopanok O(M™1), crenyer B3sitn
Glz) = (1 — 2% Inz.

. =1
B caywae f(z) = (1‘2 —}—bz) e*, b—wmajoe uucio, nenecoobpasHo B3AThH

G(x) = (Boruy f(2))(x — b))~ + (Boru_y; f(2))(x + bi) ™"

Jocruraemoe 31eck paclINpeHHe 00JacTH AHaJIMTHYHOCTH IOJBIHTETDAJIBLHON
dyukmun ocobenno adhdexTuHo NMpu Henoiab3opaHuU Qopmynsl Laycca.

5. Hpyrum cmocobom ycrpaneHus 0cODEHHOCTH IOJABIHTErpaJbHON (hyHK-
UU SABJIAETCS 3aMEHa TEePEMeHHOH wmHTerpupoBanus. [Ipm 3aMeHe mepemMen-

L
usix z = @(t), ©(0) = 0, ¢(1) = 1 ucxomueli wunrerpanx [ = /}‘(z) dux
0

npeobpaldyerca K BHIY

1
/ g(t) dt, (6)
0

9(t) = fle(t)¥' (t).

3a cuer muoxuTesss (1) UPOMCXOAMT ycTpaHEHHe OCODEHHOCTEH HOBLINTE-
rpaJibHOl (YHKIHMH B OTAEALHBIX TOUKax. IIpomssens B ummrterpasne (5) 3ane-
Hy mepeMeHHOH « = tF, monywum

1]1;2#{:_11 t
I:/————_;~dt
0 1+f2

1
IIpu k£ > 2 wmaverpan / [g" ()| dt xoHeden, MOITOMY UOTPEMIHOCTL (HOPMYIILI
0

tpanenuii mMeer nopsaok O(M™2). C ysenumuennem k pacreT IOpsIOK Ipo-

Es

'l
u3somubix ¢\ (¢), A1 KOTOPBIX HHTErpat / fg(") (t)| dt orpanuven, mosromy
Jo

MOXHO HPHMEHATH KB3JAPATYPhl Bce Dosice BRICOKOTO MOPSIAKA TOMHOCTH.
Ecmu k owens Gombmioe, To mpoussoasble (GyHKumu ¢(t) XoTS M KOHeU-
Hbl, HO O4eHb OOJbINKE, CHEeA0BATENHHO, AOMKHA COOMIOIATLCS ONpeAelleHHast
npolopnyMsa MeXXIy BelwduuHo#l & u uuciaom yaznos N. Heobxommmocts co-
O/II00EHU OCTOPOXKHOCTH TIDHM YIOTPEOJCHHM OYeHb OONBLINMX Kk BHIHA XOTS
6p1 u3 cremyomero. IlocrosHmeit mar ty — tg—1 = 1/M B unTerpane (6)
COOTBETCTBYeT y3jlaM HHTerpupopanms a, = p(q/M) = (¢/M)¥ B ucxommom
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pHTerpaje, MO3TOMy Ipu OONBIIMX K HCHOJL3YeTCS Majo 3HAYCHHH ITOIBIH-
rerpaJbHOM (PYHKIMHM B mpasoit wactd orpeska [0, 1] (pume. 3.16.1).

Ti0 T15 T Ty L8 r19
L34l |
0 1
p(t) =t*, M =20
Puc. 3.16.1

6. Kak mpl yke Bumesm B § 11, CKOPOCTL CXOJMMOCTM IIPU BLIYHCIIE-
HHH HHTErpaJloB OT (PYHKIHUHA C O0CODEHHOCTAMH IOBBIIIAETCS TAKXKe 38 CUET
pacnpesieenust y3JI0B UHTEI'PAPOBAHUS.

7. B HEKOTODLBIX IyHasIX NPHXOOUTCA HIATH IIO IIYTH COUETAHUSI HEKOTO-
PLIX U3 ONHCAHHBIX ¢c11ocoboB. Hy(jTI) BBITHCIACTCA HHTEIPAJI

1
/ g(z)z® exp{iwz} dz,
0

rae w - Gonpmoce tmeio, g(x) — rnankas gymknus, g(0) # 0, |o| < 1. Ha-
mune Muoxnresns exp{iwz} rpeGyer peiacieHHs ero kak Becooro. Hajm-
qHe MHOXKHATENA ¢ TpedyeT NPHHITHA CIENUAJIbHBIX MEp MJId HHTErPUPOBa-
HHSI B OKDECTHOCTH IyJId. 3aMeHa IIepeMeHHbXx = (t) B MAHHOM CIywae
SABJIACTCA HEIPHEMJIEMOM, 1I0CKOJLKY J[JIs COOTBETCTBYIOIEl Becopol (yHK-
UMK exp{iwr} HCBO3MOXKHO BBIMHCjIENHE B $BHOM Buje KO3 (PUIMEHTOB KBA-
Aparypubix opmys. 3zech nesecoobpasnee pa3buTh OTPE3OK HUTETPHPOBA-
HHA Ha HEPABHBIC YACTH, COOTBETCTBYIOIUE OITHMAJIBHOMY PaCIpCesIeHHIO
Y370B TPH BBIMHCICHUU MHTErpata 0T (hbyHKIuu =%, M IPHMEHHTD Ha KasKIOH
HacTd HHTEPHOSIUMOHHBIE KBajparypuble ¢opmyisl (§ 3), cooTsercTBylomye

Becopoit (pymxuuu exp{iwz}. B wiyuae murerpason Tuma / g(z)z™ % sinwz dx

Jo
npu « > 1, g(x) — rmankoit ¢dynxkunu, ¢(0) # 0, Takoit cmocot Gyner Hempu-
eMJIEMBIM, IIOCKOJILKY B OKPeCTHOCTH Toukd < = ( Heunrterpupyemas ¢byHK-

oust £7¢ He allIPOKCHMHPYETCS MHOTOWICHAMH. 3Uech Ieecoo0pasHo pas-
g3 1

OUTH HCXOMHBIN MHTErpas Ha JacTu H , e € ~ 1/w. JInst BeIMHCIeHnS
BTOPOI0 HUHTETPAJL PA3YMHO HpI/IMGI‘(I)I/ITb 'Hspou‘eglypy, KOTOpasg ONMHCAHA BEI-
we. B mepsoMm unTerpajie pyHKOHA SIwT HE UIPaeT POMM OCHUJLIHPYIOLLErO
MHOXKHTEJIA, 1TOCKOJABKY MPH TAKOM BbiOope ¢ ona umeer Ha [0, £] xomedHnoe
auco komebanuit. ITosToMy 3TOT HMHTErpad MOXKHO BBITHCISITS, HaIpUMeD,
PaCIPEACSIUB  y3J1bl MHTErPHPOBAHUSA COOTBETCTBEHHO OITHMAJIBHOMY pPAacrpe-
fesennto st byskuun g(0)wz!™Y  annpoxcuMupyomeit MOABIHTET PATBHY O
OpH MaJbIX Wi,

8. Ynomamem meron Pombepra. Ilorpemmocts GopMyssl Tpamenuit ¢ mo-

1
CTOAHHBIM INArOM TIDH BBIYHCIIEHMU WHTErPaJia / g(z)z“dz pma rnagkoi
Jo
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(l)yHKILI/II/l g(m) g(0) # 0, —1 < @ < 1, npencrasngerca B Buge DiN17¢ 4
DyN~27%4 ... § UMeIOTCA OCHOBAHWsI JJiA IPUMEHEHHsS [IPHEMOB, ITOJIOMXKEH-
HBIX B OCHOBY Meroza Pombepra.

9. Pemenve psiia 3373 CBOAUTCS K BHNMUCICHUIO CUHTYNSIDHBIX HHTErpa-

JIOB THIIa B
I{a) = / gtw) dz,
A L —a

e o € (A, B), g{a) # 0. Vurerpan oHHMaercss B CMBICJE IVIABHOTO 3HAave-

UM, T.€. KaK TIpPemen
a—€ I3
. g{z glz
lim —(—)—dm+ —(——)—dm .
=0\ f4 z-—a JoreT —a
Hurerpan moxer OBITH 3aIUCAH KAK CyMMa HHTETPAjIa IO OTPE3KYy, CHM-

METPUIHOMY OTHOCHTEJIILHO TOYKM 4, M HUHTErpaJja OT I‘JIa,ZLKOfI d)YHKIlHH 1o
ocTaBUIelica “ACTH. ,D;JISI OPpOCTOTHI IIpennoaraemM, ITo HEpBbeI HUHTErpaJr 1mpe-

b

x

obpa3oBai K BULY / 9(2)
J—b

TFenvpepa B Touke z = 0, T.e. |g{z) — g(0)] < Alz|* « > 0, to nocnenuuit

Yo(z) — g(—a 2 e B

HHTETpaJl paBeH HECUUTYJIZAPDHOMY HWHTErDAILY /
Jo x

crm, et ¢(x) —raagaras PYHKIEs, TO HOBasg NOOABIHTErpaibHas (hyHKIus
g(z) — g(~x)

T

dz. Ecnu $yuxnusa g{z) ymnoBiernopsieT yCIoBUIO

TaCTHO-

TAKXKEC dBJSICTCA 11 (lj.(KOfI .

B psizie cnyuaes, HanpuMep NpH PEUICHUN HHTEMPANBHBIX YPABHEHUI ¢ CHHTYIAPHEI-
MU SIPAMH, BOSHUKAET CJIEAYIOMIAs CUTYalusd. JHadenus: Ppyuxkuuu g(z) 3a8a10Tcs
Ha HeKOoTopo# (pukcuporadnoi cerke. Mexons uz nadpopMaimn 06 3TUX 3HAYCHUAX,
rTpebyercst BEIMUCIATH 3HaYenus uHrerpasa [(a) npu pasmuunwix a. Ecim g(x) —
JOCTATOYHO [aKast (PYHKUHS, TO 34€Ch MOYKHO MOCTYIUTE CIEAYIOMIAM 06pa30M.

Pazbusaem orpesox [4, B] wa wactu [do, A1],..., [Aa—1, Ay, Ao = A, Ay =
Ha xaxxmoii w3 vacreii [A,-1, A,] npubmizkaem (])yHKLmIo g() uHTEpIONAIHOHHBIM
muorousieHoM L4(z). Ilpu aTom TpebGyem, arobbi IpK BCeX g GLLIO BLIIOJHEHO YCI0-
BHE .

Lq(Aq) = LqH(Aq) = Q(Aq)-
Hcxonauplit uHTErpas 3aMeHsieM CyMMOH HHTErpajioB

Aq q
A € a

g=-1

Uurerpans! i, BeruucisieMm B asHoM Buze. Ecmu a € (Ay—1, Ag), TO COOTBETCTBY-
IOIIHH HHTErPa i, CJIEAyeT PACCMaTPUBATL Kak CHHryusipublil. Ecmm o = Ay, 1O
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cnenyer O6bEAHHUTD UHTETPANB iy M iyq1 (PACXONALIMECS) B OJMH CHHIYJIAPHbIN

HHTErpaJ
A1 f/q(T)
ty +lgp1 = —dz,
q g+ / T — Aq

Agr

= Li(x) mpu ¢ < Ag,
Tp) =
Li(x) = { Lot (z) npu z > A,.

HOJIy‘{HBIHHGCH WHTEerpaJbl BLIYHCIIIM B ABHOM BHJE.

3apaua 5. Ilycrh OTpE30K HHTETPUPOBAHHS DPAa3OUT Ha PaBHBIE YaCTU JJIM-
gpl H ¥ Ha Kaxpmo#i uactu yuknmua g¢(x) AMNpOKCAMHUPYETCs! TPH IOMOIIA
auHeHHONH mHTeproxganuu. TakuM 00pa3oM, HCXOARBLIN HHTErpajl aIlIPOKCHMU-
pyerca CyMMOW WHTErpaJjioB

M /A+qH gllg—1)H) + (z— (¢ - 1)H) 9(gH) = gfg(q ~DH)

- dx,
q=1 A+(¢—1)H T —a

e H=(B—~A)M~!. B npemnonoxernuu orpanutdenuoctu |¢"(z)| noayants
onenky morpemsocra O(M™21n M).

ITone3no yka3arh Ha CJIEIYIONIYIO IPAKTUYUECKH BaXKHYIO JeTatdb. Kcim pe-
MIEHUE 33JaYu COMEPKUT KAKHME-TO HEUCCJIEOBAHHBIE OCODEHHOCTH, yXyNIIaro-
M@e CXOAUMOCTh METOHOB, TO JYWUIIC €Pa3y BBIICIHUTHL IIPOCTEHINYIO MOACTL-
HYIO 3aJady, COJEpKANUIYI0 STH OCODEHHOCTH, W IPOBECTH BHIOOD METONd H
HPOBEPKY NPHMEHHMOCTH DPA3JHIHBIX ACHMITOTHUYECKHX KPUTeDHEB Ha 3TOH
MOJIEJLHON 3a/ate. DTOT HyTh OOBIMHO HPHBOANT K Oojiee OBICTPOMY NMOHMHMAa-
HHUIO CYHIECTBA BOIPOCca W H30aBIAET OT HeOOXOIMMOCTH IIPOBEIEHUS! MHOTO-
YUCJICHHBIX 3KCIEPHMEHTOB Ha caMOW 3al1ade. B 9acTHOCTH, HOCTUraeTCs 3KO-
HOMHUS TPYHa MATEMATHKA IIPH [MPOTPAMMUDOBAHHH 33Ja4d, MAIIMHHOTO Bpe-
MEHH M YOPOIMAEeTCs HCCISJOBAHME 33 CUeT BO3MOXKHOCTH IOCTpoeHust bosee
COIEPIKATCIBHBIX I'PAMHUKOB ITOBENEHUs IIOTPENTHOCTH; 3JeCh WMeeM BO3MOXK-
HOCTL IONyIuTh Goismie Touek (14.8) mnm (14.12), MOCKOILKY i IIPOCTOl
3a0aMH HMX TIOJNyI€HHEe MeHee TPY/I0eMKO.

§ 17. IlpuHUIUOBI HOCTPOCHUS CTAHIAPTHBIX
IporpaMm € aBTOMaTH4Ye€CKHM BBIOOPOM HIara

Kak ormewanocs B § 12, mmrerpassl or ¢dbyHKnuil ¢ 0COGEHHOCTAMH TH-
ma z¥ XOpOINIO BBIMMCIAIOTCS METOIAMM HHTEIPHPOBAHHS C IEPEMEHHBIM LiIa-
LOM, €CJIH Y3Jbl MHTETPUPOBAHUA PACOPEIETEHBl ONTHMAILHBIM obpa3oM. [lo-
BHIMMOMY, CTOJIb K€ XOPOIIO OYIyT HMHTErpUpOBaTHCA (PYHKIHU ¢ OCOOEHHO-
CTAMH [Jpyrux THHob. IlosToMy npeicTaBiasgeTcd 3aMalvYMBBIM CTPOUThL CTAH-
JapTHble NMPOrPAMMBI YHCJIEHHOI'O WHTErDUPOBAHHUS TaK, YTOOBI It JIIOOO0M
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(GYHKIMHM pacnpejieieHne y3JIOB SBASIOCh ONTHMAJbHBIM WM OJW3KAM K
HEMY.

B § 11 ykazana BO3MOXHOCTE paCupeelleHds y3JI0B, OJH3KOr0 K ONTH-
MaJbHOMY, [OCIE MCCIEJOBAHMSA MOBEJEHUSI NOJBIHTErPANbHON (YHKUHN Ha
peaxoit cerke. OaHako B ciyyae Pe3KO MeHSIOIAXCS (PYHKIHMH, HalpuMep
byukumi Tuna T, peanmsammg 3TO BO3MOXKHOCTY TPHBOIUT K HEJOCTATOM-
HO YJOBJETBOPUTENLHBIM Pe3yJILTATAM.

ITosToMy mpu pa3paborke CTAHIAPTHBIX IIPOIPAMM HHTECPHPOBAHUS IIPH-
HSTBI HECKOJBKO JPYyI'We MPONIEAyphl PACIPEee/ICHIH y3JI0B WHTETPHPOBAHMS,
obecreunBaloue Jyqaiee NpUOIHKEHHE K ONTUMAJIBHOMY PACIPENLTICHHAIO V3~
JoB Aag (pyHxnumit ¢ ocobeunocraMmu. PaccMOTPHM HEKOTODLIE W3 HHUX.

Jytst  BBIMUCHEHUS HHTETPANOB IO 3JIEMEHTAPHBIM OTPe3kKaM pas30OueHng
[ag—1, 04] BbIOUpaOTCH: KBagparypHasg Qopmya

T
, Uy — Qg1 ag—1 + a Qg — Qg
I(f)m 2+—L5N"pf (4 441 il (1)
2 2 2

=1

K Mepa MOTPENIHOCTH

m
. Qg — Qg—1 fag-1 +a Qg — Qg_1 .
pg(f) = %Z&f( o <lj) : (2)
J=1

IIycte BoivmcaseTca

B
/ Fa)de, A=
JA

IlepBasg mpoleaypa, KOTOPYIO €CTECTBEHNO HA3BATbL  20pU30HMaAbHO1,
onpeJensiercst 3aganueM napamerpo g, o < 1, hg, u gg. Ilonaraem e = 0.
IlpennonoxuM, TTO KaKUM-TO 00PA30M y¥Ke BBIYACIACHO NPHUOIMIKEHHOEe 3HA-

aq
qeHAEe HATEerpaja / f(z)dz. Tlporpamma pacmosaraeT B KaxABII MOMEHT
o

BpPeMEeHH HEKOTODBIM 3HAYEHHEM fg, ¢ KOTOPBIM HaJ0 HAYMHATL CUATATD
OCTABIMYIOCS IaCTh HHTErpajia. Bbraucisier BeIHuuHy pg(f). COOTBETCTBYIO-
Y10 OTPe3Ky [aq, ag + hg]. Bam okasamocs, waro p,(f) < &, To Burum-

aq+hy

ciIsteM TPUOITIKEHHOE 3HAYCHHe / f(z)dz wo dopmyne (1) u mosna-
aq

raeM agy1 = aq + hy. Mpl momyumnu npubamikeHHOe 3HAUEHHE BEJIHIHHBI

Qg1
/ f(x)dz. B cuywae, xorma & < pg(f), momaraem hgy = hg, B 1pO-
ao
THBHOM Cjyyae mnonaraeM hgy1 = hg/o. Mbl TOTOBH K cileayiomiemy IIary.
Ecm okasanock, 110 pe(f) > €9, To npuHmMaeM ch, 3a HOBOe 3HaUEHHE Be-
JIUYUHBI hy ¥ BO3BpAIAEMCs K HCXOJHOH IO3HUUHU: BBIIUCIEHO NMPHUOIIKEHHOE
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*g
3HaueHue WHTerpaia f(x)dx w 3aman mar hg. Hauanpuoie ycoonus jyig

Jag
OpUMEHEHHA IPOLENYPHIL:

ay
qg=0, / fl@)dz =0, ho.
ao

[Ipouenypa JO/DKHA TakKyKe UMeThb OJI0K OKOHIanus pabOThI: €CaM OKa3aJIoCh,
q10 aq+hg > B, TO ciaepyeT mONOXUTH hy = B —ag. YCTaHOBHJIACH NIPAKTHKA
ppate o = 0,5.

Jpyrag npouenypa, KOTOPYIO MOXHO Ha3BaTh 6epPmuKaAvhiol, ONpenes-
eTcd 34JIAHWGM HHCJIA €9 W 3aKJIouaercd B cieayiomes. [lycrs Ha KaKOM-10

are BO3HHKAET HeOOXOMMMOCTL BLIMHCICHMS MITErPAJTa 1O OTPE3Ky pasbue-
d

mua [c, d], Te. / f(x)dz. Boraucngerca peswamna p(f), COOTBETCTBYIOIMIAS
(5

3TOMy OTpe3Ky. Eciin OHa 0Ka3ajach MEHBUIE £, TO ITOT MHTCIPAJ BbIYHUCIA-
ercs To coorpercrpyomei dopmyie (1) u nmporpamMma HIEpeXomuT K CIGIYIOo-
meMy copaBa OTpe3Ky pasbuenus. B uporusHOM ciydae orpesku [¢, (¢c+d)/2]
u [(c+ d)/2, d] ofpaBnanorca orpeskami pa3OHeHHA W TPOrpaMMa CHAUAL
obpamaerca K BBIUHCICHHIO HHTErPAJIA MO JIEBOMY M3 3THX OTPEe3KOB. B Ha-
gajie PaboTHl MporpaMMa 0OpaIlaeTcd K BBIMUCICHUIO HMCXOJHOr0 HHTETpasa

/ABf(z)dz
P

ACTIpeJICJIeNHe y3JI0B, OCYMCCTBIAEMOE STUMH MPONEIYPAME, HE ABJIACTCS
ACHMIITOTHYECKH ONTHMAJBHBIM B CMBICIE, onpenesisgeMoM B § 11, no wiemylo-
UMM NIPUUHHAM: BEJIMIHHA pq(f) He SBJIHeTCd DIABHBIM TLIEHOM IOIPEIIHOCTH
KBaaparypnul (1), a, Kak IpaBmio, €CTh HEKOTOpas Ipybas, 3aBLIEHHAS 110
IOPSKY OHEHKa IJisl HEro; OTPEe3KH JJig 1Ier0 MOTYT NPHHAMATDL JHINL J10-
BOJILHO pelKMH paj 3HAYeHHi (MpH 3TOM Jyist TepBoil NpoueAypbl OHH MMEIOT
Bay, hoo®, a mias Bropoit — (B — A)27F).

PaCCMOTpIIM HEKOTOPbIC MOMEHTHI, CBA3AHHbLIC C MPaAKTHYCCKHM HCIOAb30BAHUCM
OITHCAHHBIX BBIIIE IIPOHEOYD.

Hrobsl B OTAENBHBIX CAYUAAX CHEJAThH pacupejeeHue y3jaon Oonee GIM3KUM K
OMTHMAJILHOMY, HHOIIA BEJHUHHBL p,(f), cooTBercTByIONMe OTpeskaM pasbuenust,
CPaBHHBAIOT HE C £9, a C £gh), Tae v cnennanbuo nogbupaercs. Ha nepsonavansuom
sTare npuMeHenuss DBM cnoikmaack Tpasuuys MPOX3BOINTD CPABHEHHE BETHIMHBI
pq(f) ¢ BemmumuOM £0hy, T. €. Bparh v = 1. Oxa3anock, ITO I PE3KO MEHAIONUXCA
dbynxuuii nonyvaolileecss pacpelenenye y308 ObUIO JANEKO OT ONTHMAJIBLHOIO, 4
B chayqae dYHKIHE ¢ pa3pblBAMM IIPOIpaMMa HE MOTVIA BBIYHCINTH HHTErpaji. B
CaMOM [iejle, NyCTh, HAIpPUMeED,
0 npu z <c,
flz) =

1 opu z>c
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A Ecin npu kaxom-to ¢ Bemmuamua pg{f) co-
JEP’KAT OJHOBPEMEHHO 3Hauennsl [ B y3iax,
rne f = 0wu f =1, ro pe(f) umeer nops-
A0k hf, mosTOMY HeT OCHOBAHHH HAJEAThes,
uro HepaBeHCTBO |p(f)| = €ohy Gyner nui-
HOMUATHCS IPYU MaJBIX hg; Tporpamya Gyaer
OCYWIECTBISATEL APOOACHUE MIATA 00 MAUIMHHO-
ro uyns. Eciu dysxuus Medsierca Ha Masom
YIACTKE OYEHb PE3KO, TO [ar 6yaeT ApobuTs-

. - Cs1 HEeONpaBIAHHO CHIBHO. DTO 0BCTOSATENH-

A C B cTBO OBIIO OTMEYEHO HOJIL30BATENIMU, H 110~
Puc. 3.17.1 C/1e TEOPeTHYEeCKOoro aHAMN3a, B PE3yJbrare
KOTOpPOro M ObLIa pemena 3agada ob onrn-
MAJILHOM DacIpeeseHyll y3JIOB, ObLIo mpu-
HATO O0JararTs 7y = 0, ecau Her 0COBBIX NPHIHH OPOTHB 3TOT0.

B ciayuae pesko mensuouguxcsi GyHKUMI CIELyeT UMETh B BUAY, UTO MPOCPAMMA
MOXKET HE 3aMEeTHTh YYacTKa peskoro mamenenus dyuxknud. yers p(f) = 0, ko-
rza f(x) = Pg(z) — MHOOWIEH CTENEeHM §, U IIYCTh PeajbHas I10AbIHTerPaIbHasd
dyHKUMI ecThb

f(&) = Py(z) + g(x),

riae g(.’l,) IPAKTHYICCKN OTJIMYIHA OT HYJIf JIHIOb Ha MaJjOM OTPE3KE, HAIPUMED

v \/217T—E P { . '_250); }

(puc. 3.17.1). na onpeneneENocTH o6paTHMCs K TTePBOi M3 OMACANHBIX BLIIIEC IPO-
ueayp. Ecnu orpesok pazbuenus [ag-1, ] vianen ot touxn C, 1o p(f) & p(F;s) =0
o nporpamma dyner ypenmumBarh war. Ipu nogxoue K touke C' miar MOMKET OKa-
3aTLCS HACTONBKO GOMBIINM, SITO OKPECTHOCTH, rae QyHKuus ¢(x) CylecTBeHHO
Gonpme 0, okazkeTcs 3aKII0ueHHoN Mexay y3naMu. Torna p(f) Gyaer 6nusko k 0 u
Ha 0Tpe3Ke, cojeprKalieM To4Ky (. B pesynprare B kauecrse 3uatenus I{f) mpl mo-
ayunM 3uavenne ] (Pg); norpeniqocts 9Toro npubiuiKenHoro snavenna 6mska K 1.
L1 KOHTPOJIS Ml TOUHOCTBIO MOKHO OBLIO GBI IOMBITATHCSA TPOU3BECTH HHTErPH-
POBaHHE ¢ APYTUM 3HAYEHUCM €g, OMHAKO ¢ OOIBIION BEPOATHOCTHIO MOy IHIICS OBl
TOT JK€ PE3YJbTAT.

He cnenmyer nymMarp, ITO 3TOT HEJOCTATOK CBOWCTBEH TOJBKO METOAAM MHTEIPUPO-
BAHHS C aBTOMATHIECKVM BuIbopoM iara. Keiy IpOM3BOJUTL BBIMUCICHHE ITOTO
pHTerpasa o (hopMynam ¢ nocTosHeuM marom H, To npu H 3> /€ Bce paBmod MO-
KeT oKa3aTbes, 4To g{x) & 0 BO BCEX y3J1aX WHTETPHPOBAHUSA, N MBI [IOJIy9HM IIPH-
6mxensoe 3uadenne [(f) = I(Fy). [IpousBons 4uC/IeHHOE HHTETPHPOBAHHE [PH
HECKOJIBKUX [IaraX U OIIEHHBAS MOTPENIHOCTD MO MpaBuiy Pyhnre, MoXHO TpuilTH K
HENPABHJILHOMY BBIBO/LY, UTO IpubmnKenHoe 3Havenue purerpana I(f) =~ I[(Ps). B
LEJIOM MOKHO CKa3aTh, YTO B CIyJae HCIIOIb30BAHUS AJITOPUTMOB HHTETDHPOBAHUA
€ aBTOMATHYECKUM BHIOOPOM MIAra BO3MOXKHOCTH TIOTY T€HH TON00HBIX HeIPaBHIIb-
HBIX BBIBOJOB MECKOIBKO (OJIbILE.

IIpu cocTaB/IEHHH CTAHZAPTHLIX MPOTPAMM BCEIJIa NPHXOAATCsT HaJaHCUPOBaTh Me-
Ky ABYMsl KPaWHOCTAMU: rapanTHell TpebyeMoil ToMHOCTH Ajist a060il OABIHTE-
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rpasibHoil YHKIHMM HAH GBICTPLIM BLIMHCIEHHEM WHTETPasa ¢ HyKHOH TOUHOCTBIO
[U1s1 GOTBUIMHCTEA NMPEeXbABIAeMbIX K PEIIeHHIO 3a1a4.

I10-BHAXMOMY, MOXKHO OBOPHTEH O KAaKOM-TO IPHHIUIE HEOUPENEIeHHOCTH TO OT-
HOUICHHIO K METO/aM BLICOKOM a(p(heKTHBHOCTH: JanbHefuIee NOBBIIIEHHE CKOPOCTH
pabOTEI JOMAKHO CONPOBOXKIATHCA yMEHbUIEHHeM HaJeKHOCTH. IToObl n3bexarh
«IIPOCKAKHWBAHHUA» ODJACTEl Pe3KOTO H3MeHeHus1 PYHKIHH, MOXKHO IPELyCMOTPeTh
B I[IporpaMme HaJju4He OTPE3KOB, IJie IIar MHTerpHpOBAHUS INPOOHTCSH MPUHYIH-
renbHO. Hanpumep, B ONKHCAHYWE CTAHIAPTHOM mpOrpaMMbl MOYKHO BKJHIOYMHUTDH KO-
1bI HeKOToporo orpeska [a, §]. Ecan orpesok pasbuenns [a,—1, a4 mepecexaercs ¢
[a, 8], To coremytomuil oTpe3oK BHIOHpaeTea N0 BoJee cIoXKHOMY npasuiy. B xade-
erse [o, 8] caenyer 3amaBaTh HEKOTOPLI OTPE3OK, e MOALIHTErPAIbHAS (DYHKINA
DPE3KO MEHAETCSI.

O6paTI/IM BHUMAaHHUE Ha PAJ JONTOJIHHUTETbHBIX MOMECHTOB. HyCTb AL rIagKoi (byHI(—

mn f(z)
() [Qg-1 + 0
MGy

p(f) = cs A £(ag-1, a(,),
le(ag-1, aq)| < & H}‘% 'f(sH)(m)l(aq ~ag-1)

(ag — ag—1)

(3)

§+2

Js mouMMAHHMA MEXaHH3Ma M3MEHeHHs WUIara [pemmonokuM, uro fO)(z) —
KycouHo-nocTosiHuag Gynxuusa. B obnacta nocrosuersa £ (z) nmeem

p(f) = | F2 (@)(ay = ag—1)".

Basaauncs HeKOTOpEIM uucioM 3 < 1. Pacemorpum cnydait 8 < ot Ilyers mna
mara fiy, ¢ KOTOPBIM MBI TIPHCTYITaeM K HHTETPUPOBANMIO B NAHHOH OBJIACTH IIOCTO-
AHCTBA TIPOM3BO/HOMN, BLIIOMHAETCA cooTHOmeHMe ¢g] 49 (x)|(Nho)*F! < ey. Torma
mar OyJeT yBeJHYHBAThCA KKAbIHT pa3 B o~ ! pa3, DOKa He CTaHeT DOJIbINE £.
IMockonbKy npu miare 8 ¢! pa3 MenbInem, BbITONHAROCH cooTHonternue p(f) < 1,
TO HHTerpHPOBAHUE OYAeT OCYIIECTBIATHCA ¢ HAHMEHBINUM WaroM v = hoo®, mas
KOTOPOTo cs|f(s)(:1:)|h“Ll > £;. Ecnmm Ke nna HagasibHOrO B 9TOMH obJjacTd 1nara
BoITIONHACTCS cooTHOmenue ol f1)(x)](ho)°t > £, To mar cramer HAHGOMBIIMA
u3 maros i = hpo*, mas xoropeix Bbmommaercs yoaosme gl f) (z)|hST! < e
Ecin, Kax MbL IPeITONONWIM, €1 /69 = § < o1, 1o Moxer okazaThed, UTO B 3a-
BHUCHMOCTH OT IOBEJEHHA (DYHKIMHM NpPH MEMLIINX T B PACCMATpUBaeMoil 0baacTH
BBIOUPAIOTCA pa3suynble marn. Mbl BUACTH, YTO MIar HHTErPUPOBAHUSA XKeJIaTe b
HO PaCHpeleaTh Tak, 4TOObI OLUEHKA MOFPEIIHOCTH Ha BCEX OTPe3KaX pasbueHus
HHTepBalia HHTerpupoBanus Opina npumepHo oauHakosoi. Mexonst w3 ckaszanzoro
MBI JIEJIAeM BBIBOZ O KeqarenpHocTn ynotpebnenus 8 = o1t

Pacemorpum caiyuait 8 > o1, Moo ykasar, mar h = hE raxoit, 1ro
g00* < e f (@) |nH < e (4)
Ecnu okazanoce, 4ro
e1 < ] f (@) |h* ! < e, (5)

TO PN MHTEIPDHPOBAHHH IO PACCMATPHBAEMOMY OTPE3KY OyneT BLIGPAH HMEHHO
Takoi mar. OgHako npu

£00° T < | fO (@) |T! &y = 0B (6)
6 903
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nporpaMma BbIpabOTAET CleAyomui mar, pasebit h/o. Hdaa storo wara, BCle-
creue (6), oxaxkercsa, 9T0 €9 < p(f), modTOMY MIAT h/o Gyner npusHaH Hempu-
rogubiM. IIporpamMma BO3bMeT wiar, paBHBIf h; IOCKONMBKY JJsl HEro BBINOJHSET-
cst yenopue (6), TO MHTErPHPOBAHHE IO TeKYILIEMY OTpe3Ky OyJer 3aKOHYEHO H 33
UCXOIHBIH ar Js JajbHeiurero cuera Oyjer npunaT mar h/o. Taxum obpasow,
paKkTHYECKOe MHTErPUPOBAHNE IPOUCKOANT ¢ ITHATOM 1 M HA KaXXJIOM Iare JeiaeTcs
[ONbITKA IPOU3BECTH MHTErPHPOBaHMUe C maroM h/o. Ecan BBIYMCIEHUS ¢ [araMmu
h 1 h/o He3aBHCHMBI, TO Ha KQKIOM ware obbeM paboTe! Oyer yaBauBaThCs.
H3BecTen crneayomyil SKCNePUMEHTATBHBIH (DAKT: €CIM MbI 3313/ IMMCS TIPOM3BOb-
HBIM A > 1 ¥ u3 Pa3sAHYHBIX HE3ABHCHUMbIX MCTOUYHHKOB MOJYYUM HEKOTODBIC 4u-
cna iy, o BenudnHsl {log, y} GyayT acHMOTOTHYECKH DABHOMEPHO PacHpeJe/enn
na orpesxe [0, 1].

Bagaga 1. Cumraa, uro f0)(z) - uucia, DPOUCXOASIIHE M3 HE3ABHCHMBIX
(JIyTalfHBIX WCTOYHHKOB, IOKa3aTh, uro npu (3 > o*t! maremarnueckoe oxu-
Janue 3arpar paboT IPONOPHMOHAILHO 2 —log, s+1 (. (Orciona cnepyer wuede-
coobpasnocrs peibopa B = o5t1)

Hamm paccys<aeHus IpoBejiensl B Ipeaionoxenny, uro ) (x) = const, 1 mosro-
My TPeOYIOT 9KCIEPUMEHTAILHON NPoBePKH. VX011 B3 Pe3yNbTATOB TAKOH IIPOBED-
KH Ha NpakTHKe 3 0BLITHO 6epeTcs paBHLIM HJIM HECKOJbKO OonbmmM, deM o ti
HAIPHMEp, B OQHON M3 PACHpOCTPAHEHHBIX CTAHJAPTHLIX NporpaMm s = 4, o =
1/2, 8 = 1/10.

Kak u B iyuae HHTErpUpPOBAHHS C NOCTOAHHBIM IIIATOM, BOZHUKAET BO-
IIPOC IPAKTHYECKOR OIeHKH norpeuiHoctu. O6paruMcsa KO BTOPOH NPOLELYPeE,
umemwteil bosree npocroe ormmcanve. Kak ¥ paHee, nposeneM HCCIEIOBANME HA
[IpUMePE KYCOTHO-TIOCTOSTHHON ITPOM3BOIHON f(s)(.’l,‘). Hlar nuaTerpupoBaHud B
obsactu mocrosHcTBa  f*(x) IS STONH NPOLELYPHI ONPENENISETCS yIOBHCM:
310 Hambonpmuit mar h suma (B—A)27F mis xoroporo BeimosmmeHO yciioBme

e f) ()| < eo. (7)
OueBniHO, YTO JUIA TAKOTO MAKCHMAJLHOTO IIATA CHPABENJIMBO COOTHOIIEHHE
€027 G < ¢ | FN ()| psT.
ITpousBeseM HHTErpHPOBAHHE C HEKOTOPHIM £) < £9. B obnactu, rge
el < ¢o| f (z)|R*F! < e,

«CTapelii» IIar HHTErPHPOBaHHA OyJeT yiKe HENPHTOJEH, HOITOMY TPOH30HmeT
ApobiieHne Iara He MeHee eM BABOe. B 061acTH, Iae BBIIONHSETCA YCIOBHE

502—(s+1) < cslf(s) (z‘)]h‘H'1 < €,

npobnenns miara He mpou3oiizer. TakuM obpasom, npu g2 T < €y MoO-
KET CIIYYHATHCS, UTO ApOOJIEHHE IAra WHTErPUPOBAHUST TPOH3OWET JIMIIL HA
YacTH OTpe3Ka HHTErPHPOBAHMS WM ero Boobme He Oymer. U3 cpaBHenus
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pe3yJIbTaToB paciyeToB C gp U €y MBI He HOMyYuM HH}pOpPManuum O BeJMIU-
He HOIPELIHOCTM WHTErPUPOBaHMsI B TOH obmacTw, Tme Apob/eHUs nrara He

ppousomio. Ilpu ycnosun
el < go27 ) (8)

mar JpobuTcst BCIOLY, ONHAKO OTCIOJMA HE CJieJlyer, YTO CPaBHEHUE De3yJIb-
TATOB pacdeToB C €9 H JIOOBIM €0 YAOBJIETBOPAIONIAM (8), maer HaLEXKHYIO
rapaHTHIO TOYHOCTH Pe3yJIbTATa.

Bamaga 2. Ilycrn ey < £02~ 5t Tlonobpars mocrosmueie ¢y, ¢y, C Taxwme,
qTO NpH
¢ ma [A, C],

(8) () =
fo) = e Ha [C, B]

npubnuxennsie 3HadeHust Se,(f) u Ser (f) wmHTerpaja, COOTBETCTBYIOILUE &g
u £), OYAYT ONMHAKOBLIMM, a IOIPEMIHOCTH OTJIHYHA OT HYJIS.

Eciu f)(z) mempepoiBna, To mpm £y = e02-0t) u npu megenun B
AJITOPUTM YCJIOBHA YMEHLIIEHUA MAKCHMaJBHOI'O MHIara, MIPOolNOpIHMOHAJBLHOTO
E(l)/(s+1), MOXKHO NOPEIJIOKHUTL U O6OCHOB&TB aHaJ o' IpaBHJIA PyHI‘G OIIEHKH
NOrpenIHoOCTH

Ss{) (f) - S (f)

gn 1

I(f) = Se (f) ~

60—-)0;

3gech m + 1 —nopsnok rmasnoro (mpu max(aq — ag—1) — 0) wnera morpent-
q

nocTu Keagpatypsl (1).
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asa 4

Mpundnmxenune GyHKUNA
U CMeXXHble BOMpochl
v

Heupeprsnaas dyskuua ne seerms Moxer GBITH XOPOMIO IpUOIKIKEHA UHTE]-
MOJMISIIMOHHLIM MHOrowieHoM Jlarpanxka. B wacTHOCTH, mOCJIEIOBATEIBLHOCTE
HHTEPIOIALMOHHBIX MHOTOWICHOB Jlarpamka 110 PaBHOOTCTOSIIHAM Y3JaM He
06A3ATENIEHO CXOOUTCA K (DYHKIHMH JIaXKe B TOM CJIydae, ecsin QyHKIHA Oec-
koHeuHO nuddepennupyema. B Tex ciyuyadax, KOrma CXOZUMOCTH HMEET Me-
CTO, YACTO MOAYYEHHME [AOCTATOYHO XOPOUIero npubiuxkeHus tpebyer HCTIOMb-
30BAHUSA IIOJJMHOMOB BBICOKOM CTeneHr. B To xe Bpemd, eciaud fja Tpubim-
)kaeMoit (DYHKUIHUM yaaeTcsd 1omobpaTh NOAXOAANIHAE Y3JIbI MHTEPIOMAIUK, TO
CTEeIleHh HHTEPIOJATMOHHONO MHOTOWICHA, TPHOIMKAIOIIEro (DYHKIHMIO ¢ 3a-
JIAHHOH TOYHOCTHIO, MOXET OBITH 3HAMMTEIBLHO CHMIKEHA.

B psapme KOHKpeTHLIX ciiyuaeB 1esiecoobpa3Ho OpubamkaTh (BDYHKITHIO He
IIyTeM HWHTEPNOMAIUANA, a IYyTEM MOCTPOEHHUsSI TAK HA3BIBAEMOIO HAUAYUULCZO
npubauncerus. IlpobaemMbl, CBA3aHHBIE ¢ HOCTPOCHHEM HAMIIYIHIEr0 UTPUOIH-
XKeHus, u OyJyT pPacCMOTpPEeHbl B HACTOSIIEH TIJIaBe.

§ 1. Hannyvinue npubin>keHus B JIMHEHHOM
HOPMHUPOBAHHOM IIPOCTPAHCTBE

CdopMmynupyem 3334y TOCTPOCHUSA HAMJIYUIIEro NpUO/IMXeHus Ha abcTpakT-
HoM #A3bIKe. IlycTs wuMeeTcss 3jemeHT f JIMHEHHOrO HOPMHPOBAHHOTO IIPO-

crpaHcrBa R. Tpebyerca HalTH ero Hamuydilee IPUOIMXEHEE JHUHCHHON KOM-
n

buHaIpet E ¢jg; JAHHBIX JINHEHHO HE3aBMCHMBIX JIEMEHTOB (i,..., §n € IT.
7=1 n
9710 o3HAYAET: HAWTH 3JIEMEHT E c?gj TaKoO#, dYTO

Jj=1
n n

“f——Zc?gj“ =A= inf f—chgj“.

Ilo-apyroMy 310 MOXHO OGO3HAYMTH CJIELYIONMM 0Opa3OM:

C1,..3Cn
n
f= E :ngj“-
j=1

a

k(3
E c?gj:arg inf
N Cls..sCn
j=1
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Ecau Takod SJeMeHT CYHIECTBYeT, TO OH Ha3BIBAETCH IAEMENTOM HOUAYUULEZO
NPUOAUIICERUA.

Teopema. FAEMEHM HAUAYHULEZ0 NPUOAUNCEHUR CYULCMEYEM.

Joxasameavcmeo. Bemegcrsue  COOTHOMIEHUH  (CEJCTBUE U3 HEPABEHCTBA
Tpeyronblmxa)

7= o - e | < [ %MM<;k%ﬁwm

d)yHKm/m

ABJIAETCSL HENPEPHIBHOW (yHKImeH aprymenToB c; mpH Jjuobom f € K. Ilycrs
|c] —eBkmmnoBa HOpMa BexTOpa € = (Ci,..., C,). Qymkmus Fy(c,..., ) =
llergi+- - -+cngn|l HenpepriBra Ha emuuuuHON cdepe |c¢| =1 u, cremoBarensHO,
B HEKOTOpOW ee Touke (€1,..., ) JOCTHTAET CBOEH HHXKHEH TpaHu F mo
chepe, npmuem F # 0, 1ak xax pasencrso F = {|&g1 + - + ugnll = 0
NPOTHUBOPETUT JUHEAHONU HE3aBUCHMOCTH 3JIEMEHTOB §1,..., Jn. JJa J060ro
¢ = (c1y.---,¢n) # (0,...,0) cupaBemymsa oneHKa

le1gs + -+ cngull = Folerr- ., en) = Jc»FD(H f‘)/nan

Mycts v > 2||f||/F. ®yskuas Fy(e1,..., ¢n) HenpepeBHa B mape |c] < v;

ClefioBaTeNbHO, B HekoTopol Touke mapa (cY,..., c)) oma mocruraer cpoett

umxueit rpann FO no mapy. Vmeem FY < Fy(0,...,0) = ||f|l. Bue sroro
Wapa BLIIONHAIOTCS COOTHOIICHUS

Frler, oo en) 2 g+ +eugn |l — 1FI] >
> (2017 171) 1EI = WA= 1) > F°.
Takum 06pa3om, BHE 3TOro mapa
Filel, ..., cp) 2 FY = Ff(c(ll,..., &)

OPpU BCEX BO3MOMKHBIX Cf,..., Cp. leopema JoKa3aHa.

Filer, .. e —“j cig;
j=1

DJIEMEHTOB HAMJIYIIIEro IPUOAHKEHUS, BOODOLIE TOBOPsi, MOXKeT OLITh He-
CKOJTBKO.

[pocTpascrso R Ha3bIBAETCS CMP020 HOPMUDOSOHNBLM, CCITH U3 YCIOBHS

F+gll =1f+llgll, 1AL llglt # 0

cnepyer f = ag, a > 0.

3agaua 1. JIoka3aTb, YTO B CIyuae CTPOr0 HOPMHPOBAHHOIO IPOCTPAHCTBA
R snemenr Hamnywiiero mpubIHKEHWs €IWHCTBEH.



166 I'masa 4. [pubmxkenne pyHKIME 1 cMexHBIE BOIIPOCHI

3angaaa 2. [okasarts, uro mpocrpanctso L,((0, 1), ¢(z)), g(z) > 0 nouru

BCIOLy, C HOpPMOM
1l = (/ 1@ rate) de

cTporo HopMupoBaHHOe npu 1 < p < 00.
PaccMmoTpers oTaenbHO TIpocTeiimuit  ciyvyail TuisOeproBa  IPOCTPAHCTBA

p = 2

§ 2. Hamnyuruee npubiunrkeHue
B I'mijibOEPTOBOM ITPOCTPAHCTBE M BONPOCHI,
BO3HUKAIOIHIE IIPU €ro NpakTUuYeCKOM MOCTPOEHUU

g runsbeproBa MPOCTPAHCTBA 3JIEMEHT HAWJIYWINEro NPHOJIHXKEHUST eNuH-
creen (cM. 3amady 1.2) m npobiema ero HaxoXKjeHust (HPOPMAJIBHO CBOIUTCS
K PENeHHI0 CHCTEMBI JIMHEHHBIX yDaBHEHHI.

HaubBonee mnpocroit cnocob monydenums 3Tofi cuereMmbl cirenyronimif. Ilo
ONpeneNIeHnI0 KOI(PDUIMEHTH a; 3JIeMeHTa HaIyumero upubmKeHus pea-
JIM3YyIOT MHUHAUMYM BBIPAXKEHHUS

= =S = (£~ S 1= S
i=1 a=t =t

IIpupaBauBast myno npouspomubie 1o Rea; u Ima;, nosydaeM HCKOMYIO CH-
cTeMy YPaBHEHUH JJjid OmnpenesieHHd a;. BCJejgcTBHE CYLIECTBOBAHHA H €OWH-
CTBEHHOCTH 3JIEMEHTA HAMIYYIIEro NpubJIMKeHUs], 3Ta CHCTEMa HMeeT eJiiH-
CTBEHHOE pelleHue.

IlocTpoum 3Ty cucTeMy M uCEIeLyeM BONPOC O €OUHCTBEHHOCTH €€ pelre-
HHUSA HECKOJBKO JPYIHUM CIIOCOBOM.

Jns mpocTOTHI M3JIOXKEHWs OTPAHMYMMCH CJIYyYaeM BeIEeCTBEHHBIX [ U gj.
n

[Iycrts a; = a; + i), «j, B — BemlecrBenHble YHCIa; HMeeM [ — E a;g; =
j=1

(f — Zajg]) - iZﬁjgj. Honoxum )
7=1 7j=1
L 2
D(ay,...,ay) = “f — Za]—g]-“ .
7=1

Ecin f1 u fy Bemecrsennnl, o ||fi +ifell® = (fi +ife, fi +if2) = (f1, fi) +
i(f2, 1) —i(f1, f2) + (fas f2) = [1Al? + | f2]]%, nosTomy

|7 = S| = £ = Sasa| + [Ssiss| )
i=1 j=1 j=1
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Cornacno (1) uMeeM pPaBeHCTBO

n
2
Dlar,..., an) = Blar, ., an) + | Yo Bis| -
g=1
OTcrona caexyer, 4TO
inf ®(a,...,a,) > inf @(ai,..., an). (2)
al,e.., Un Q1,...y Cn
B TO Xe BpeMda
inf ®(ay,...,an) = inf P(ay,..., an), (3)
Qe A @],y An

[IOCKOJBKY B IIPABOil 9acTH Oepercs HUXKHAS rpaHb 110 60Jee NIMPOKOMY MHO-
ECTBY BCEBO3MOKHBIX NAPAMETPOB a1,..., (p, & B JIEBOH — 0 MHOMXKECTBY
BeleCTBeHHBIX mapamerpos. Mz (2) u (3) wreayer, wuro HcxomHAd 3a1ada
CBOOUTCSI K HAXOXKJICHUIO

inf (I)(oq,..., an).
Q1. Qn

B ToukKe MHHMUMYMa JOJIKHBI BBIMOJHATLCA yctopua O0P/0ay = 0. Vmeem

g% = (—gk, - zn:ajgj) + (f - iajgj, —gk) = —Z(f - iaigﬁ gk) =0.
j=1 j=1 =1

Orciona mosiyuaeM CHCTeMY JIUHEHHBIX yPABHEHHH OTHOCHTENBHO KO3 buiu-
€HTOB (\; = Gj, COOTBETCTBYIOIIMX 3JIEMEHTY HAHJIyHIIero TPUOIHIKEHHsT

Zaj(gjvgk) ={f,g9x), k=1,...,n. (4)

j=1

3amaua 1. Jokasarb, uro KO3(DPHUIMEHTH aj, COOTBETCTBYIOLME IEMEHTY
Hauryuniero npubJrKeHus, SBAAIOTCA pelreHueM (4) U B TOM CIyvae, KOTJa
[ u g; He 06s13aTENHPHO BeEIIECTBEHHLL

Marpuna G, = G(91,..., 9n) = [(9, 9x)] HazpBaerca wmampuuet I'pama
CHUCTEMBI 3JIEMEHTOB §1,..., gn. llockonsky (gj, gx) = (gk, 9;), TO Marpuua
Ipama sBnstercs 3pMHUTOBOIA.

Jlemma. Ecau saemenmu gi,. .., gn AUHETHO HE3GEUCUMDB, MO mampuye Gp
NoAOHCUNEABHO OnpedeaeHa.

Aoxazameavcmeo. Ilycts ¢ = (cy,. .., ¢n)T — npousBoNBHEIA BekTOp C Berme-
CTBEHHBIMH KOMITIOHEHTaMu. MmeeM paBeHCTBO

”écjgj” = (icﬂ'gﬂ" ickgk) = i ¢jck(95> i)- (5)

k=1 k=1
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Ilocnenuee BbIpaxeHue cosnazaer ¢ (Gpc, €), DOITOMY

7 2
(Gne, c) = ”Zc]'gj“ = 0.
j=1

n

> cig
i=1

arygae, xorsa Bee ¢ = 0. Taxmm obpazom, (Gpe,c) > 0, eamm ¢ # 0, nu
COTJIZCHO ONPEIENICHUI0 MaTpura G, sBISeTCd IOJOXKHTENBHO ONPEeIe/eHHOMN,
Tlockomeky MaTpuna (G, MOJOXKHUTENBHO OLUPEIENIEHa, TO €e ONPeNeJHTEeNAb OT-
JUYeH OT HyJsl M, CJIEJ0BATENLHO, cucTema (4) MMeeT eIUHCTBEHHOE pellleHwue.

2
! = () TOABLKO B TOM

Ecnn 3iteMeHTbI g; JUHENHO HE3aBACHMDL, TO

3agaga 2. Jloka3arh HEpaBeHCTBO

G(gla RS gn+1) < G(glv R gn)(g'rH-l; gn+1)-

Ilpu npaxruvdeckoMm npubiuxkenun (GHyHKIHE HyXHO NPOABIATH OCTOPOXK-
HOCTL TIpu BeIOOpe cucTembl GyHKImA ¢;. OKaspBaeTcd, ITO TpH Heygad-
HOM BBIOOpE TAKON CUCTEMBI BBHIYHCIHUTEILHAS TOTPEITHOCTE KOI(DGIUIHEHTOB
a; MOXET JOCTHraTh KaTacTPO(pHMUYECKHX pa3MepoB, # C J00aBJIEHHEM HOBLIX
dyHKIHE ¢, DOIydaeMOe <«HAWIyuilee» IpUOIMKeHUe OyHeT Bce XyXKe NpU-
OJIHXKATE 33UAHHYIO (DYHKIHIO.

Heno zakmaiovaerca B cuenyiomeM. Marpuna G, npu HeymadnoMm BhOope
cucreMbl GyHKIuit g; umeer Gombimod pasbpoc COBCTBEHHDLIX 3HAYENMH, T.e.
OTHOUIEHHE MAKCHUMAJIBHOLO (1m0 MOAYJIIO) COOCTBEHHOrO 3HAYEHHS K HAMMEHb-
memy (MO0 MOMYJIIO) BEJIMKO; BLIUMCJIUTENLHAS TMOTPEITHOCTL TP PENICHHH
CHUCTEM C TakKO¥ MaTpuilell BO3pacTaeT 110 KpalHe#d Mepe IIpPONOPIUOHAIb-
HO 3TOMy pasbpocy. Hampumep, B ciayuae orpeska [—1, 1], Beca p(z) = 1
A cucreMbl (pyHKIH# g; = 2771 pazbpoc CcOBCTBEHHBIX 3HAYEHHH MaTpPH-
el G, mpesocxomut a(v/2 + 1)%*/nb, rne a, b— HEeKOTOPBIE MONCKUTETBIBIE
HOCTOAHHBIE. Dosiee NETANBHLIH AHAJIN3 33JaUM [TOKA3bIBAET, UYTO B KAUECTEE
cucreMm (YHKIHH ¢; IlesecoobpasHo Oparb CHCTEMBI OPTOHODMUPOBAHHBIX IO
OTHONIIEHUIO K HEKOTOPOMY, BO3MOXHO IPYTOMY, CKAJIAPHOMY IPOH3BEIACHHIO,
byBEKIHME WM B KAKOM-TO CMBICJie OJM3KNX K HUM. ‘

Ecmu snementsr g 06pa3yloT OpTOHOPMHpPOBAHHYIO cucTeMy (gk, gj) = 5,
To cucrema (4) npuoGperaeT BUI

a; = (f, 95)- . (6)

Torna mawrydniee npubnuvKenue 3anuceBaeTca B (popme
n

9= (f 9))9;

=1

¥ HMeeTCs cyefyomiee yobmHoe mpencrasaenue mis pesmumnnt ||f — gi|*:

I1f—gl* = (f DT }:ajgj) = (£, )= lail> =, )= DI 99
j=1 =1 7=1 =1
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TTockoneky ||f — gl|* = 0, To m3 paseHCTBa

If =gl = (f, £) = D_IF, 9P

i=1

cienyer, B qaCTHOCTH, HU3BECTHOC HEPAGEHCINGO Becce/m
3
2
(f, 1) =2 1 g™
j=1

Ecnu ucxonpele 3jieMeHTHI He 06pa3yioT OPTOHOPMHPOBAHHOI CUCTEMBI, TO,
poo0IIE TOBOPSI, UX MOXKHO ODPTOTOHAJIM3OBATH NPH MOMOIIN PacCMATPHBAaBIIe-
rocsi B IVI. 3 ajdropuTma oproroHasm3anun. OpHAKO NpPHMEHEHHE 3TOrO Aall-
FOPHTMa, JIOBOJBHO YACTO MPHBOIUT K HEYZOBJIETBOPUTENBHBIM PE3YJIbTATAM.
Haupumep, npu mocTpoeduu Ha orpeske [—1, 1] opToHOpMHPOBaHHOK ¢ Be-
com p(x) >0 cucrembr GyHKUME M3 YKA3aHHOUW BBILNC CHCTeMbl (pyHKIui z”
6yayT HOIy<9eHBl HEKOTODBIE OPTOTOHAJIBHBIE MHOTO'LICHBI Pj(x), cymMma Mo-

H
ayieid Koa(p(pUIIMEHTOB y KOTOPBIX pacTeT HEe MeJJjIeHHee HeM (\/§+ 1) n,
rae a onpejenserca uepes p(z). Ecam B ganpueifmlem 3Havenus MuHOrodsie-

{

&% A — " .,

HOB BBIMMCIAIOTCS 10 #BHOH dopmyne Pj(z) = ag;z”, TO M3-3a OGONMBIION
k=0

BEJTMYMHBl CYMMBI MoAyJelt koadodumentor 6Gymer 6Goibmias MTOTPENiHOCTD
B 3HAUYEHHUSIX CAMHX MHOTOWIEHOB. Jlisi yCTOWYMBOrO BBIUMCIIEHUH 3HATEHUH
MHOTO'JIEHOB HYXKHO TIPUMEHHWTH KaKOH-TO WHON AaJTOPUTM, HAINPUMED BbI-
YUCAST, WX [0 PEeKYPPEHTHBIM (POPMYJIaM MIM MO SBHBIM (POPMYyJaM THIA
Tn(x) = cos(narccosz) B ciydae MHorowienos “eboimesa. Hekoropsie Gonee
JeTabHble CBEJEHUS MO STOMY Bompocy OynyT mnpuseisenbl B § 8.

IMycrs mam Tpebyercss npubIM3uTL (QYHKUUIO JBYX HEPEMEHHLIX f(z,y)
B HEKOTOpo# obsactu G Ha wiockocTw (z, y). SIBHBIR BHI OPTOrOHAJIBHBIX
(hyHKIUH U3BECTEH TOJBLKO IIs1 mpocredimux obsracTeil. MOXHO TpHMEHHTDH
clenyonmit npueM. Bosbmem HekoTopyio obsmacts ) € G, ans KOTOpOH u3-
BECTHA OPTOroHAJIbHAS CHUcTeMa (yHKInH, U npomomkum f B obnactu Q\G.
Hasee 6ynem npubmmxkars f B obnactm G ¢ mMOMOMBIO 3TO#H cucreMbl. Ta-
KOi mipueM HMHOTJA Hed(pdEKTUBEH, TOCKOIBKY HE YIAETCSl JIETKO MOCTPOHTD
JIOCTATOYHO TIanKoe mpogosikenue ¢ynkouu f B obsactu Q\G, a mpm Heno-
CTATOYHO IVIAAKOM IHpOojoskeunu upubsmxenwne Oyaer mwioxuM. CrencTBreM
Kax 3TOro o6CTOATENILCTBA, TaK M TOTO, UTO NMpUOJMIKEHHE uuleTcd B Gonbmiei
obacTu, YACTO ABJISIETCS HEONPABJAHHOE YBEJIMUEHHE 3HAYEHUS N, HYXKHOTO
IJI JIOCTUXKEHHS] 33JaHHOH TOYHOCTH.

Jpyroit BO3MOXHBIH IpUEM CBEICHWS K H3BECTHOH OpPTOTOHAJILHOH cucTe-
Me dyHKIMIE cocTrour B ciiejyoomieM. Bo3bMeMm HeKoTOpyio obiacth 2 ¢ u3-
BECTHOIt OpTOroHaNbHON cucteMoit p1(C, 7),..., ¢n(¢, n). Hycrs orobpaxkenue
z=2z(¢,n), y = y(¢, n) nepesoaur obnacts I 8 G; ¢ =((z, y), n=n(=z, y) —
obpatsoe orobpazkenue. Bynem HpHﬁJIH)K:,Tb dbyuxumio f(z(¢, n), y(¢,n)) B

obnactu (! NHHEHHbLIMH KOMOHHAIMIMHE chcpj(g (z, y), n(z, y))-
=1
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IIpu npubmvoxkennn ¢GyHKUENA GOIBHIOTO 4YHCIA TIEPEMEHHLIX HE YJIACTCs
yKa3aTh METOJIOB, NPUTOAHLIX BO BCEX (IydasX. B KaxJi0# KOHKPETHOH cuTy-
AUy HaJ0 YUUTHIBATL cienuduky 3agaqud (BuA (DYHKIHH, FeOMETPUIO 06Jia-
CTH ® T.IL.).

PaccMoTpuM IS MULIIOCTPALMM 33Jady JAPYroro poja, Npd PEHIeHHH KO-
TOPO# HCHOJL3YIOTCS TMPOBOAWMBIE Bbllle 10cTpoeHudA. Ilycts Tpebyercss mo-
CTPOUTHh HHTEPIONSIMOHHBIA MHOTOWIEH crenend N —1 ¢ y3JaMH MHTEPIIONg-
887971 :E{V,,TINV ITycts 9TH y371bl gBasiores Hyldsmu Qun(xr) crememn N uz
OPTOHOPMHPOBAHHON CHCTEMBI MHOTOUIeNnoB {(Qn(x)}, coorsercTByomeil Becy
p(z). Hanpumep, MOXHO CTPOUTH HMHTEPIOJISANAOHHBIE MHOTOW/ICHBI IO HYJISM
MHOrowieHoB YebplimeBa, 0 KOTOPBIX LA pedh B WI. 2. BymeM OTHICKHBATL
HHTEPIIONANMOHHBIA MHOTOUJIEH B BHJE JIMAEHHOH KOMOWHAIHH

N-1

Py_1(z) = Z a;Qj(x).

§=0

[pu m, n < N wmuorowren Qn(z)Qn(z) umeer crenenp ne Bbime 2N — 2.
ITosromy kBampatypa laycca ¢ N y3mamMu TOUHA JJId 3TOFO MHOTOUJIEHA:

b
Q) = / Q@) Qu(@)p(z) de = 67 (7)

TakuM 06pa3oMm, BeKTOPB Qp = {Qm(z]),..., @m(z¥)} npu m < N obpa-
3YIOT OPTOHOPMHMPOBAHHYIO CHCTEMY OTHOCHTE/NLHO CKAJSPHOTO IIPOU3BEICHUS
N

N
= ZDq Yazq (8)
q=1
u sektop f = (f(z}),..., f (x%))r MOXKeT OBITL PA3JOKCH II0 3TOH CHCTeMe
BEKTOPOB:
N-1
=) d,Q;
Jj=0
rie d; = (f, Q;). Muorounen
Pr_1( Zd Qj(z " (9)

6yIeT HCKOMBIM.

Takum o06pa3oM, nocTpoeHMe MHTEPIONANMOHHOTO MHOTOWJIEHA € y3Ja-
MM HMHTEPIOJALIUN, COOTBETCTBYIOIIMMH KOPHIM OPTOTOHAJIBHOrO MHOTOYJIEHA,
CBOAMTCA K BBIYHCJICHHIO KO03((HIMEHTOB passioxkeHusi GpyHKuuH d; 1O CH-
CT€ME OPTOTOHAJBHBIX MHOTOWIEHOB. llocjie 3TOro MCKOMBIM HHTEPIIOIAIMOH-
HBIH MHOrOwWIeH Bbraumciiserca 110 (opmyne (9). Dror anroputMm Oyuer Hosree
YCTOWYMB 1O OTHOWUIEHHMIO K IOTDEIIHOCTSIM OKPYTJIEHHS 1[I0 CPABHEHHWIO C He-
MOCPECTBEHHBIM IIOCTPOSHMEM HHTEPIOISIMOHHOrO MHOro4ieHa Jlarpamxa.
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§ 3. Tpuronomerpuieckass UHTEPIIOIALNAA.
Juckpernoe npeobpasopanne Pypne

Juckpernoe npeobpasopanue Pypbe NPHUMEHAETCH NPH PENIEHHH MHOTHX IIPH-
KJATHBIX 3a27349. K HEM OTHOCATCS TPUTOHOMETpPHUYECKAas WHTEPHONSIUS, BbI-
yHCJIeHHe CBepTKW (PYHKIWH, pacrno3HaBaHme oOpa3oB W MHorue apyrue. Juc-
KkperHoe npeobpasoBanne Pypre cTaso 0co6eHHO 3(PQPEKTHBHBIM METOAOM pée-
IIeHus OPUKJIAJHBIX 3a7a4 Hocie co3jianug Owicrporo npecbpasopanusi Pypre
(em. § 4).

Hycre f(z) — neprogndeckas PYHKUHA ¢ MEPHOAOM 1 -— pasyiokeHa B PAL
Oypre

x>
flz) = Z aq exp{2migz}, (1)
q=—00
OpuvIeM
x>
D oyl < oo, (2)
q=~00

3pech 1— MHMMAas €IMHUILA.

Paccvorpum 3naeHmst 310l GyHKuuMM Ha cerke u3 Touek z; = I[/N, rae
l, N uenwie, N dukcupoBano, u o6osnauum f(z;) = f;. Ecm ¢ — ¢ = kN,
e k uenoe, 10 qoz; — qux; = kNxy; = ki, roe kl nenoce. CrnepoBaTesnHo,

exp{2riqiz} = exp{2rigox} (3)

B y3nax cerku. Ilosromy ecnu dyuknua f(r) paccmarpupaercss JHIIL B y3-
JaxX CeTKH %), TO B cooTHOomeHud (1) MOXKHO npuBecTH NONOGHEIE YIEHBI

N-1
fr="> Agexp{2miqu}, (4)
q=0
e
o
Aq = Z Og+sN- (5)
§==—00

Jlemma. Ilpu A,, onpedeasemuz (5), coomnowenue (4) ocmaemca 6 cuae, ecau
npedeant cymmuposanus [0, N — 1] samenumo na [m, N —1+4m], 2de m — arboe
yeqoe.

Aoxazameavemeo. B camom pene, e ¢ = g+ kN, 1o

o0

Ay = Z Ag+kN+mN -

m=—00

llpurumast k +m 3a HOByIO NHepeMeHHYI0 CyMMHMpPOBAHHSA m', IOJIyTIHM

(e o}

Aql = Z aq+m’N = _Aq_

m!/=—oco
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[Tockosnbky B ya3nax cerkm exp{2wi¢'z;} = exp{2rigz;} cormacmo (3), 1o B
COBOKYHHOCTH HMeeM

Ay exp{2rigz;} = Ay exp{27iq z}.

Taxum ofpazom, upm A, onpeneiseMoM coorHomenueM (5), (GyHKnus
Aqexp{2rigz;} aBnserca mepmomuveckoil no g ¢ mepuomom N H, ciemoBa-

TEeAbHO, CyMMa
N-—14m

Z A, exp{2rmigz;}

g=m
e 3aBHCHT OT ™ U coBnajgaer ¢ f;. Jlemma Jgokasana.

Ecnmr ¢ camoro wauama 6bina 3amana QYHKOWS, OUpeleNieHHad TOJBKO Ha,
CeTKe, TO HA ITOH CETKE ee MOXKHO TaKxkKe UpeactaBuTh B dopme (1). Jei-
CTBUTEJIHO, TAKYIO (DYHKIMIO MOXHO HPOJOJKHTH Ha BCIO IPSIMYIO, JOOIIpPe-
JeJIUB ee MEeXIY Y3JIAMU CeTKHW [yTeM AuHeHHON wHTeprionsiuu. [liaa memnpe-
PBIBHOU KyCOUHO-au(pPepeHInpyeMoil (PYHKIUN BBIIOJIHAETCS (2), MOITOMY B
TOYKAX CETKM MOCJIE TPUBEIEHUS IIOAOOHBIX 9JIEHOB TOLyduM (4).

Onpenenuy CKaJIHpHOE MPOUIBENCHUE Uil PYHKIUNA HA CETKE CHELYIOomIM

obpazom:
g N
(f,9)= N-;flgz-

(Muoxurenr 1/N BBemeH Ayl COTJIIACOBAHHOCTH TIOJIy9a€MbIX COOTHOILEHHIH
¢ HeupepeIBHBIM ciaydaem: ecin f(r) nm ¢(z) — HelpepblBHBIC (QYHKIMH HA

orpeske [0, 1], To screncrsume unrerpupyemoctu f(z)g(z) mo Pumamy
1

(f, 9) = ; f(2)g(x) da

upu N — o00.) Oyuxmuum g4(z;) = exp{2rigz;} npm 0 < ¢ < N obpasy-
0T OPTOHOPMHPOBAHHYIO CHCTEMY OTHOCHTENLHO BBEIEHHOTO TAKAM 00Opa3oM
CKaJIAPHOTO NpoM3Benenus. JleficTourenso,

l}

(94 95) = % Z exp {2#1

IIpu g # j, CyMMUDYSI reOMETPHYECKYI0 IPOrPECCHIO, HMeeM

1 exp{2r=i(g — )} — 1
(g0 99) = 7 p{2mi(q JA)}
exp 27riq—j —1
N

(mpu 0< g, j <N, q # j 3samenarens ormmden ot 0). Hockonsky (gq, g9¢) =
1, To B wurore umeem

(94, 95) =05 mpm 0<gq, j<N. (6)

=0
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VMuOXast (4) CKaJspHO HAa ¢j, TOJNYYMM DABEHCTBO

N-1
A= (f, gj) = j_i/'_}:fl exp{—2mijz;}. (7)
=0

Bripaxkenwe B mpapoil wacTH o6pa3yeT KBaJpaTypHYIO CyMMy IJisl HHTE-
rpaja

1
/ f(z) exp{—2mijz} dz,
Jo
[IO3TOMY

1
Aj = a; = / f(z) exp{—2mijz}dx
Jo

mpu N — 00 u UKCUPOBAHHOM j.
ITokaxkeMm, €TO COOTHONIEHHE
N-1
f(z) = ZAj exp{2mijz} - (8)

=0

B obmeMm ciyuae He mmeer mecrta. [lyers f(z) = ag+a-jexp{—2riz}. Uz (4)
nonytaem Ag = ag, An—-1 = a_1, octanpupie A4; = 0. Takum ob6pazoM, mpapas
qacth (8) ects ag + a—jexp{2mi(N — 1)z}. Ouna coBnanaer ¢ f(z) B TOUKax
Ty, 1O, KAaK IMPABWJIO, JAJEKA OT HEe BHE ITHUX TOUEK.

BocnonpzoBaBmucs yTBEp:KACHMEM JIeMMbI, nepenuiieM (4) B Buge

fi= Y Agexp{2migz;}. 9)
—~N/2<q{N/2
Ecnu f(r) — mocratouno rmankas GyHKIHS, TO BENHUMHBI |aj| ¢ pocToM j

ybBIBaIOT GBICTPO, TIO3TOMY A, = @y NpH Majslx ¢. Kpome Toro, mpu miaaxoit
f(z) Benwamumt A, ® ag Manel npu GonbIIMX g.

Sagaua 1. Ilycts f(x) senpepbiBHO mudpdepenmupyema. JlokazaTh, 9TO

max

na) flz) — Z A, exp{2rigz}| = 0

—N/2<q<N/2

mpu N — co.

HanmomuumM, 4T0 3TO upuban:keHHOE PaBEHCTBO OOPAINAETCd B TOYHOS pa-
BEHCTBO B ToUYKax ceTKH. Cmocob annpoxcumaimu yHKIIAH

flz) = Z Ag exp{2riga}
—N/2<q<N/2

HOCHT Ha3BaHME mpuzoHomempuneckot uwmepnoasyuu. CoorHomenune (9) Ha-
3BIBAIOT KOHEYHbIM MM duckpemuoim padom Pypve, a Kosdbumments: A, —
duckpemnvimu xKoagppuyuenmamu Dypve.
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HUrHopupoBsanue yCTAHOBJIEHHOrO Hamu (pakTa O paBeHcTBe (DYHKIMIT
exp{2wiqiz} u exp{27igzx} B y3max cerku upm g —qs = kN tacro ABIAETCH
HCTOYHHKOM IIONYYEHWsI HEBEPHBIX COOTHONIEHHIA.

IIpu pemiernu OXHON HHKEHEPHOM 33 Xa4H I0TPEOOBAJIOCH ONPEICHUTE EPBYIO CO6-
CTBEHHYIO “MACTOTY KOJeGaHwWil KOHCTPYKUHH. DBIJIO NPUHATO pellleHHe HallhCaty
HECTALHOHAPHOE YDABHEHHE, OMHCBIBAIONlee NPOLECC KojebaHui, BLIBECTH Ha Ie-
yaTh rpag K B U3 PACCMOTPEHHS rpaduKa onpeneanTs YacToTy. CooTBETCTBY0IIee
ypaBHEHHE, KOTOPOE MBI yCJIOBHO Byiem ofosHavars ' = F(x), penanoch METO10M
KOHEYHBIX paszuocreil. g KOHTPOIIs Hal HAIeKHOCTBIO PE3YNBTATA IPOH3BOIHIICS
[OBTOPHBIH PACYET C BABOE MEHLIIUM H1AroM. ['pad)uku KPUBBIX, IOMYYEHHBIX B pe-
3yJILTATe pACYETOB, COBIAIH ¢ TOYHOCTBIO 10 10 %. OmHaKko U3 cpaBHEHHS ¢ IKCIe-
PUMEHTOM OKa3aJI0Ch, UTO MOJIyUeHHasl YACTOTA OTIMYAETCS OT HCTAHHON B JIECATKH
pa3. [Ipuynna HeAOPa3yMEHHA 3aKII0YANACh B TOM, 9TO IPacPBK PeHIeHHA CTPOUIICS
¢ waroM 1/N, cytuecTBeHHO GOMLIMM Nepuofa KonebGanuii pemeHus 3a1aun. Peure-
aye 6uuto 6iu3ko k dyHkuuu const- exp{2rigt}, rme ¢/N 61M3K0 K UeTHOMY THCTY
2k. TlosToMy Kak Ha ceTke ¢ marom 1/N, Tak u Ha BJBoe 6ONee MENKOi ¢ Imarom
1/(2N) nonyuancs rpaduk oHO#N 1 Toil ke GpyHKuMHU const- exp{2mi(g—2kN)t}.
B apyrom ciiydae HeCOOTBETCTBHE CO 3Apa-
A BBIM CMBICJIOM BO3HHKJIO IIPH PACYeTe OHa-
I [PAMMBI HAODPaBJIEHHOCTH aHTeHHol. Ilpen-
UPHHHMABIUMECS MOMNBITKM HANTH OMIUOKY B
\\ mporpaMMme, MeTOXEe perieHust Hid (pusudc-
CKOM OTTMCAHUH 33,1891 He IIPUBCIUIIH K [10J10-
KuTeNbHOMyY pesyabrary. OObscHenue oxa-
3a710Ch TEM 2Ke: PPadUK CHIBHO KOMeOIomei-
¢ PYHKIHUM BLIAABAJICS Ha OY€Hb PEIKOH ceT-
x’\’ xe. Ha puc. 4.3.1 cnnomnoii kpuBoit u3obpa-
JKeH peasibHbIN rpahik ceueHrs ANATPAMMBI
HAIIPABJIEHHOCTH, IIYHKTHPOM — rpaduKk, KO-
TOPBIH CTPOUJICH MyTEM MHTEPIIONSIFHN TOJLY-
HEHHBIX PACYETHBIX 3HAYEHUE T ¥ IPOTUBO-
PEeYMII IKCTIEPUMEHTY.

Puc. 4.3.1

CymecTByer COOTBETCTBHE MEXKAY 33Ja4eil NpubiuKeHdss (yHKLIUD JiH-
HEWHBIMH KOMOWHAIIMSIMH MHOrOWICHOB eObIneBa M TPHUIOHOMETPHYECKUMH
mHorowreHamu. Ilycts Ha orpeske [—1, 1] ¢dyukuus f(z) npubmuxaerca nu-

m~—1
HelHbIMH KOMOMHAIIMSIMU E a;Tj(z). 3ameHa IepeMEHHBIX T = COS? CBOAUT
i=0
UCXOJHYIO 3aJauy K 3agadve npubimxeHus GyHKImH f(cost) JMHEHHOH KOM-
m—1
bunanuei E a;T;(cost) = E a; cos(jt).
j=0 =

CnpaBeJJ;nnBo DABEHCTBO

(f, g / f:z:)g z) /f(cosé g(cos 6) do
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CienoBaTeabHO, 33034 Hauiy«ulero npubnmxenus f(z) B HOpMe, COOTBET-
cTByIOEii CKaJIsSpHOMY mnpomssenenuio (f, g)1, ISKBUBANEHTHA 3aJate HPU-
6mmxenns f(cosf) B HOpPMe, COOTBETCTBYIOIIEH CKAJIIPHOMY MPOM3BEINECHHIO

T
(fr9)2 = / f(cosB)g(cosB)df. Tounmo Tax Xe CyImeCTBYyeT COOTBETCTBUE
0

B GIyvae 3aJa4Y UWHTCPHOJAUHHN H HaHJIYIHIEro HpHﬁJIH)KeHHH B PpaBHOMED-
HOU MeTpUuKe. 8&,118}121 HHTEPIOINDOBAHUA (l)yHKHHH MHOPOYJIEHOM II0 Yy3JiaM

2m
3aMeHBl CBOJMTCS K 3ajade uureprnoaupopanud dyskunu f(cosf) npu mono-
m—1 .
. 27 —1
I0H TPUTOHOMETPHIECKOTO MHOTOUJIEHA E a, cos(jt) mo ysinam lj =m~——
Jj=0

27 -1 .
z; = cos | m——— | —-HyaaM MHOrowIcHa ‘lebbimiena T (z) — nocne  rakoit

I

2m

0obpa3yomuM PAaBHOMEPHYIO CEeTKY.

§ 4. BricTpoe npeobpa3oBanne Pypope

OcyiecTpaene IpaMoro nu ob6paTHOro JMCKpeTHBIX npeobpaszopannit Dypre

(for-- oy fno1) & (Ao, ANoa)

SABJIETCA COCTABHOM YaCTLIO PEIIeHHMs MHOTMX 33J@ad. HemocpejcTBeHHoe OCy-
mecTBIIenHe 3TUX npeobpaszosanuii o dopmynam (3.4), (3.7) Tpebyer O(N?)
apudMernIecKux oneparnuii. PaccMOTpuM BOIpPOC O BO3MOMKHOCTH COKpPAaIlie-
HHSl 3Toro uncna. [lna onpenesieHHOCTH DPetdb HOWAET O BbBIUUCIeHUN KO3hdu-
UueHToB A, 10 3ajaHHLIM 3HadenusM (yHKuu. Maes mocrpoenus anropur-
MOB Owmcmpozo npeobpasosanus Pypve onupaercd Ha TO, ITO IPU COCTABHOM
N B cnaraeMbix npaBoit gactu (3.7) MOXKHO BBINEJIMTH TPYIIB, KOTOPLIE
BXOJAAT B BEIPAXKEHHUs Pa3TMUIHLIX Kodbduimentop A, Breiumcids KaxmIyio
TPYIIY TOJXBKO OJUH Pa3, MOXHO 3HAMHTEILHO COKPATHTH UHCJIO Oneparuil.

Pacemorpum cuatama caydait N = pypo; p1, po # 1. Ilpenctasum gq, 7,
aexampme B npefenax 0<q, j <N, B BEAC q = q1 +P1q2, J = J2 + p2j1, A€
0 < g1, 71 <pi1, 0< g9, jo < pg. MMeem 1enmouky COOTHOINEHHH

Ag=Alq, q2) = I Zf;exp{ 27r1N} =

—1p2-—1 . .
(q1 + p1g2) (J2 + p2j1)
—271 .
S 1SS h o |-

j1=0 j2—=0 p1p2

W3 pasencrsa

1+ 2 + p2j , i '
@ ezt pep) oL G2 0
p1p2 N p
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A OpeapLayniero COOTHOIIEHHUA IIONYIHM

1 p2—1 q
Alq1, 92) Z A( (g1, ]Q)exp{ —27mi== ]{/,2 },
P2 7270

rue

p1—1
J1q1
Al )((11, J2) p Z fistpair exp{ 27r1————}.

t J1=0 p1

HenocpeacrBennoe BBIYHMCIEHHE BCEX A(1>(q1, jo) Tpebyer O('p%pg) apucme-
THUYECKUX OIepaluii, a mnociexyomee souncienue A(gy, go) — eme O(plp%)
onepanuii. [losToMy mpu pi, pp = O(VN) ofiiee €ucio onepanyit COCTABHT
O(N3/?), Touno Tax e npu N = pj... p, CTPOUTCS AITOPUTM BHUMCICHHS
COBOKYTIHOCTH 3Ha4YeHHU Ag, M KOTOporo ofIee YHCIO Ollepanuil He Ipe-
socxogur CN(p; + -+ + p;), 3mecs C — nmocTogHHA", He 3aBucsmias oT N.
Bermunrem coorsercrpylomue pacuernsie (pOpMYysbl Ajs Hawbomee ynorpedu-
TeNBHOI'O GIydas p; = --+ = p, = 2. [lpencraBum umcna ¢, j B BHae

r T
g= a2l =) jrem?"7
k=1

m=1

e Qrfr+i-m = 0, 1. Beauuuny ¢j2°" npencraBum B BmIe

r r
qu " Z q.]r+1 m2m T = Z (Z Qk2k+m“—r’2> jr+1—m =

m=1 m=1 \k=1
T r—m+1
k —r—21 .
= Z Z qx2 Fmer Jr+1-m+8,
m=1 k=1

TAE §— LEN0e, PABHOE CyMMe BCEX CHAra€MBIX BHIA Qkjri1— m28tm=T=2 "y xo-

TOpBEIX k+m—r—2 2 0. Ouesnnno, 4T0 exp{ 27r1—} = exp{ 2W1<%~5)}
[I03TOMY

N-1
A(Ql:---7Qr) q NZfJeXp{ ZWI%}:

T r—m+1
22 2Zf11+21r 121 exp{—%iZ( > Qk2k+mﬁr‘2>jr+1—m}-

]r:O ]1——0 m=1 k=1
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Tlocse meperpyUNUPOBKH CJIaraeMbIX HMeeM

1 T
1 e oo o
Algry. ., qr) = 3 E exp { —2mij, 27" E @2F Y %

Jr=0 k=1
1 1 r—1

X 3 Z exp —27rij,.,121'r2qk2k”1 X
Jr—1=0 k=1

1
1 v -1 .
X oo X 5 E 1 exp{—27r1_712 q1}fj,,.+2j,‘_1+...+2r—1jl
=

DTO COOTHOUIEHHWE MOXKHO 3aIHCATL B BHIE IOCJIEIOBATENLHOCTH DPEKYpPpPEHT-
HBIX COOTHOINIEHWUH

A(m)((hv ey G jm—H» cey J:') =

1 m
1 Lo . _ . .
= 5 Z exp § —27J;2 m Z kak ! A(m b ((]h ces Q=15 Jms -0 ]1');
Jm=0 k=1

m=1,...,7

rae
0 : .
AOG1, o 3e) = Fivag gt

A g, qr) = Algrs - @r)-

Ilepexon orT KaXJj0il COBOKYIIHOCTH Alm=1) g copokymnoctn A Tpebyer
O(N) apudMeTuIecKux U JIOPHUYECKHX ONEPAIMii; BCErO TAaKUX WHATOB T, IIO-
sromy obmee vucio oneparuit uMeer nopsnok O(Nr) = O(N logy N).

Borupcrenue npu nomomry cosokynsocreii A naer MeHbIee HAKOMNJIEHHE BLIMH-
CUTENLHON MOTPEIHOCTH 10 CpaBHeHnIo ¢ popmyiiamu (3.7). Oupenenentsie yxo6-
CTBA UMEIOTCSA TAKIKE IIPH BLIMHUCJICHHY SKCIOHEHT, BXOIAIINX B PACYeTHBIE POPMY-
aer. Tpu Berumcnenuu pemuuun A ycnons3yores 3Hauenms exp{—27rij2”m},
J=20,1,...,2" — 1. B wactnocru, npu m = 1 Besuuuna exp{—nij} npuHEMa-
er 3mavenus +1 wmy —1. Jns poramcnenus smadenuit A+ morpebyrores eme
3HAUEHHS exp{—27rij2—(’”+1)} IIpH HEYETHBIX J, YAOBJIETBOPSIOILNX HEPABEHCTBY
0 < 7 < 2™*1. VX MOXHO BEIYHCTHTS Yepe3 ke BLIYHCIEHHbIE 0 9TON0 BETHYHHbI,
B YaCTHOCTH, ITPH ITOMOIIH COOTHOWEHUH (m > 2)

J+1

-1
2“7”} + exp{—27ri J 5 2”'”}

2cos(m2—™) ’

exp{—27ri

exp{—2mij 2_“”“)} =

rie, B CBOIO OYEPE.b,

cos(r27™) = \/%(1 + cos(w21-m))

npa m > 1.
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B paze Cay4aes yLaeTcs eule yMEHbIUTS YHCIO onepanuil. Omue u3 Takux ClIyvaes

YIOMUHAMCH Bbllle: JaHa BeulecTBeHHas dbyHKmus f(i) = g(cost), u3BecrtHas g
roukax t; = w(20 —1)/(2N); rpebyerca HaliTH KO3(DMOUIHEHTLI HHTEPIIOIATHOHHOT)
MHOT'OJIEHA,

N-1

Z Ajcos jt.

Jj=0

Hpyroft caydaii: npu dernoMm N 3amaHbl 3HAYEHHS (DYHKIHH

N/z—1
Z Ajsin 2mjt

i=

B Touxax ¢ = [/N, 0 <] < N/2; ayxuo onpenenurs ko3(hduuuenTst 4;.

Sapgaga 1. Haiitu xosddunmenTs ¢; NpousBeieHnss AByX MHOIOWICHOB

N-1 N-1 2N -2

o ] = ]
g a;x g bjz’ | = g ciz.
§=0 7=0 7=0

HokazaThb, wro juist ux uaxoxzueHus pocraroano O{N log, N) onepanuii.

8 5. Hamnyvuiitee paBHOMEpHOe NIPUDJINKeHne

Ecnun HopMmMa B JIHHEHHOM HOPMHMPOBAHHOM IPOCTPAHCTBE ONPENENSICTCA He
epe3 CKaJIsIpDHOE OPOU3BEJACHME, TO HAXOXKAEHME ITEMEHTA HAWIYMILEro IpH-
OmyKenus CyHiECTBEHHO YCJOXHETCs. PacCMOTPUM THOMYHYIO 3314y, BCTpe-
4aIOUIyIOCsl, B YACTHOCTH, IPH COCTABJICHWM CTAH)APTHBIX TPOTPAMM BhIMH-
cnenns QyHKIui.

Ilyere R —DnpocTpaHCTBO OTPAHWYEHHLIX BEHIECTBEHHLIX (PYHKLIMH, onpe-
JeJIeHHBIX Ha oTpeske [a, b] Bewecrsenno#t ocu, ¢ HOPMO#H

(£l = sup | f(x)].

[a,b]

Vwercs maudydimee IpuOIMIKeHde BUIA
T

Qn(z) = E a;z’ .
=0

Corsaceo Teopeme w3 §l cCymmecTByeT ajeMeHT HAMJIydIIero NPpUO/IMMKeHus,
T.6. Muorowren QY(z) Tmakoit, uro

E.(f) =1f - Q) < If = Qull

npu sirbom MuOrounene @Qn(z) crememm n. Takoir mmorowren QY(z) Hasbl-
BAIOT MHOZOUAECHOM HAUAYHIWEZO PAGHOMEDHO20 npubauscenus. amee OyayT
YCTAHOBJIEHBI HEOGXOAUMBIE M JOCTATOYHBIE YCIOBHS TOrO, YTOGHI MHOIOWIEH
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SIBJISIJICS MIOTOYICHOM HAMJTYUIIEero PaBHOMEDHOTO INMPHOJIHXKEHHS JJs Hermpe-
pbIBHOH (hbYHKIIWH.

Teopema Baune-Ilyccena. Ilycmv cywecmeytom n + 2 mouru xg < -+ <
Tny1 ompesxa [a, b] maxue, wmo

sign(f(zi) — Qn(mi)) (——l)i = const,
m. €. npu neperode om MONKY T; K TOwKe Ty ceaununa f(x) — Qun(x) smenaem
anax. Tozda

Bo(f) > p=_min_ [f(x) = Qules)] 1)

i=0,...,n+1

Hoxazameavcmeo. B cayuae p = 0 yrBepxmeHue rteopeMsl odepmino. llycrs
i > 0. IlpeAnojgokuM UPOTHBHOE, T.€. UTO Ul MHOrOYJIEHA HAWJIYUIIero
npubmxenus QY ()

1Q% — fll = En(f) < p.

Umeem

sign (Qn() ~ Q5(2)) = sign((Qul=) = £(2)) - (QS(=) = F(=)).
B Toukax z; nepBoe cCjlaraeMoe IPEBOCXOAUT IO MO/LYJIO BTOpOE, IO3TOMY
sign(Qn(:L'i) - ?L(LL)> = sign(Qn(:L'i) — f(Ll)> CrnemoBaTenbHO, MHOTOYJICH

Qn(z) — Q%(z) crenemn n memser 3mak n+ 1 pas. [lonyummu npoTHBOpedwme.

Teopema Yebbruesa. Ymobo mnozousern Qn () Gva MmHo20MAEHOM HAUAY -
We20 PasHoMeprozo npubaudcenus nenpepoienot gynnuuu f(x), neobrodumo u
docmamouno cyuecmeoganus na [a, b) no xpatinei mepe n+2 mouvex o < - -+ <
Tpy1 MAKUL, 4INO

f(@i) = Qulz:) = (1) |f = Qull,
edei=0,...,n+1, =1 (uw a = —1) odnospemernno das ecex i.

Toukn x¢,..., Tpii, YAOBIETBOPAKIME YCJIOBHIM TEOPEMbl, MPUHATO Ha-
3BIBATH MOYKAMU “eObULEECKO20 AADMEPHAHCA.

Aoxasameavcmso. Jocmamowrocms. ObosHaumM vepes L pemuuwmny ||f —
Qul- Tpmvensia (1), mieess L = o < Bn(f), 10 En(f) < If — Qull = L
BCIeJcTBHe onpefenenus Benuuunbl FE,(f). Cnemosaresvno, En(f) = L u
JAHHBI MHOTOYIEH $IBJSETCA MHOTOWIEHOM HAMJIYYIIEr0 PABHOMEDHOIO IIPH-
BrrxeHns.

Heobrodumocmo. IlycTs paHHBIR MuHOrowien @,(z) sBisierca MHOrowIe-
HOM HAaWJIY4YIIEro pPaBHOMEpHOro upubiauxkenus. O6o3HadyuM €epe3 y; HUK-
HIOI0 rpaEb Touek z € [a, b}, B koropeix |f(z) — Qn(z)| = L; uz onpene-
neHus L ciefyer cymiecTBOBaHME TaxKoM TOYKH. BCIEACTBHE HeEIIPEpPBHIBHOCTH
F(z)—Qn(z) nmeem |f(y1)—Qn(y1)| = L. Jlns onpeneneHHOCTH Aajiee paccma-
TpuBaeM ciiyya#t, korga f(y1) — Qn(y1) = +L. O6o3naunM uepe3 y; HIMKHIOI



180 T'napa 4. Ipubnmkenne GyHKuuil 1 ¢cMesKHbIE BOIIPOCH

rpaib Beex Todek T € (y1, b], B koropeix f(z) — Qu(z) = —L, nocrenosa-
TEIBHO TUepe3 Yy ODO3HAYTHMM HIPKHIOIO TPaHb TOUeK T € (yx, b], B KOTOpBIX
f(z) — Qu(z) = (=1)*L,... Benencreue nempepuisHOCcTH f(2) — Q,(z) upn
seex k mmeem f(yky1) — Qu(yxr1) = (—=1)*L. TIpososmkaem »roT mporecc go
3HAYEHHT Y, = b mim Yy, Takoro, uto |f(z) — Qn(z)] < L upn y, <z < b.
Ecmn m > n + 2, TO yTBEPXKJIEHHE TEOPEMbI BBIIIOIHEHO.

IIpeamonoxuM, YTO OKazauock m < n + 2. Bcelrencrsue HempepbIBHOCTH
f(z) — Qn(z), npu mobom k (1 <k <m) MOXKHO yKazarb TOUKY Zg—1 TaKYyIo,
aro |f(z) = Q.(z)] < L upn 2x—; < < yi; OOJOKHEM 2y = a, Z, = b. Cormac-
HO TPOBEJEHHBIM BBIIE MOCTPOEHUSIM, HA OTPE3KaxX [zj-1, i), + = 1,..., m,
MMEIOTCS TOUKH, B YACTHOCTH TOUKH i, tie f(z)— Qn(zx) = (—1)"'L, u mer
touex, rae f(z) — Qn(z) = (—1)°L. Tlomoxunm

m—1
v(z) = H (zj — x), dg) = Qu(z) + dv(z), d>0

=1
U DACCMOTDHMM I[OBEJEHHEe DPA3HOCTH

f(e) = Qa(z) = f(2) — Qn(z) — dv(z)
Ha OTpe3Kax [zj_i, z;j]. s npmmepa ofpatmMca K OTpesky [zg, 21). Ha
[20, 1) uMmeem v(x) > 0, modTOMY

f(z) = Q%x) < L —dv(z) < L.

Kpome TOro, ma 3TOM OTpe3ke BhIONHAETCH HepaseHCTBO f(1)—Qn(z) > —L;

MO3TOMY IIpM JOCTATOUYHO MAJbIX d, HAIpUMED TIPH

min] If(z) = Qn(z) + L]

[z0, 21

d =
<d max_|v(z)]
[z0, 21]

Ha [z, 1) wmeeM f(z) — Qn(z) > —L. B To e Bpems

|f(z1) = QL(z1)| = |f(#1) — Qn(21)] < L.

Taxum obpazoM, |f(z)~Q%(x)| < L Ha 3TOM OTpe3Ke IpY JOCTATOUHO MAJIOM
d. Ilocne mpoBeleHHMs] AHAJOTMYUHBLIX DACCYXKJEHHHA OTHOCHTEJILHO OCTAIBHBIX
OTPE3KOB [2—1, 2i] MBI CMOXKEM yKa3aTh Majoe dj TAKOE, UTO HA BCEX OTPE3-
KaxX BLINOJMHSETCH HepabercTso |f(z)—Q%(z)] < L. Mbl nomyuman mpoTueope-
YKe C TIPE/IIONOYKEHUEM, 9T0 Qy,(z) — MHOTOWIEH HAMIIYYINEro NpPUOIMIKEHUS,
a m < n+ 2 Teopema nokazana.

TeopeMa eIUHCTBEHHOCTH. MH020%AEH HAUAYHUULE20 PABHOMEPHO20 TIPUOAU-
HCEHUSA HENPEPUBHOT PYHKUUU eJUHCTNBEN.

Hoxazameavemeso. IIpeRrionoxKumM, ITO CYMECTBYIOT JIBa MHOTOWIEHA CTeIleHU
7 HAUJY4dIIero PaBHOMEDHOTO NpUOIMKEHHUSI:

Qn(z) # Qi(x), |If —Qull =IIf = Qall = En(f).
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Orcona ciaeayeTr, 4To

o ntQn
2

QL s
<[5+ |52 - 2o,

+ ‘

1iAl (a0 2 .
r.e. MEorowieH 5[Qn(z)+ Qn(z)] Takxe ABISETCA MHOTOMIEHOM HAWILYIIIETO
paBHOMepHOro npubnuxenud. IIycrb To,..., Zpi1 — COOTBETCTBYIOUIHE HTOMY
MHOTOWIEHY TOYKH 9YeOLINIEBCKOIO AJIBTEPHAHCA; TOTIA

=E,(f), ¢=0,...,n+1,

1 .

3(Qhe) + Gia)] - f(w)
HITH , . .

[(@n(:) = f (@) +(Qnlxi) — fza)] = 2B0(f).
Tax kax |QF(z;) — f(zi)| € Ex(f), k = 1,2, To mocsesee COOTHONIEHUE BO3-
MOXKHO JIMIIb B TOM CJIy4ae, KOTIa
Qn(i) = f(2:) = Qlas) — [ (z2).

MbI TIONMYYHITH, UTO JBa PA3THYHbLIX MHorowrena QL(z) w Q2(z) cremenm n

COBIIAOAIOT B TOYKAX Tgy..., Lp+41, T.€. INPUHILIN K NIPOTUBOPCUUIO.

Banaua 1. Oyukuus f(z) = sin 100z npubauxaerca ua orpeske [0, 7). Hait-

™ Qoo(z).

§ 6. IIppMepbl HaWJIyYIlIero paBHOMEPHOIO
IPUOSTNKEHU S

1. HenpepsisHaa Ha [a, b] byHKuus npubAnKaeTcsi MHOIOUWICHOM HYJIEBOH
crenenn. Ilycrn
sup f(x) = f(z1) = M, inf f(z) = f(wz) = m.
la,¥] o, b]
Muorounen Qo(z) = (M +m)/2 aBagerca MHOrOUYIEHOM HAWJIYYNIEr0 NPHOIU-
KeHHd, a T, L2 — TOUKAMH 4UeObIIIEBCKOr0 AJTbTEPHAHCA.

3agzaga 1. JlokasaTh, YTO Hamsyudillee HPUOJIUKEHUE HYJEBOK CTENIEHH HMEET
Bun Qo(r) = (M +m)/2, ewm f(z) ue oba3aTenbHO HenpepbIBHA.

2. HenpepriBHasi, BLIIyKJIast Ha orpe3ke [a, b] dbyukuua f(z) npubnmxa-
€TCsI MHOIOMJICHOM TepBoit cremern (1(z) = ag + ayz. Benencrsume Boimy-
knocru f(r) pasmocts f(z) — (ap + a;x) MoXeT uMeTh Ha HHTepBaje (a, b)
TOJIbKO OOHY TOYKY B3JKCTDEMyMa, IIO3TOMY TOYKH @, b ABIAIOTCA TOUYKAMH
9e0BIIIEBCKOrO aJbTePHAHCA. I1ycTh d — TpeThsd TOUYKa 4YebLIIEeBCKOrO aJbTep-
Hanca. Cormacuo rteopeme Yebpimesa, UMeeM DPaBEHCTBA

fle) —{ap + a1a) = oL,
f(d) = (ag + a1d) = —aL,
f(b) — (ap + a1b) = L.
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BbryuTast nepsoe ypaBHeHHe M3 TPEThEro,

f(d) noxyunm f(b) — f(a) = a1(b—a). Orcona Ha-
f(a) § xomum a1 = (f(b) — f(a))/(b—a). Oust ompe-
Jeienusi HeusBeCTHbIX d, L, ap, a1 U o = +]

() Uil « = —1 IOJiyyeHO BCEro TPH YPABHe-

uust. OJHAKO CJIEAYeT BCIOMHHUTB, YTO TOY-

kKa d ABIAAETCA TOYKOH 3KCTPEMYyMA Pa3HoO-

cru f(z) — (ap + a1z). Ecmm f(z) — mudde-
peHumpyeMasi (YHKIHS, TO YIS OIpenele-

a d b uua d umeem ypasuenme f'(d) —a; = 0. Te-
1lepb oIpejsiesisieM ag, HalpPUMeD H3 yDaBHe-
Puc. 4.6.1 HHS, TIOJYYaIOIErocs CJIOXKEeHHeM IIEPBOTO u

BTOPOI'0 YPAaBHCHUI.

TeoMeTpruecky 3Ta MpoueLypa BBINISIUT clegyiomum obpazoM (puc. 4.6.1).
[Tposomum cexymyo gepes Touku (a, f(a)), (b, f(b)). Hdnst wee Tanrenc yria
HAKJIOHA paBeH aj. lIpoBOAMM NapajlIesIbHYIO €l KacaTeJbHYH K KPHBOH ¥ =
f(z), a moTOM NpPAMYIO, PABHOYIAJEHHYIO OT CEKYIIEH M KacaTeJbHOM.

3apaua 2. IloctponTe npuMep (YHKIIHH M COOTBETCTBYIOMIETO MHOTO'JICHA
[EPBOI CTENEeHN HAMJIYYINEro PABHOMEPHOro npubiinmKenus Ha [a, b] Tak, uro-
6b1 cpeimu TO'uek 4ebBIIEBCKOTO aybrepHaHca He Obuio Touek a H b.

Bagaua 3. Ilocrpours mnpumep byukimn (€CTECTBCHHO, He HENPEPHIBHOM),
JUIsE KOTOPOil MHOTOWJIEH HAWJIYTIUIEr0 PABHOMEPHOro upubjimKeHus He yIo-
BJIETBOPSIET YCJOBHSAM TeopeMbl UebLiuieBa.

Bapaua 4. Iycrs f(z) = |z|, [a, b] = [-1, 5]. Ilocrpours muOrowIeH HaB-
JYUIIEro PaBHOMEPHOrO NPHOJMKEHHsS! [EPBOA CTETIEeHH.

3. Oyuxums f(z), ymosnersopsomas yeaosuo f™TD(z) > 0, npubiuxa-
ercss Ha [a, b| MHOTOYJICHOM HAMIIYYIIEr0 PABHOMEPHOTO NPHOIMKEHHS CTEe-
HH n; Tpebyercs ouenuTh Besmuuny E,(f). B § 9 rin. 2 MBl uMmenu oueHky
HOI'PEIIHOCTH HHTEPIOMAIMA 10 Y3JIaM, SIBJIAIOIIAMCH HYJIAMM MHOTOWJIeHa
Yebrimesa:

T =

a+b b-a m(2k — 1)
2 +_2—OS<2(71+1)>’
a HMEHHO,

) (b—a)"'H

7@ = Ba@) < (maxl 5V @) gy

[a, 0]

Orciona cilemyeT HepaBeHCTBO

) (b - a)n-i—l

En(f) < (maxlf "0 (@)) gy

(e, 0]

Iycrs Qn(z) —MHOrouneH HamIydIIEro paBHOMEPHOro npuOsmxkeHus. Ilo-
CKOJIbKY BQJIEJCTBUE Teopembl ebnimeBa pasHocThb f(z)—Qn(z) MeHsleT 3HAK
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Ipu Tmepexofe OT ONHOM TOUKH ueOBIIIEeBCKOTO aJbTEPHAHCA K JPYToi, TO
oHa ofpamaercss B HyJab B (n+1)-# TOUke y1,..., Ypt+1. [l0O9TOMY MHOrOUIEH
Qn(x) MOXHO paccMaTPUBATH KaK HHTEPIOISAUMOHHBIN € Y3JaMH MHTEPIO/Is-
OUH Y1,.... Yn+1- CorsmacHo (2.3.1) mmeeM mpeAcTaBeHHE Jisl IOCPEHIHOCTH
HHTEPIIONUPOBAHUSL (JIEIYIOIIero BHJIA:

Flz) ~ Qulr) = f0+00) 22220

(n+ 1)V
rie UJTH—](-T) = (.’L‘ — ’(jl) - (.’L' - 'l/n+1)a C - C(‘T) S [a” b] HyCTI)
I(u%)]( |wnt1 ()] = jwnt1(zo)].

Nmeem

Eulf) = 1 (2) = Qu@)]| > |F(@0) = Quan)| =

_ | p(n+1) |wn-1(o)| > (n+1) |wn-1(2)]
FO | B > (minl V@) (max )
Cornacrio (2.8.6) BBHIIONHSACTCA HEPABEHCTBO

I[Ila;))]( lwpg1 ()] = (b — a)"tl/22n+L,

b

Orciona cieayer oOlEeHKa

Ba(f) > (i |00 (2)

a,

) (b—a)*+!

2t (4 1)1 @

Takum obpasom, ecin f*T1(z) coxpanser 3HAK ¥ MEHSETCs He OMEHL CHIIb-
HO, TO Da3HOCTb MEXJAY INOrPEeITHOCTHI0 MHOTOUYJeHa HAMJIYUIero paBHOMED-
HOTO TIPUOIMIKEHHU W UHTEPHONHAIHOHHOTO MHOrOUWJIeHa IIO HYJISIM MHOrotJe-
HOB “eGbliiena HecyiecTBEHHA.

Bagaua 5. Jlokazars, uro B ciyuae, xorma fOtD) (x) coxpamsier 3HAK Ha
orpeske [a, D], YeOBHIEBCKHHA aJbTEPHAHC COAEPXKUT TOUKH ¢ u b.

4. PaccmoTpuM 3a7auy HAXOMXKIEHHUs] MHOTOWICHd HAMJIYUIIEro MpubIuxke-
HHAS CTENeHH 7. B CAyYae, KOrmga

flz) = Popi{z) =ao+ - + an+1a’n+1a ant+1 # 0.
Torma f1)(z) = anq1(n+1)! u onenku csepxy (1) m crmsy (2) mnst Ey(f)
COBIIAIAIOT:
En(f) = lanta|(b = a)"H12727 1,

Taxum 06pa3oM, MHOrOYJIEHOM HAMIYYINErO NPHOIUAEHHS OKAZLIBACTCS HH-
TePIONANHOHHBIA MHOrOwIeH (,(Z) ¢ y37aMu HHTEpIOTSIHH
at+b b—a w(2k + 1)
cos
2 2 2(n+1)

Ty = >, k=1,...,n+1
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MOoOXHO TOJYYHTH JADPYro€ NPEJCTABJIEHHE 3TOTO MHOTOYJIEHA HAWIYYIIEro
npubavXKeHus, 3a0UCaB €ro B BUOE

20 — b b~ n+1
Qn(z) = Ppyi1(z) — ans1Tns ( z b (_aa+ )) ( 22:4)—1 : (3)

ﬂeﬁCTBHTeﬂbI>IO, BhIpaXeHue B HpaBOfI JaCTH 4aBJIdeTcd MHOIOYWICHOM CTe-

IIeHH 7, HOCKONBbKY Koadpduument mpu ! pasen mymo. Toukm z; =
a+b b—a . L T -
7+ Stceos iy, 1=0,..., n, 00pa3yioT 1eOLINIEBCKHA ANBTEPHAHC.

5. Ilycrs [a, b) = [—1, 1] u f(z) —nevernas (pyHKUHA OTHOCHTEIBHO TOU-

ku I = 0. [ToxakeM, 9TO 3/1€CH MHOTOWICH HAWJIyUNIEro upubmKkeHHA 000k
CTENEHH HEYeTEeH, T.€. 3AMHUCHIBAETCH B BHJIE CYMMbBI HEYETHLIX CTEIeHEH I.
eiticrBurensro, mycrb (J,(2) —MHOrOWIEH HAWJIydniero IPUOIMKEHHSA JJis
f(z). Umeem |f(z)— Qn(Z)| < Ep(f). Tocne 3amenbl © Ha —& W yMHOXKEHUS
BLIDAXKEHHS TOJ 3HAKOM MOILYJS Ha —1 mosrydsm

| = f(=z) = (—@n(=2))| < En(f),

1f(#) = (= Qu(=2))| < En(f)-

CanenosarenpHo, MHOrOWIEH —(,(—2x) TakXkKe SBJASETCS MHOIOWIEHOM HaH-
JIYUIIero paBHOMEpPHOro mnpubimxenus. [lo TeopeMe eIUHCTBEHHOCTH HMEEM
Qn(z) = —=Qn(—x), uro m TPebGOBAIOCH JOKAZATE.

6. Ilycrs Tpebyercs mpubsmsurs dynknuio f(z) = 23 ma orpeske [—1, 1]
MHOTOYWJIEHOM HAMJTyYIero IpubavxeHus neppoit crenenu. [IpemmecTsyommum
PE3YABTATOM MOYKHO BOCIIOJIL3OBATHCA JBOSIKO. OJMH MYTh: ITOCKOJIBKY HCKO-
MBI MHOrOWIEH HAWJIydllero MpuOJKeHusa OyseT HEUeTHBIM, TO €ro J0CTa-
TOYHO OTBICKMBATH CPEIM MHOTOWIEHOB nuaa @y(x) = «aiz. Bropoit myTs:
HOCKOJIBKY MHOTOWIEH HAWJIYdYlIero NpubinKeHus BTOPOH CTEneHH I JaH-
HOM 33/1a"M OKA3bIBAETCS MHOTOWICHOM IIEPBOM CTENEHH, TO WMCXONHAA 3a/1a-
3, 9KBHBAJIEHTHA 33/1a%€ HOCTPOEHHs] MHOTOWIEHA HAWIYUIIEro HNpHOIMKEHUS
BTOpO# cremenu. [locienussa 3a1ada HAMIYUNICro NPUOIMIKEHNUS MHOTOYJICHA
MHOTOYIEHOM CTeIleHH, Ha €QMHHUIy MeHblieidl, y’e HAMH pacCMaTPHBAJIaCh.

3amaua 6. Ilycte f(r)—uernast QyHKIUS OTHOCHTENHHO CEPEUHBI OTPE3KA
opubmwxenns [—1, 1] : f(z) = f(—z). Joka3aTb, 9T0 MHOTOUJICH HAMJILYIIIErO
npubnuxenuss Qn(z) deremn. .

Bagaua 7. Qyuxkmuio f(z) = exp{z?} mpubsmsuts ma orpeske [—1, 1] mHO-
FOWIEHOM HAWJIYYIIEro MPHONMIKEHHA TpeThbed CTeleHu.

ITpumevanue. VI3 pemenua npempaymieil 3aJaum JIEOyeT, 9TO 3TOT MHOIO-
4jleH uMeeT BUI ag + apz’. 331aua 3KBHBAJEHTHA 33Ja4e HAMUIYYLIErO IIPH-
6mmxenns dysxkuun fi(y) = e¥ na orpeske [0, 1] MHOrOUWIeHOM BHAA g+ a2y-

7. OuyeHp 4acTo ObIBaET, YTO MHOTOYJIEH HAHJIYYIIEro pPaBHOMEPHOIO MpHOIIMKe-
HHUS TOYHO HaliTH He yaaeTcd. B 3THX lydasx HINETC MHOro4ieH, 6iau3kuil x
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MHOTOUIEHY HAMIYYLIero npubaumxenus. PaccMOTpHM IpUMepbI Takoro poaa. Jia
MPOCTOTHI PACCMATPUBAEM CJIyual MpuOMDKeHns Ha OTPE3Ke [-1, 1].

Paznoxum $pyrkumio f(z) B paf 10 OPTOrOHAIBHON CHCTeMe MHOTO4YNeHOB Tebbi-
UIeBA:

Orpesok 3roro psija

HEBbLICOKOH CTEIeHH YacTO 0OECNCHIBAST HEIJIOXOe PABHOMEPHOE IPHOMIKEHNE.
Hnaorua OpipaeT 3aTpyAHATENbHO BBIYHCINTD SBHO K03hpuiaenTe! d;j, HO 3aTO M3-
BecTHO paznoxkenue Teilnopa

flz) = Z (Lj:l‘j,
=0

cxonameecs npH |z] £ 1. Torga npuMeHsIOT CIeayomuil MeTo (Ha3bIBAEMbIl HHO-
raa meaccxonuseckusm ). BelOUpaioT HEKOTOpOe 7 Taxoe, YTO MOrpenHocTs Hop-
My JIbI

f(T) ~ Pn(:l?) = Zajl'j

ABJIACTCA JOCTATOMHO MAJION. 3atem npubmmxalor Muorowten B, () MHOrOWIeHOM
HBIIY1Iero papaoMeproro npubmmkenua P, ) (x). Cornacso ¢gopmyne (3) umeem

P,_i(z) = Py(2) — anTy(z)2' ™
IMocxonsky |Th(2)| < 1 ma orpeske [—1, 1], To
’B:v——l(l‘) - PI‘L(I), S ,a‘n!2l—n~

Hamnee npubnurkaior Muorowren P, _1 () MHOrOWIEHOM HAMIIY YLIEIO PABHOMEPHOIO
npubmkenns P, _»(x) n r. 1. TloauKenne NpolonzKaeTca 10 TexX 1op, IOKa NOrpeln-
HOCTH OT TAKHMX IIOCJAEAOBATENBHELIX ANMPOKCUMANMHE OCTACTCA MAOH.
PaccMaTpuBaeMblil IpHeM MOZKHO OIMCATH ellle W C1eIyIomuM o0pa3oM. PasmoxKum
smuorowies P, (x) 1o muorounenam Yebwimresa:

P, (z) = ZdJTl(L)
j=0
m

Bpenem obosmauennst (p,(z) = ZdjTj (2) mpu m £ n.
e

Beaxkuit MHOrowien Q,,(z) SBIAETCS MHOTOYJIEHOM HAWIYHYNIETO DABHOMEDHOIO
NPUOIMIKEHUS CTENeHH M IJIs MHOTOUYNIEHA, Qmy1{(T), HpU 9TOM

E’m(Qm-H) - ”Qm-H - Qm” - ldm-i-l’- (4)

1o caenyer, Hanpumep, u3 GopmydIsl (3) HWIH HemocpeACTBEHHO H3 TeopeMbl Ye-
Gbimesa. OTcioma BbITEKACT, YTO Qp_1(2) = Pp_1(x), Qn_a(z) = Puo2(z) u T. A
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Taxum 06pa3oM, CyIHOCTH OIIMCAHHOTO METOA 3AKIII0YaeTCs B crenymommeM. Mexon-
nas GyHKmuEs npubankaeTcs oTpeskoM ee psaa Teitnopa P, (x). 3aTeM MHOTOWIey
P, (z) pacxianbiBaeTca HA MHOTO4YIEHBl tleGplllleBa # OTOPACHIBAIOTCA HECKOMbKG

nocjaeaHux 4jeHOB pa3JorKeHust. Tak Kax
n

[Po(z) ~ Pn(z)| € E Idjlv
Fj=m+1
TO 06maﬂ OueHKa NOrpetinocTH TakoBa:

F(@) = Pua)| < max|f(z) = Pa(a)| + Sl
j=m+1

Paccmorpum  3agagy npuOmmxenus Gyuxmuu  f(z) = arctgx Ha orpeske
[~ tg(m/8), teg(n/8)] ¢ ToumocrbIo 0,5-107°, [las AOCTHAECHHS TAKOI TOUHOCTH IPH
ANIPOKCHMAIINE OTpe3KoM pana Teisopa TpebyeTcs MOJOXKUTL

1.3 75 .’If7 z° :L'll

aI‘Ctgryz——+4——+~———

3 5 7 9 11°

IIpubnu3uM mONMyUeHHBIE MHOMOWICH MHOTOWIEHOM HAHIYYIIETO OpPUDIHKEHHS
CTeTleHH, Ha enuHuly MeHbinedl. IloBTopss maHHYIO TPOUENYpy TPH pa3a, NOIy-
UM MHOTOJIEH

Ps(x) = 0,9999374z — 0,33034332° + 0,16328234,
TakKe obecnednpaomuil TpebyemyIo ToHOCTL, OTMETHM, UTO 3J16Ch W3-33 HE'eT-
HOCTH HCXOIHOI'O MHOT'OWJIEHA IOKa3aTeNlb CTEMEHH Ha KazKJOM Hiare yMeHbIaJICcAa
Ha 2.
Bamaua 8. Ilycrs dyuknusa f(z) wempepbiBua na oTpeske [—1, 1]
) — n+1
Qn+1(z) = apy1z + -+ ag.

Hokazats, 4TO

En(f) 2 lan+1127" = [If — Qniall-

3agaua 9. Ilycrs .
f(z) =) diTi(2).
§=0

Hokazars, wro
(o o]

En(f) = ldnsrl = > 1dj]- -

j=n+2

MuorousieEpl HaMIYYIIETO0 PABHOMEPHOTO MpUOIMKeHHs Wian Oiuskue K
HUM HCHOIL3YIOTCA KaK BayKHBIH COCTABHOM 3ME€MEHT B CTAHIAPTHBIX HPO-
rpaMMaX BBIYHCIEHHS IEMEHTAPHBIX U CHEeMuaTbHbIX (dyHknmit. Jacro BO3-
HHUKAaeT CHUTyallWs, Korjna (QyHKIWsS 3ajaercd OYEeHb CJIOKHBIM SIBHBIM BBIPa-

JKeHueM (Hampwmep, B BHJe wuHTerpaia f(z) = / F(x,y)dy), a nmo xomy
G

pelIeHunssa KOHerTHOfI 3ama4id ee 3HaUYeHHe NPUXOIUTCI BBIYHCIATH B OYCHDb
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MHOTHX TOYKaX. B 3TOM ciay4ae HacTO MOJE3HO BMECTO HENOCPENCTBEHHOIO
BHIYHCJACHHS 3HAYEHWH (PYHKIHUH BOCIO/L30BATHCA HHTEPHOJANMEN ee 3HaTe-
guii o tabmuie uim npubau3HTh GYHKIMIO MHOTOWIeHOM. VlHorma njs 3Toi
{eJIM UCTIONB3YIOT MHOIOUWJIEHBI HAHMIIYTUIeTo Npubiukenuda B HOpME Lo Win
gawiIydnrero pasHomepHoro npubsmkenus. KoHeuHo, B KaXJOM KOHKPETHOM
Clydae TIONE3HO I[OCMOTPETh, ONMpaBJalorT Jiu cebs 3aTpaThl 10 MOCTPOEHHIO
IpHOMHMAKAIONIECTO MHOTOYJIEHA.

§7. O dbopme 3anucu MHOro4JIeHa

Onua W3 CTaHAAPTHLIX TPOCPAMM HAWIIYUIIErO DABHOMEPHOIO IPHOJIIKEHUS
Gblla OTIaXxeHa B CIydac TPUOIMKEHHA (QYHKIUHE MHOTOWIEHAMH IIEBLICOKOM
CcTENEeHW M BKJIIOUEHa B IIAKeT CTAHJAPTHBIX Iporpamm. OJHAKO OpU HpPAK-
TUYECKOM HCITOJIb30BAHMM NPOTPAMMSBI Jijist TpUO/IMXKeHUsa (PYHKIMH MHOTO-
YJIEHAMH BBICOKOH CTEIEHH B PJiE CIYUaeB OKa3bIBAJIOCH, ITO HPOrPaMMa
BblaaeT npubivkenne K QYyHKIHH, He 00eCIeYMBAIONIEE OXKUIAEMOH TOTHO-
CTH, WJIM WTEPAUUOHUBIA HPOIECC HE CXOMUJICS, HPOJIOJIKASICH HEOrPAHHIEHHO
JIOJITO, TAK UTO TPUXOJUIOCH [IPEKPAIATH BHIYHCICHUI.

[Tocste mpaKTUUECKOTO M TEOPETHUUECKOTO aHaJin3a BO3HHUKINEH CUTyAldd
YAAJIOCHL YCTAHOBUTL MPUTHUHY TMPOUCXOMISIIETO.

Just onpenenernoctn OyneM roBopuTh O NpubavkeHuu (DYHKUHU 14 OT-
peske [—1, 1].

Bruto ycraHOBIIEHO, UTO B CIytlae HEJOCTATOTHO TIAAKONW GYIKIMH KO-
s¢ppunmentsl MHOrOWIEHA, TPUOJIMKAIIETO €€ ¢ BBICOKOH TOYHOCTBIO, 06d-
3aresbHO HyayT OUeHb OOJLIMMH. 3a UCKIIOUEHHEM PEOKO BCTPEUAIOMIErOCs]
clydasi, Korna 3Tu kodbduuuenTsl 3anuceiBaiorcs B 9BM 6e3 oxpyriemnuii,
B 9TOT MHOI'OYJIEH BHOCHTCSI TMOTPENIHOCTH, W OH IUIOXO NpHOJWKAeT pac-
cMaTpuBaeMylo QyHkIMO. Ecaum atn KoadDUnueHTsl U 3alUCAHBI B MAITHHE
6e3 OKpyIJIeHHMH, TO BCe DABHO 3NA4eHUsi MHOTOYJIeHa npu |z|, Giuskom k 1,
OyayT HAXOAUTHCA ¢ GOABLLION BBITHCIMTEIHLHONH HOrPEHIHOCTHIO.

Copmynupyem coorsercrByoiue yrsepxaenus 6osee crporo. IIpeamoso-
KUM, YTO CYIHIECTBYET IIOCJIEHOBATENLHOCTS MHOTOJICHOR

n{m)

P(z) =" a's?,
,‘:0

Y/IOBJIETBOPSIONIAX  YCIIOBHIO
|f(z) — P™(z)] <2™™ wma [-1,1] (1)

(P™(z) —ne 06A3aTeJbHO MHOTOWIEHH HAMJIYYIIErO PAaBHOMEPHOLO MpubIIu-
KEHH:A); IPEANONIOKUM TaKXKe, YTO KOIPOMUIMEHTH ITUX MHOTOWIEHOB Pa-
CTyT HE OYeHb CHJILHO:
n(m)
— m m
b= Yl < M2™, g>0. (2)
=0
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O6ozuaunm uepez (G, OTKPBITYIO 0OJIACTL, OTPAHMYEHHYIO ayram#, U3 J06oi;
TOYKHM KOTOPBIX OTpe3ok |[—1, 1] emmen moxm yrimom . M3sBecrHa

Teopema. I[Tycms nocaedosamenvrocmo mmozouaernos P (x) ydosaemeopaem,
coommowenusam (1), (2). Tozda Pynxyua f(z) moscem bwmo anasumuuecky,
npodoasicena 6 omKpuwmyIo obaacms Komnaekcnozo nepemennozo G, p =
(2 + 1)/(2q + 2).

ITpumenanue. Ecim BMmecto ycnoBus (1) umeem yemosme |f(z) — P™(z)| <

1/m!, T0 MOXKHO TOKA3AThH, UTO [ Yol 8] |f ()] < o0 mpr mobom § > 0.
~144,1—

Kaxme npaxkTHYecKue CJIEJCTBUS BBITEKAIOT W3 3TON Teopembl? Ecnu vp-
(JIO0 @ 3AlHCBLIBAETCS B CHCTEME ¢ IUTABAIOMEH 3amaroii ¢ ¢ HBOMTHBIMHU pas-
PATAMH, TO €ro TOTPENIHOCTL MOXKeT oKasarncst Gonpme |a]277l: B xymmem
cily9ae, KOLJa NOTPEIHOCTH KO3 GUUHEHTOB af' OJHOrO 3HaKa, NMOrPelHOCTD

3HAYICHH
n(m)

P =Y af,

7=0
ABJIAIOMIASACHK CICACTBUEM STUX IIOrPEIIHOCTEH, MOXKET NPEBIOHTH BEAHMIUHY

n(m)

Z 'a;jn’ 9—t—1 _ lm2—t_1.
=0

Urobn KavuecTBEHHO TPEJACTABUTL XAPAKTED BJINUAHMS 3TOH MOTrPEITHOCTH,
OyJeM CYMTATB, UTO UUIO M, Bxojgmiee B ycjaosud (1), (2), u umcno ¢
semuku. Ilycre $ynkums f(z) amammruana B Hekotopoit obtuactu Gy, #
HC aHAJUTHIHA HU B Kakoii obmactu G, mpu ¢ < ¢g. Ilycrs ¢p BHIOH-
paeTcd M3 COOTHOMIEHMS go = ([2¢g — 7]/2(m — ¢g)]. BosbMem mnpousBoib-
HO® ¢ < @g. EwIM UpegmonoXxwuTh, 9TO JJA BCEX TN BBINOJHACTCS HEPa-
BeHCTBO [, < 29", ro, comiacHo BeImE chopmMyTUpoBaHHOH Teopeme, f(z)
Gyser amanuTHuYHA B cOOTBeTcTBylome#l obmactu G, mpu ¢ < @y H IOIY-
Jaercsl NPOTUBOPEYHE ¢ NOPeJHoioXkeHHeM o cBoiicrBax ¢byukuuu f(z). Ta-
KHM 00pa3oM, OyAyT BCTPEUaTLCs CKOMb yTomHO Ooibiume m, sl KOTO-
poIx L, = 29" CnemoparenpHo, npu HeOIATOOPUATHOM CTCUCHHH OBCTOS-

TeJIbCTB NOTPEHIHOCTL OT OKPYIJICHUA 3HAUEHUH a;«” MOXKET O0Ka3aThCsi O0Jb-

me, wem 27"27'~1 B rTo e BpeMsl HeNb3s PACCUNTHIBATH HA OINEHKY IIO-
rpemmocty, Jayqimyn, dem (1). Just cymMMapHO# NOrpemrHOCTH, IOJLY1alo-
meficst or 3amensl f(z) ma P™(z) m or morpemmocreit B k03 PHUIMEH-
TAX MHOIOYJIEHA, MBI HE MOXKeM IPEJJIOXKUTh ONEeHKM Jydmed, dem &(m) =
29m2~t=1 4 9-™  Ypapmenwe Jyuis TOUKH SKCTpemyMa 7 byHKmuE £(m) ume-
eT BHUJ

g'(h) = qln2- 2927t~ _1p2.27™,
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i 9\ 1/(a+1)

Orciona ciaenyer, uro 27 = (—) 2t/(a+1) | YlomcrasuB 5TO 3HAYEHHE B
q

ppIpaxkenye Ui €M), TOIyYHM

+1) ~1/(q+1)
5('[77,) = (g)q/(q 2*t/((1+1)2—1 + (_z_) 2—t/(q+1) -
q
_g+l < )‘1/(f1+l) S
2 \g

TakuMm 06pa3oM, MpU BHUHEIEHHSX Ha OBM ¢ { paspsmamm Hejib3s HaJle-
ATBCSL Ha NoJydeHuwe Oojee TOYHLIX TPHONIMKEHUN K 3HadenuaM (DyHKINH,
geMm ¢ t/(qg+ 1) paspsmamu. Hampumep, nms bymnkuun f(z) = (1 + 25z%)”
HIDKHEH TPaHblo ¢, mpu KoTopoil f(z) amamuruuna B obmactu G, Oyner
o = arctg(,2; coorsercrByiomee 3mHauenwe ¢+ 1~ 3,2. Taxmm obpazom, ma
9BM ¢ 60 ABOMYHBLIMU pa3paiaMy MBI B JIYIIIEM CIydae MOXKEM pacciu-
THIBATL Ha TOJyUYeHHe NpubImKeHuit K 3HavdeHHsM (QYHKIHME TpumepHo ¢ 20
BEePHBIMH JIBOMUHBIMHU pPa3psijiamMu.

Ecnu npouseopsas f(z) He cymectsyer B HEKOTODOH BHYTpeHHell TOUKe
OTPe3Ka TPU He OUYeHb OONBIIOM [, TO COLTACHO NPHUMEYAHMI0O K TEOpeMe
HMeeT MecTO enle GONMBIAas TMOTeps TOYHOCTH PE3YJIBTATA.

MoKHO MPUBECTH CREAYIOUMI AOBOA, 00 HCKNIOYUTEILHOCTH MOA00HOH 0bCTaHOB-
ku. OOBIMHO NPUXOIUTCS TPUOTUKATE Leable (DYHKIHKE WM Takue, OCODEHHOCTH
KOTODBIX JIEXKAT IAaJeKO 33 eIHHHUIHBIM Kpyrom. Torna w3 NpOBENEHHBIX BBILIE
paccMOTpPeHHil CTONMb yAPYUAIOIMe BBHIBOABI He clienyiorT. DopMalbHO 9TO BEPHO,
OAHAKO TAKOro poAa (hbyUKUHMM JacTO, sIBAAACH LEIBIMU aHAJUTHYECKUMH (DYHK-
HHSMH, OY€Hb OLICTPO BO3PACTAIOT NPH YBEJIUIEHUH MHHMON YaCTH Y apryMeHTA.
Xora miast taxux QYHKIHH BeIUUIMHBL [, OCTAIOTCA PABHOMEDHO OrpPAaHUYEHHBIMH
[0 7, OHM MOIYT NPHHUMATH CTONb GOJbIIHE 3HAYEHHMdA, 9TO BeawuuHa ([,]|27171
OKAXKeTCs CYUIECTBEHHO 0OJiblle NOMyCTUMOM norpenrHocTd. [IpuMepoM momobubIxX

1
dyuxuuii asngerca pyuxmusa p(z) = / exp{irt*} dt nns Gompmmx A.
Jo
ITH OOCTOATETBCTBA TODYXKAAIOT K OTBHICKAHMIO WHBIX IPOCTHIX (DOPM 3a-
OUCA W BBIYMCJICHWS 3HAYCHHI MHOTOYJEHOB.

Obparumest k¥ dopMe 3alucH MHOTOWICHOB HAWIYYIIETO NPUONHXCHHSA B
BHJl¢ CYMMElI 3HAYEHHN MHOrOWIeHOB YebnIieBa

) = Zdij (z). (3)
=0

Nmeem .
g/ Tn(z)Tin(x) i 2 mpu n=m=0,
T 1 V122 1 mpun? +m? >0,
O3 TOMY
2 (' Pi(z)

1 /() n ‘ n
\/1_—'5 Zu 2 Bieri =2d§+j§dj>];d§.
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Bocnonbayemess HepapencTsoM Komm—DByHAKOBCKOTO

zn:!djl = zn:l -|di] < (Z ) (Z(F) (n + 1)id§.
Jj=0 Jj=0 j=0

j=0

OTCIO}I& 3aKJI09YaeM, HYUYTO

n 9 -1 P2(1
Zldj[ <y/—=(n+1) —L(:idz
j=0 " '

VA Y

Ecmn “Pn - f”(' — 0, To
2 [V Pia) )y / L) g,
1V1— 22 Vv 1 -
Takum 006pa3oM, B 3TOM CJIy4ae BEJIMIHHA, Zldjl pacTer He ObICTpee, UYeM
j=0
vn. Tockonbky |T,(z)] € 1, TO HOrpemIHOCTH B 3HAYEHHH MHOIOYIEHA, KO-
TOpad SIBJIAETCS CJIENCTBHEM IIOTPelmHocTed B dj, He UDPEB30AJET BeJIUIAHBI
n
HOPSLAKA (Z’dﬂ) 27t = O(v/n27"). Takast oleHKA IOrPEIIHOCTH OKA3BIBACT-
=0
CSL UPHEMJIEMOW TPH PEAJSIHHBIX BBIYHCACHUIX.

Kouneano, He O06S3aT€NBHO NPEJACTABIATH MHOTOWIEHBI, PUOIKAIOLINE
dbyskumo, B Buye suueinoit kombunaiwm (3) mHOrOwrenos YebGpimesa. B
3ABHCHMOCTH OT KOHKPETHOH OOCTAHOBKM WHOL/IA yJIOOHEe NMpEeNCTABIATL MHO-
TO'WJIEH KaK JIMHEHHYIO KOMOMHAIMIO MHOrOY/ICHOB KakKO#-ubGo Japyroit opto-
FOHAJILHOM CUCTEeMbI, Haupumep MmHorowieHos Jlexanapa. (Mbl paccmorpesn
CHCTEMY MHOTOWIEHOB YeObinieBa BejepcTBHe HAUOONBINEHA IOPOCTOTHI PEKYP-
PEHTHBIX COOTHOIMEHUN JJId BHITUCICHHS WX 3HAYEHUIA. )

JaniuM pekoMeHmanuu 110 BBIYMGIEHHIO 3HauMeHuMd MHorowieHa P, (z) Ha
orpeske [—1, 1] 6e30THOCUTENLHO K BOHOPOCY O HAWJIyUINeM IpUOIIMIKEeHUH
byuxnumii. n

Ilyers B obpruboit popMe 9TOT MHOTOUJICH 3ANUCHIBAETCA B BHIE Zajztj

7=0
¥ TOTDENIHOCTh TOPAJIKA (Z[a] )2 ~t gmpserca momycramoit. Torga nMeer
Jj=0
CMBICST BOCHOMB30BaThLCa cxemoi [ophepa

Po(z) =ao+ z(ar + z(- - + z(an_1 + zag)...)).

B mpormBHOM ciiyiae 3TOT MHOTOGJIEH HEIeCOOOPA3HO NPEACTABAATH B BUJIE
JuHEeHHON KOMOHHAIMM OPTOrOHATLHBIX MHOIOYJIEHOB, HANPUMED MHOTLOWIEHOB
Yebbluesa:

Po(w) = 3_d;T; ().
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s yMmMeHbIICHUS YHCTa JCHCTBHH NPH BBHIMHCJIEHWHM 3HATEHHH P, (z) ne-
J1ecoobpa3Ho MOCTYNHUTHL cilenyoumm obpasom. Ilomaraem

D():d()—-dg/2, D]‘:(dj— j+2)/27 jzl,...,n—Z,

D, = dn—1/27 Up = dn/2-
Ipu HeO6XOMUMOCTH BLIMHCIMTL P,(r) HaxomuMm y = 2, vp—1 = Yup +
D,,—1, 33TeM TOCIETOBATENBLHO HAXOJUM Vp_g2, ..., Up = Pp(2) 1mo pexyppeHT-

Holi popmysie vy = YUp41 — Vk4o + Dg. W3BecTHO, WTO BRIMMCIHTENBHAA BO-
IPEIIHOCTL TAaKOTO aJrOPHTMa eCTh

0 (n min {'n, ﬁ} [1111;?1’1(} P,(x) 2—f> :

Bagaua 2. Ilposeputs, uTO JciicrBUTENbHO vy = Py(x).

§ 8. aTEepniosisiiiug M NpUOJIN>KeHne cIlutaitHaMu

Hns onpenencanocra 6yaeMm rooputh o mpubiankennu byukiuu f(z) Ha OT-
peske [0, 1]. Pazobeem ero ma wacra {zo, zi],..., [EN-1, ZN], To = 0; oy = 1,
H obozmavuM 310 pasbueune uepes A. Hazosem cnaatmom ST(f, z) nopadea
m (PYHKUHMIO, SBJSIONLYIOCS MHOTOUYJIEHOM CTEHEeHH 1M Ha, KAXKIOM U3 OTPe3-
KOB [z, z,], T.e.

m — ) — i N . ,.
SA (f; T) = an(J') =Guo + - A opux Ip-—1 Lr< Ty (1)
U YAOBJICTBOPAIOIIYIO YCIOBUAM HEIPEPLIBHOCTH IIPOU3BOAHBIX MO0 IIOPAAKA
m—1 B TOYKaAX Ti,..., TN-_1:

PO (zy) = PY) () mpn k=0,...,m—1,n=1,.,N-1 (2)

Bcero umeercsa B pacnopsikennu (Q = N(m+1) nenspecTHbix ko3 duunentosn
Qnm, B coorHOmeHust (2) obpasytor cucremy us (N —1)m juHeHHLIX anrebpa-
HUeCKUX ypaBHenuii. Jlpyrue ypaBneHus Jyig KO3 hUIMEHTOB IIOIYyIaioTcs U3
yoonust 6IM30CTH CITafHA K HPHOINKAeMOol (PYHKIMM M U3 HEKOTOPBIX JO-
TIOJIHUTEJILHBIX YCJHIOBHH.

Paccmorpum mpocreftinyio 3agady DpHOIHKEHHST JIMHEHHBIMU CIUIAHAMUA
(m = 1). Torna ofmee wncno () cBobomubix mapamerpo paBHo 2N. Ilocra-
BUM BONPOC O mOCTpoeHHH cmnaiiHa S (f, ), cosmajaomero ¢ dyHKImeH
f(z) B Toukax wy,..., Ty; TOIYYMTCH CHCTEMA YPAaBHEHHUIL

Po(zp-1) = f(zn-1), n=1,..., N,
Pri(zn) = f(zn), n=1,..., N.
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DTa cHUCTEMa PacHaNaeTcsl Ha CHCTEMBl ypaBHEHHH oTHOcuTenpHO KO3I(Pduim-
€HTOB OTJEJIbHBIX MHOTO'LIEHOB

Poi(Zn-1) = ano + 0n1Zn-1 = f(zn-1),
Pui(xn) = ano + an1 @y = f(zn).
OTciona HaXoHMUM
an1 = (f(zn) — f(2n-1))/(Tn — Tn-1),
ano = f(Zn-1) = QGn1Tn-1.

Muorounen Ppj(x) s$Bigercss MHOTOKPATHO PAaCCMATPUBABIIAMCS HHTCPIIONS-
IHMOHHLIM MHOTOUJIEHOM TIePBO# CTENEeHU € y3JIaMH UHTEPIOIAUUN Iy 1, L.

Iupokoe pacopocTpaHeHHe CMJIAHHOB BO MHOTOM BBI3BAHO TEM, UTO OIX
SABJIAIOTCI B OIPEHEJIEHHOM CMBbICIe Hambomee 1IAAKUME (PYHKIUSMH CPCIH
QYHKIHAN, TPUHUMAIONINX 3&/aHHble 3HaueHnd. CIUIAMHBI CTENEHH BHITIE Tep-
BOU B wIydae INIaIKO# f(x) XOpomo NpubIMKaloT He TONBKO caMy (QyHKIHIO,
HO W ee NpPOU3BOIHBIE.

Crutaiiasl mepBo#t CreneHu Si( f, *) BO3HHKAIOT M3 PACCMOTPEHHUH (JIEYIO-
mell BapUAIMOHHOM 334a4i. PaccMOoTpuM MHOXKeCTBo Sy KycouHo-gud deped-
mupyemblx GyHRuUmMA $(x), yJIOBAETBOPAIOUINX yCIIOBHSIM

1
s(zp) = f(zn), m=0,...,N; Ii(s)= /0 (s'(2))%dx < .

[Mocrapum 3agavy HaiTH (yHKUHO $1(1) € S, peamusyIoulyo

inf I(s).

SEST
Ypasrenue Diepa s sToro dysknuonasa umeer sug s (r) = 0. Takum
obpasoM, s)(z) suHeliHA HA KaXXJIOM U3 OTPE3KOB [Tp_1, Tp] W, CJICIOBATEIb-
HO, 31(1;) = SlA(f? 'L)

dToT TWOAXOH, K TpUOIMKEHHIO (DYHKIHH, TP KOTOPOM ECTECTBEHHBIM

06pa3oM BO3HHK CILJIAMH SlA( f, ), nomyckaer pasiuunble o6obmenus. Pac-
CMOTPHM, HAIPHMEp, MHOXECTBO S HeNnpepsiBHBIX, HenpepblBHO-auddepen-
OUPYEMBIX K JBaXAbl KYCOUHO HENPEPbiBHO-TH(pepeHnupyeMblx (YHKIMIA
$(), yJOBIETBOPAIOMAX YCJIOBUIM

1
s(zy) = f(zn), n=0,.. . N: 12(3):/0 (" (2))2dz < 0.

HNwmercs dynkuus sa(z) € Sp, peanusyomas inSf I>(s). Pemenmem 31O 3a-
SES?

JaduM OKA3LIBAETCA CIUIAHH TpEeThbeH CTerneHH, VIOBJIETBOPAIOIIMA YCJIOBUAM
P'(zg) = 0, P'(zy) = 0.

CrpaBeyIMBOCTh 3TOrO YTBEDPXKJICHHUS HENOCPEJICTBEHHO CJEJyeT M3 COOT-
BETCTBYIOIINX DPE3yJIbTATOB BapUalMOHHOrO wcuucienus. OJHAKO JIA IIOJIHO-
Thl H3JOXeHHs Huxe Oyger mpuBeneHO ero 06OCHOBAHME.



§8. Hurepnonsauus u npubimkeHue CitaitnaMu 193

Vpasuennem Diinepa Ui DPacCMATPUBAEMOrO (YHKIMOHAIA ABJIAETCH
ypaBHEHHUe ‘
d? 0
dz? 8s"
re. s = 0. [To3ToOMy eCTECTBEHHO HPEAHONIOXKHUTh, UTO IKCTPEMYM PpeaJin-
gyercss Ha HeKOTOpo# (yHKImM so(x) € Sy, HempepbIBHOI BMecTe € HEPBOM
npOI/IBBO,ILHOI/I ABJIAIOMIEHCS MHOTOWIEHOM TpeTheit crenmeH:m Pp3(z) = anp +
a1 T +n22? +an3T3 Ha KaXKIOM H3 OTDPE3KOB [Tn-1, Tn). Ilycrs 7(z) — Henpe-
phiBHas, HenpephiBHO-nuddepennupyemMas # JBAXKIBl KyCOTHO HePepbIBHO-
auddepennupyeMast GyHKIUS, yIOBICTBOPAIONIAA YCIOBHIM

n(ze) =+~ =n(zn) = 0. (3)

(SII)‘Z — 0’

TlonoxxuMm

1 1
F(O) = [ (4@ + '@ = [ (@) +

1 1
+ 2t/0 sy(z)n” (x) dx + t2/0 (n"(z))? dz

ITockonbky mo upexmonoxkenuio F(t) > F(0), To

1
F'(0) = 2/0 so(z)n"(z) dz = 0.

Ilpeacrasum Benwuuny B(n) = F'(0)/2 B Buge B = by + -+ + by,

mz/ £MWMM=/ " (@) () da,
Tpn—1 Tn—-1

¥ TIpOM3BEJeM B BBIDAXKEHHMHU /it b, JABAXJbl HMHTErPUPOBAHHE IO HACTAM.
Honyqum

Tn

/ D (2)n(z) de + (P (z) — Ply(z)n(z))

Tn—1

Benencrsue (3) m pasescTsa P,Eg)(:c) = 0 umeeM

Tn

by = Pry(z)n' (z)

Tn~—1
IIOCHe CYMMHPOBAHHSA MO T IOy YUM

N-1
B(n) = Pys(en)n'(zn) + D (Pra(zn) — Pay1,3(zn))7 (2n) — Pls(z0)n (z0) (4)

n=1

A gobolt dyskumu 7(x) paccMmarpuBaeMoro Buza. IIpum smoboMm | MOXHO
nonobpars dyrxummo 7 (x) Takyo, wro 7j(z;) = 1, n)(zsn) =0 wpu n #1[ B
ompenenax 0 < n < N.

7--903
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3ameTumM, YTO Mbl HE HMEJIH [MPaBa, IPOU3BOAUTH HHTErPHPOBAHKE ITO YACTAM HEMO-
CpeJICTBEHHO B MCXOHOM HHTerpaJje B(n), Tak Kak HesiCeH BOIIPOC O CyIIECTBOBAHUY
NPOK3BOAHBIX ¥ $2(2) GOJee BHICOKOrO NOPALKA, JeM NePBEiif, B TOUKAX L1, ..., T .

IlonctaBnsasa Takue 7;(T) B DPABEHCTBO
B(mp(z))=0, 1=0,..., N,
monyyaem N + 1 ypaBHeHHe
Pi3(0) = Pys(1) =0, Ppsy(zn) — Py13(zn) =0, n=1...,N-1 (5

VYeroBue, 9TO MUHAMH3UPYIONAA (GyHKINA TPUHAMAET 33J[aHHBIC 3HAYCHUS B
TOYKAX Ip, mopoxaaer 2N ypaBHeHHit

Png(fl)n) ZPn+1,3(£L‘") :f(.Ln), n = 1,..., N—-l,
Pi3(zo) = f(z0), Pwa(zn)= f(zn),
a yCJIOBUY HENPEDPBIBHOCTH $hH(Z) B TOUKAX I MOPOXKJAIOT yPABHEHHI

(6)

B cosokynnoctst nmamm momyueno 4N ypasmemmit (5)-(7) ormocmrenpro 4N
HEM3BECTHHIX KO3(M(DHUIMEHTOB MHOrOWICHOB FPp3(x).

Uccenyem BOIPOC O PA3PEMMMOCTH M O IMTPAKTHICCKOM DEIMIEHUH CHCTEMBI
ypasrenunit (5)—(7). Jdna ymobcTBa BBEJEM B PACCMOTPEHWE BETHYUHBI M, =
s4(xp). Iockonsky dyurums sh(z) aumeitHa Ha [T,-1, Ty], TO

In—=T T —Tp-1

so(z) = M”_1~h—— + Mn—’_}'L_— Ha [(Zn_1, Tn;
bn n

3yeck by = xp — Xp_1. M3 3TOro COOTHOWIEHMS W U3 YCIOBHit
s2(2n-1) = f(zn-1), s2(xn) = f(zn)

MOXHO IOJIYyYIUTHL, YTO

. _ 3 . 3
52(z) = Pag(s) = My, o= 4 pp E=En1)”
6hn, 6hn, ©
- My 1h2\ 2 — Moh2\ 7 — zns
’ (f(.Ln_l) 6 ) hn * <f($n) - 6 hn

Ha [Zn_1, Tn]. YoroBus
P7/7,3($71) :P7,7,+1,3($71)7 Tl:].,,N—].
TOPOXJIAIOT YDaBHEHUS

_}171,- L+ hn + hn+1 Mn + hn+1M - f(-'l"n-{—l) — f(xn) _ f(_fl;n) — f(-'zn——l)

6 3 6. ! hny1 hn

(9)
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Kpome Toro, MMEEM YCIOBHSA
" "o, _
13(T0) =0, Pys(zn) =0,

agage My = 0, My = 0. Tlocne moactanosku My = 0 u My = 0 cooTser-
CTBEHHO B IEPBOE M IOIeAHee ypaBHeHus (8) NOMYyYHM CHCTEMY

CM=d (10)
w3 (N —1)-ro ypasrenns ¢ (N — 1)-M HeumsBecTHbIM:

M= (My,..., My_1)T, d=(dy,..., dv_1)T.

DneMeHTH Cij, 4, j = 1,..., N — 1, marpmp C' corsacuo (9) 3agatorcs co-
OTHOIIEHUSIMA
hi/6 upu jg=1-1,
(hi + hiv1)/3 npu j =1,
i = hiy1/6 upu jg=1+1, (1)
0 npu li — 4] > 1,

a sneMeHTHl d; cToubna d — COOTHOMIEHHSIMU

f@ip1) = f@i)  flwi) — f(@ic1)
hit1 hi ‘

d; =

9Ta cuHCTeMa PelaeTCss MEeTOAOM Oporouku (cM. . 9) mnpumepno 3a 8N
apucdmernueckux oneparuii. Ilocre naxoxuenuss M; no ¢opmyne (8) ompe-
JlesisieM  MHOrousieHbl Pps(x).

IMokazkem, uro cucrema ypasuenuit (10) onnosnauno paspemnma. [lockonsky 4ucio
YPaBHEHMH DaBHO YHCIY HEH3BECTHBIX, TO JOCTATOUHO IIOKA33Th, YTO OXHOPOIHAS
CHUCTEMA

CM=0 (12)
HMeET TOJLKO HYJIEBOE DEUIEHHe. Hpe,IIHOJ’IO}KI/IM IIPOTHUBHOE, T. €. YTO CylecTsyer

nenynesoe pemenne M® = (MP, ..., M3 _ )T cucremur (12). Ilycts np — 3nadenue
7, IPU KOTOPOM JOCTHUrAETCS Imax |M,2|, T. €.
1<n<N
M? | = max |MO #0.
1M2,] = max |M2]

N-1
B ypabneHun E Cnoj M} = 0 nepenecem B MpaByI0 YACTh BCE CAaraeMbie, KpoMe
i=1
Cnono My, . Tlomyanm
0 _ 0
Croma M2y = 3 Cags MP. (13)

J#no
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U3 cooTnomenuii (11), onpenensomux ¢;;, CI€AyeT, 9TO IPU JT06oM § CIIPABEJIMBL

COOTHOIIIEHN A
c” > E leij| > 0,
J#t
[TIO3TOMY HMeeM LEeIIOYKY HEePDABEHCTB

enone M. Z [€nos |]MO 'Cnonol max MIOI =
J#no
1 1
= §icnono| | 7(1)0 = 'z‘lcnonoMgol'

Borurem n3 obenx 4acreil pe3yabTHPYIOMIETO HEPABEHCTBA

cno,lOMn < cnOnOM'
0

< 0. Iockonsky

1
BBIpaXKEHWUE, CTosllee B npasoit vactu. llomyyum §lcn0n0M20|

Cnone £ 0, TO M,SO = (. MbI upunum K NpOTHBOPEYHIO ¢ IIPEATIONOKEHHEM O CyIie-
CTBOBaHUM ¥ cucTeMbl (12) HeHyJaeBoro pemeHus.

IToaBeneM MTOr NMPOBEJEHHBIM NOCTPOEHHSM. J[OKA3aHO CYIIECTBOBAHUE pe-
menust cucremsl (10). Cnraitn Tperhelt CTENEHH, ONPENENsSIEMBIH COOTHONIEHH-
amu (8), GyJeT MCKOMBIM CIJIARHOM, YAOBJIETBODPSAIOMMM yciaoBuam (5)—(7).

JIemmMma. [loayuennnti cnaatin so(z) peasusyem inf Io(s).
SESy

Aoxazameavcmeo. Ilycts s(z) — npousBonmbHaa (yHkuusa us Sp. ITomoxum
n(z) = s(z) — sa2(z). Umeem

1 1 .
F) = [ " @)s = [ (s5) +1'(0) da =
1 1
= / (s8(2))2dz + 2B(s(z) — s2(z)) + / (s(z) — s2())")?da.
0 0

IMockonmeky sz(x) ymosierBopsier yciosusiM (5), To B cooTnomenuu (14) mme-

eM B(s(z) — s2(z)) = 0. Takum obpazom, mpu Joboit bysakuuu s(z) € S
CIIPABEJUIHBO COOTHOUIEHUE

I(s) =Al(s"(z))2dm=/Ol(sg(x))de+/ol((s(x)—32(:1;))’/)2d.7: "
= Daon) + [ ((s(2) = sa(e))" .

Orciona crrefyeT CHOpaBeNIABOCTL YTBEPXKIECHHUA JIEMMEL

(14)

W3 mocrnensero coOTHOIIEHHs ClEefyeT TaK:Ke, 9TO CIUIAlH Sp(r) dBiAET-
C eTMHCTBEHHOH (hYHKITHEH H3 PacCMATPHUBAEMOro KJACCa, Ha KOTOpoit Ig(s)
JIOCTUTa€T CBOEro HAaMMEHBLIIEro 3HAYEHUH.
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Banmaua 1. [okasarp, uro pemenue cucrembl (10) ynosiersopsier HepaBeH-
CTBY

max IM,,I<———3—-—— max |dy,];
1<ng<N-1 min  h, 1<ngN-1
1<ngN-1

[ONyUYUTH OTCIONA OJHO3HAMHYIO paspemmmocTs cucreMsl (5)—(7).

IIpr paccMaTpHBaeMOM TOAXOAE TONYIaeMblii CILIaliH comagaer ¢ f(z)
BO BCEX y3JIaX; TaKHe CILTAMHBI HA3bIBAIOT UHMEPNOAAUUOHHHLMU.

3agaua 2. IlycTe TOUYKM I, pacupeieseHbl PaBHOMEPHO: Iy1—Z, = h. 3Ha-
eHWe WHTEPHOJIAIMONHOTO CIUIaliHa TpeThell CTemeHU So(T) BHIPAXKAETCA e~
pe3 3uavenus (QYHKuuM [, HEKOTOPOH dopmymoi

N
s9(z) = Z Cn () fn-
n=>0

HonyunTs olUEHKY
|z — nhl

—-b
Cn(z)| < aze ~ b (15)

a3, b3 > 0 —abcomiornble mOCTOAHHBIE, He 3apucamme ot f, N, h.

W3 onenxu (15) cirenyer, 4To 3Haxende clulaifHa $;(z) B Touke  c1abo 3aBHCHT OT
3Havenuil f, npu Gomsmom |(z — nh)/h|.

Onucannplit BeiIe C1IOCO6 MOCTPOEHHs CIIAHHA TpeTbell CTEIeHH CTPaJaeT
crexyiommM HepoctaTkoM. M3 coornomenuit (5) caeayer s5(0) = si(1) = 0,
xors;, Kak mnpasmno, f"(0), f"(1) # 0; mosToMy TOUHOCTH NPHUOIMKEHHBIX

k
dopmyn  f)(z) = sg )(.’E) BOMM3YM TrpaHuIpl yxyamaercd. Ecam 3HadeHHs
f"(0) m f"(1) m3sectany, To B (9) mpu n =1 mw n = N — 1 crenyer mo-
aoxute My = f"(0) m My = f"(1). OkaswiBaercda, 49TO Ui NOBBHINICHUS
TOYHOCTH 11€J1eCO0OPAa3HO 3aJaBaTh B TOYKAX T, Ty 3HAUCHHSA HEPBOM IIPO-
u3ponuoil. Juddepenmpys (8), umeem
_M0h1 _ Mlhl f(.'El) — f(.'E())

3’2(550) = 3 6 + I .

B cnyuae, ecnm Benmumna f'(xo) usBecTHa, mosaraeM OpaBy0 4YacTb Ppab-
Ho# f'(z9) W moayyaem JOMOMHWTENbHOE ypaBHeHMe, cBa3pBaiomee My u
M;. O6vruno 3Hadenwe f'(z() HeW3BECTHO, MO3TOMY IOCTYNHM CJIEAYIOIIMM
obpasom. OmnpemenuM HHTEPHIONSUUOHHBIE MHOTOWIeH (Qo(x) TpeTbell creme-
Hu, coBmamalommit ¢ f(z) B TOuKax zg, T1, T2, £3. Benmuuuny f'(zg) 3amenum
BepaxkeHneM Qq(zo). OxoHuaTeNHLHO IONy<dHM

h1 hi,  f(z1) ~ f(=0)

M+ =L Al VAR B Ve ) )
3 0o+ 6M1 h1 QO(.'E())
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[locnennas ¢opmyna moxkeT OLITH 3alWcaHa B BHIE

hl hl
"3‘M0 M1—~3— o(z )"‘ Q( 1)
AHaJOrHYHO MOCTPOMM HWHTEPIOJISIUOHHBIA MHOTOYIEH TpeThell CTeleHny
Qn(z), coBmamaromuit ¢ f(z) B TOYKAX TN, TN-1, TN—2, TN—3-
Koapdunuenter M; OyneM HaXONWThb H3 CHCTEMBl YPaBHEHMH, COCTOsIIeii

U3 COBOKYITHOCTH ypaBHeHmVI (9) mpu n=1,..., N —1, u ypaBHenuit
h h h
——1M0 M1 = = Qf (x0) + —Qf(z1),
3 6
h h h (16)
N N
—EMN 1+ évMN = TQIJIV(JIN) t5 M(EN_1).

Yacro BmecTo Qo u (N Ayume 6paTh MHOTOUIEHBI YETBEPTON CTEIEHH, COBIAA-
jompe ¢ f(r) B mATH KpaWHUX TOYKAX.

Bamawa 3. Ilycts h, = h = 1/N, |f¥(z)] < Aq. Tloxasars, w10 st CIITak-
Ha, onpezesnsieMoro cucteMoil coornowenuii (9), (16), BLIIOIHEHBI OLEHKH

oax F@(z) — s9(z)] < const-A4h7, g < 3.

Omucannble BLINIE CIUIAMHBI YACTO HeymAODHBI M3-33 CBOEH HEJIOKAJIbHOCTH:
3HAUEHHE CILUIAfHA B TOYKE I 3aBHCHT OT 3Hauenuit f(r,) BO Bcex y3uax.
Ecnn B nporecce paborhl co crutaiiHamu (2 OHA 9aCTO IIPOXOAUT B JHAJIOrO-
BOM DeXHM€ C BU3yaJIM3alHeil PEe3yJIbTATOB HA IKpaHE) TpebyeTCs UCIPABUTH
ONHO 3HAYEHHE, TIPUXOAMTCSI 3aHOBO pelnaTh cucreMy ypasrenuit (9). Oco-
OeHHO 3Ta NpOLEAYpa HENPUITHA B Ciydae NPUOIHKeHus (HYHKIUHA MHOTHX
IIEPEMEHHBIX MHOTOMEPHBIMH CHJIARHAMH.

YUrtobb! u36eKaTh ITOr0, UCIONB3YeM TAK HA3BIBAEMBIE A0KAAbHbIE (ANNPOK-
CUMAYUORKBLE) CNAGTINHDL.

JIoKanpHBIN CcONAlH IIEPBOM CTENEeHH COBIAJAET C HOCTPOGHHBIM BBIIIE
ctaitnom s ().

JIokasnipHEIe crutaiinel Gojiee BBICOKMX CTelleHell, KaK NpaBWJIO, HE COBIIa-
mawot ¢ f(z) B ysnax z,. Oppako 3TO OBCTOATENHCTBO He HOCHT NPUHIUIIH-
aJTbHOIO XapaKTepa. Bce paBHO, KaK IPABUJIO, 3HaYeHHdA f(Ip) HMIBECTHBI C
HEKOTODOH HOTPEIHOCTBIO O, T.€. HaM 33JaHBl BeJHIUHBI fn = f(T,) ¥ 6,

IToctpoenne JiOKaJILHOrO CHIaHHA TpEThEHl CTENeHH OINHWIIEM Ha I[pUMepe
clydasi NOCTOSHHOrO mara h, = h = 1/N. Jlna sTOro wucronb3yercs CTaH-
JapTHBIA ciiaiitd B(x) TpeTheit CTelneHH, ONpemeIaeMblil COOTHOIIEHUSMHU

2
3o ~lzf? npu |z| < 1,
) = 1
Bl =9 2| mpr 1< Je] <2,
0 npu 2 < |z|.
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. 1 2
JlokanpHple COIAWHBI TPEThEH CTENenH Bé) u Bé) 3aIUCBIBAIOT B BHJE

G pbs r —nh
- 3 apn (10, i1
n=—1

cnocob Beibopa a,(f) OyneT yKa3aH HHXKe.

Bagaua 4. Jlokazarb, 9TO IPH JI0OBIX aﬁf) byHKIAM Bél

)

ABJIAIOTCS CILIati-
HAMH TPETheH CTerneHd, IPpHIeM Bél) = 0 Bue orpeska [—3h, 1+ 3h].

Ilpu 1 = 1 goomnpepensiior 3Hadenust ) U fy41 JuoediHOM HMHTEpnONANUEH
no 3mpauenuam fo, f1 u fn, Fn—1, coorBercTBenHO, T.e. b6epyT f_1 = 2fy— f1,
fyi1 = 2fn — fnv—1 u monaraor o = f, mpu -1 < n <N+ 1.

Ilpu i = 2 pooupenensior f_o, fo1 B fy+1, fnvys KybudecKoél HHTepIOId-

uuell 1o 3HaweHusM fo, f1, f2, f3 7 fnN, fn—1, fN—2, [N—3, COOTBETCTBEHHO,
H [OJIATAIOT

an = (8fn — far1 — fa-1)/6.

Konkperusie dopMmyabl Ajisa BeIYHcieHus BestuyuH f_y, f_o, fna1, [yie uMe-
10T BUJ,

fr1=4fo—6f1+4f2— fs,

f-2=10f0 —20f1 + 15f2 — 43,
fns1=4fN —6fn1+4fN—2— fn-s,
ny2 =10fn —20fN-1 + 15fN—2 — 4fN—3.

1 .
3aga4da 5. Ilokasarp, 9TO 3HAYEHHE Bé )((L) 3aBHCHUT TOJBKO OT 3HAUYCHUH

. 2
fn B ueThIpex GuMkaWIIMX K Z TOYKAX Zp, 4 3HAYEHUS Bé )(.'L‘)*B IIECTH.

. 1
B wiy4ae, korma morpeirHocTa §,, BENIUKU, TAIIE HCIOML3YIOT CILIANHEL B.g )(:1:), aB

.. 2 . 1
CIIytae, KOra MaJibl — CIIaHHbI Bé )(JJ); [IeJI0 B TOM, 9TO CIJIAHHBI Bé )(.1:) obna-
JAIOT HECKOJIBKO JIYYIIMMU CBOMCTBAMU CIVIAXKUBAHHS MOTPEINHOCTE B 3HAYEHU X
f(z,), HO 0beCne HBAIOT MEHBIIYIO TOYHOCTh B cay4ae &, = 0 u rnagkoit f(x).

3amgaua 6. IlokasaTb, 4TO
B:g_l)(ﬂ?o) = fo, Bél)(SUN) = fn,
B (z0) = fo, 352)@1) = f1, B§2)($N—1) = fn-1, 352)($N) = fn.

. 1 2
CoBnazenue crnaifiHoB BZ(, )(z) u Bé )(:1:) ¢ f(z) B KOHUEBBIX TOYKAX CYUIECTBEHHO
yHOpOUaeT NPHMEHEHNEe TAKHUX CIUIAHHOB B 3a0a4aX MAIIWHHON rpadHuku.
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Bagaua 7. Ilycrs |f%)(z)| < Ay upn k = 2, 3, 4. Tlokasars, wuro

1[101aly]< ’Bél)(w))(k) - f(k)(z)i < const-h** mpm k<1,

max [ B (@) ~ 0@ <A™ mu k<3
0,1

PaccMoTpuM  ©momxom K - MOCTPo-
eHMIO CIUIAHHOB, OCHOBAHHBIH Ha
unee peryispuszanyu. Ilycrh u3Bect-
HO, YTO IIOTPEUIHOCTH Oy — CIYYaii-
HbIE BEJHYHMHBI C MATEMATHIECKHUM
oxunanueM Mé, = 0 u gucuepcueit
0. Munumym Io(s) umyT mpu ycio-
BUH

Puc. 4.8.1 N ‘
S (5(@n) = fa)? < (N + 18 (17)

n=0

MOCTOSHHYIO ¢ THOpAAKa | BHIOMPAIOT 3IKCHEPUMEHTAIBHHO.

Kak npaBuno, nmeBas u npaBasi 4acTH ycioBusi (17) paBHBI B TOUKE MH-
Humyma Io(s). IlosTomMy OBGBIMHO BMECTO HCXOMHOW 33Ja4U¥ PACCMATPUBAIOT
3agaty 6e3yCJIOBHON MHHMMH3AUMK IO A u § (bYHKIHOHAIA

N
Jo(\, 8) = In(s) + )\(Z(s(z”) — fa)? — (N + 1)52).
n=0 .
Puc. 4.8.1 coorBercTByeT HEKOTOPOMY KOHKDPETHOMY CIIy4ar0 IpPUOIHIKEHUS

mpu N = 100 u ¢ = 0,9. Ilpu kaxaoM PHUKCHPOBAHHOM A BeJIUUHHA
J(A) = infJo(), s) ompenensierca ¢ HOMOIIBIO PEIIEHUS CHCTEMbI JIMHEHHBIX
s

ypaBHenui. Hna naxoxneHus ir;fJ()\) MIpUMEHSIeTCH KaKoH-imbo MeTom Mu-

HUMM3aUUMH (PYHKIMHA ONHON TepeMeHHOH (cM. i 7).
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frnasa 5

MHoromepHbie 3agaun
v

Bonpocsr npubnuxenus, mHTepHONMPOBAHUS, YHCIEHHOTO WHTEPHPOBAHUS H
muddepenuupopanns OYHKIMR OJHOH IepeMEeHHOH, KaK BHJIHO W3 MHpeJlle-
cTBytomIero, paspaboragsl gocTaTodHO noapobHo. B HacTosmee Bpemsa Ha
OCHOBE PE3YJIbTATOB TEOPETHUUECKUX HCCIEAOBAHMH CO3JAHBI JOBOJBHO Da3BH-
Thie CHCTEMBl CTAHAAPTHLIX MPOTPAMM pelIeHMs] OJHOMEPHBIX 33134, JHa4H-
TellbHAsA YacTh Pe3YJILTATOB TEOPeTHYECKUX HCCHeNOBAHUN Hjd OJHOMEPHOIO
caydad MOXeT ObITh mnepeHeceHa Ha ciyvait ¢GyHKIuA nByx u bosee 1epe-
MEHHBIX; OAHNAKO NPH 3TOM MOI'YyT IOABIATHCA NPAKTHUYCCKH HEAOCTATOYIHO
3¢ ¢eKTUBHbIE METOJDI.

IIpu TeopeTwdeckux MOCTPOEHMSIX 33Ma4MH pPas3bUBAIOT HAa KJIACCH, HAIpW-
Mep BBIAGIAIOT KJACC 33]1a4 BBIUMCJIEHHS] WHTErpaJoB OT (YHKIMH C Orpa-
HUYEHHBIMH TPOW3BOAHLIMH, a 3aTeM MNPOBOAST HCCIEJOBaHUdA, CBA3aHHbIE C
3THMH KJIaCCaMH 33a0a4. KOHe‘IHO, IIpUHUMaeMOe OIIMCaHUuE HE BCEerga (CKO-
pee JlaXke PEKO) XOPOLIO OIMCBHIBAET KJIACC PEAJbHO BCTPEUAIOIIUXCA 334,
OJIHAKO CKOPOCTH coBpeMeHHbIX IBM TakoBpl, uTO, HecMOTpd HAa TPybOCTH
ONMMCAHUS OMHOMEDHBLIX 3a1ad, YIAeTCS pPelaTh OOJIBITHHCTBO U3 HUX, [TOJIb-
3ysCh CTAHOAPTHBIMH METOJIAMH, Pa3pabOTaHHBLIMM B De3yJNbTaTe TeopeTHue-
CKHX HCCJIEJIOBAHUI.

TPpynoeMKOCTh pEeIeHus 3334 PEe3KO BO3PACTaeT ¢ POCTOM HMX Pa3MEpPHO-
CTH, ¥ TIO3TOMY, KaK IPABHIIO, HE yIaeTcsd pa3paboTaTh CTaHJAPTHHIE METOIBI
peleHng IMIUPOKHUX KJIACCOB MHOTOMEPDHBIX 33a4a4 CO CTOJb XKe BBICOKOHM TO-
HOCTBIO, KAK B ONHOMEDHOM CJIydae.

Heckonbko yTemaer wienyromee ob6cTosTenbcTBO. MHOrOMEpHBIE MaTeMa-
THYECKHE 33Jaul OOBI'HO BO3HHKAIOT W3 ONHCAHWUS CJIOXKHBEIX IIPOLECCOB.
O6bryHo yXe 3TH OMHCAHMS SBJISTIOTCH IOBOJBHO rpybBIME, ¥ TO3TOMY 3HA-
YATEJbHO DpexXe MpelbsBisieTcs TpebOBaAHHE peIleHus 3THX 33434 ¢ Takoi
JK€ BBICOKOM TOYHOCTBIO, KaK B OJHOMEpHOM ciydae. Hanpumep, TpeboBanus
K TOYHOCTH PElIeHHA ypPaBHEHUWI ra3oBoi OUHAMHKU CYMIECTBEHHO HHXKe Tpe-
GoBaHumit, NPEIbABNAEMBIX K pEIIEHHIO yPAaBHEHHM OAJUIMCTHKH ¥ HeHecHodM
MEXaHUKH.

He cnenyer, ogmako, JymMaTb, 4TO PEIIEHHE MHOTOMEPHBIX 3344 SBJIAETCS
NOYTH 6Ge3HameXHBIM aeloM. Pa3BuTHe TEOpHMH METOAOB PeIIeHHs MHOroMep-
HBIX 33Ja9 ¥ NOBHLIIEHHEe cKopocTH paborer DBM, HecOMHEHHO, MOBJIEKYT 3a
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coboft cozjaHme CTAHAAPTHLIX METOJOB pPelIeHMS TAaKUX 3ajau ¥, KaK Clej-
CTBME, CHIXKEHHE NpebABJIAeMbIXx TpeboBaHuN K KBajdudHKanum NOIH30Ba-
Teqeli. B Hacrodlmee BpeMs TPYIHOCThL MHOTOMEPHBIX 3alad Tpebyer, Kak
IpaBUJIO, TPUBJIEYEHHs] K HMX MCCIEJOBAHHIO CHEIHAINCTOB 6ojee BBICOKOi
KBaJU(DUKALNH.

B macrosmieit riane pacCMOTPEHLI BOIMPOCH! MHTEPIIOJIMPOBAHHS, THCIEHHO-
ro unTerpupopanus u Juddepenuuposanus GYHKUMI B CIyUAe HECKOIBKUX
IPOCTPAHCTBEHHBIX ITE€PEMEHHBIX.

§ 1. MeTon HeornpeZesieHHBIX KO3 PUITNEHTOB

Peurenue psijia MHOTOMEPHBIX 3aJa€ YACTO CBOJUTCS K PEITEHHIO CIEIYIOIHX
TEMEHTAPHBIX 3A0A.

ITycts B HEKOTOPOH 06s1acTH s-MEPHOro npocrpancTBa (G 3alaHbl TOYKH
Pi,..., Py u 3uauennsi dyukuuum f B 3THX TOUKax. 1pebyercs:

1) nmomyumnrs npubinkenune K 3HaveHuto Gyuxuuu f(P);

2) mojyuuTh NUpUOIMXKEHWE K 3HAUEHWIO HEKOTOpO# mnpowussBomuoi D f
dbyuxiun B TOUKE P

3) BLIYUCIUTH HMHTETPAJ

uﬂzgwmmm

rae p(P)— Hekoropasi BecoBas (DYHKIHS.

IIpocreitmum crocoboM pelIeHHs: ITHX 3334 SIBJISIETCS MHOTOKDATHO ITPH-
MEHABIIMACA HAMHM B KOHKDETHBIX CIyUasx memod neonpedesennmr xospdu-
yuenmos. IlycTs M3 Kakux-TO coobpaxkeHuwil wussectho, uro dyuxkuus f(P)
XOPOIIO IpUOIMMKAETCH JIMHEHHBIMA KOMOUHAUMAMM BUIA

N

> Bjw;(P).

g=1
[Torpebyem, uTobbl Takas auHeHHas KoMOMHaums coBuajana ¢ f(P) B 3aman-
HBIX y3J1aX, T.€. BBIIOJHSJIMCL PABEHCTBA

N
> Bjwi(P) = f(P), q=1,...,N. (1)
i=1 -
Tpeanonoxum, uro det |jw;(Fy)|| # 0. Torna marpuua |jw;(P,)|| nmeer obpar-
Hyo A = |lajq|| n pewenne cucremsr (1) samucbiBaeTcs B BUJE
N
Bj = Z ajqof (Fy)- (2)
g=1
OyHKUHA

N
9(P) =Y Bjw;(P)
j=1
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copmagaer ¢ ¢ynknueii f(P) B Toukax F,. IlogcraBnas B npeapyaymee co-
oTHOImEnne B; u3 (2), momy4yuM HHOE NpEICTaBJICHHE g(P), a uMeHHO:

N N
g(P) = Z z2q(P)f(Py), rtme z4(P)= Zajqw]~(P). (3)

Takasi ¢opMa 3amuUCH HHTEPIOAALHUOHHON (DYHKUMHU SBJIFETCH AHAJIOTOM 3a-
MUCHU HHTEPHOJAIMOHHOr0 MHOrowieHa B ¢opme Jlarpamxka. Kak um B omHo-
MEpPHOM CJIydae, MOXHO HaJedThCd, 4TO INIPH yJA34HOM BbIbope y3nos F, u
¢dyukunii w;j(P) 6ymeT Mana IOTPENIHOCTH B NPHUOIMIKEHHBIX DaBEHCTBAX:

N
F(P)mg(P) = 2(P)f(P,), (4)
g=1
N
Df(P) ~ Dg(P) = > _ Dz(P)f(P,), (5)
q=1
N
I(f) = I(9) =Y Cof (Ry), (6)
q=1

rne Cy, = I(zg).

Kak ormewanoce B IJi. 2 Jyisi OJHOMEPHOrO CJIydas, NIPHU HEYJRYHOM BbI-
Gope OONBIIOrO UHCIA Y3JIOB HHTEPIOJHPOBAHUS MOrPEHIHOCTH IPUOIIHAKEH-
HOTO paBeHCTBa (4) MOXKET oKa3aThcs KaTaCTpOduuecKu 6omblmoit. [1oCKOML-
Ky nupubsmxenunie paseHcTBa (5), (6) ABAAIOTCH CI€ACTBHEM NPHOIUAEHHOIO
pasercTBa (4), TO MOXeT ObITH GONBIION M IOTPEHIHOCTH B IPHUDJIMIKEHHBIX
paserctBax (5), (6). [Tosromy npumenenme coornHomenuit (4)-(6) Tpebyer 06-
OCHOBAHHSI ¥ BbISICHEHHMS YCJIOBHH 3aKOHHOCTH HCIOJIb30BAHHSI.

8§ 2. MeToa HaMMEHBIINX KBAAPaTOB
U peryJisipu3anusa

Kakx MBI OTMewasm, mpuMeHEHHE OMHMCAHHOTO BBIIIE METOJa YTACTO IPUBOISUT
K HEyJOBJIETBODHTEJILHBIM PE3YIHTATAM.

IloBplenne KatdecTBa NOPHOIHIKEHHS MOXKET HOCTUTATHCH PA3JIHIHBIMHA
cnocobamu. PaccMoTpum mepsblit M3 HHX, HA3BIBAEMBIH Memodom HAUMEHDL-
wuzx xeadpamos. Ilepenymepyem dyuxkuun w;(P) rtakum o6pa3oM, 4TO6GBI
MEHBIIIMM 3HAYEHUAM j cooTBeTcTBOBAIM Oosiee tnankue dyukiuwmu. 1Ipubiau-
JEeHHe HIIeTCd B BHAE

9(P) = _Bjw;(P),
j=1
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roe n < N. Ilapamerpsr B; onpenensaioTca U3 yCIOBHS

Bl{{}?}lB"(I’(g),
rjie, Halpumep,
N
O(g) = ®(Bi,..., Bn) = > _pala(Py) — f(Py)) =

g=1

N o 2 (1)

= "pg | Y_Bjwi(Pg) — f(Py)
q=1 j=1

B ocnoBe MeTOna HAMMEHBINAX KBAJPATOB JIEKUT CJIEAyIoliee coobpake-
nue. Manocrs Benumdannel @(g) obecueumsaer Gumsocts dynkuuii g(P) u f(P)
B Toykax Py; mpu n < N ¢yskmusa ¢(P) aBisercs JnmHeHHON KoMOMHaImeH
oTHOCUTEJILHO Gojiee TIAAKUX (DYHKIMH, [TOITOMY y Hee MEHbIIE BO3MOXKHO-
creft ommuathes or f(P) BHE y3JI0B DO CpaBHEHHIO cO ciyuaeM n = N.

Yucna p, > 0, HaspiBaeMble BeCaMH, MOADHPAIOTCH B 3ABUCHMOCTH OT
INIOTHOCTH pacupejesnennsi touek FPy. Ecin smavenus f(P,) comepxar ciy-
YaiHyI0 MOrPENIHOCTh, TO Py BBIOHPAIOT TAKXKe B 3aBUCHMOCTH OT IMCIEPCHH
norpemHocreii u3MepsieMbIX 3Hauenmit. Tam, rdge Todkum F, pacmpemeneHsl
IIoTHee, Yucna p, Gepyrcst menbiue; 3HavenusM f(P;) ¢ Goubmeit pucnepcu-
eif TOrPeNIHOCTH CTaBAT B COOTBETCTBHE MEHBIIHE 3HAYEHHS pg. TaKHE PEKO-
MEH/IAIUHA BBITJIAMAT HAOBOJIHHO HEOIPEACTEHHBIMH, MMOCKOJIbKY HEJIb3d IIPE/I-
JIOXKUTh OOIIETO IpaBmia, MIPUTOTHOIO JUId BCeX 3amad. Jliad KOHKPeTHBIX
KNaccoB 3aJad NPHHIANGL BHIOOpa py, u n = n(N) BHpPaOATHIBAIOTCT C yue-
TOM crenudUIecKHX CBOHCTB 3a/av Ha OCHOBE CTATHCTHUIECKHX KPHUTEPHEB H
YHCJICHHOTO 3KCIIEPHMEHTA.

IlpupaBsuBag Hysm0 npousBoguslie 0Q/0B;, NOJIyYuM CHCTEMY JHHEHHBIX
YPaBHEHHH Jnd oupenenenus Bj:

100 &
) j=1

N N
dji = Gij; = quwi(Pq)wj(Pq)’ d; = quwi(PQ)yl(PQ)'

PackpeiBag ckobku B (1), nomyuum
n n
®(Bi,..., By) = Y di;BiB; — 2 _d;B; + do,
Jj=1

1,j=1
rae

N
do =3 pq(f(Fy))*.
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Tak kak ®(B, ..., Bn) 2 0, To cummerpuaHas Marpuua D = ||d;;|| neorpunarens-
Ha. B CBsi3H C 9THM B ps/jie CTAHIAPTHHIX IPOrPAMM METOIA HAMMEHBUINX KBAIPATOB
JJIsl peIeHus CHCTeMbl ypaBHeHui (2) MCIOIB3YeTCH METOA KBAJDATHOTO KODHSI.
Nuorna nenecoobpasHo uckarb Bj, HenocpencrsenHo MURMMH3HPYS P KakuM-1100
HUTEPaLMOHHbIM METOIOM.

Boipaxas B, m3 (2) uepes d;, a 3arem uepes f(F,), momyunm

N

Z]qf P));

N
P) = qu(P)f(Pq)a (3)
g=1

n

24(P) = Y aiqui(P).

=1

CIIEJOBATEIIBHO,
e

Bocniosb3oBaBmuch (3), MOXKHO MOMYYMTH Takxke (OPMyJy UHCIEHHOTO JIud-
depennuposanuss Df =~ Dg n ksagpatrypuywo dopmyny I(f) = I(g).

B ocroBe wmemoda pesyasapusayuy HEMOCPEACTBEHHO JIEKAT COODpPAXKEHHU
0 CIIAXKHMBAHHHK annpoxcumMupymomei dyuxumun. Haubomee pacupocrpaHeHHOR
dopMoit MeTosa peryigapusanuu geaserca crenyiortas. [lpnbankenne oTeic-

KMBAETCI B BHUJE
n
= E Bjw;(P
i=1

a koadppuuuenTs:r B; BhiOHpaloTCa U3 YCIOBHS MHUHHMYMA BLIPAXKCHHUS
D(A, g) = ®(g) +A¥(g), A>0. (4)

®ynkumonan V(g) moabupaercs U3 CIEAYIONIETO YCJOBHA: €CIM 3HAYEHHE ITO-
ro (pyHKIOMOHAJA HEBEJIUKO, TO (PYHKIHSA g OBJIaJaeT ONMPEACICHHOH TIIaIKo-
crero. Hanpumep, W(g) mMoxker GbITh HEKOTOPBHIM TPHOJIMXKEHHEM K MHTErpa-

ay / Igrad g(P)lzdP. B npunoxeHusx UacTO MCHOAB3yeTCA CAy9ai, KOTIa
G

n =N, Ha KOTODOM MbI Jajle€ W OCTAHOBUMCH. IIyCTh MMHHMYM BBIPAJKCHHS
®(), g) mocruraerca npm Hekoropwix BY,..., By u

N
=Y Bjwj(P)
=1

Paccmorpum kpaiinuve ciydam: A =0 u A — odenb Gonpmoe umcio. MMeem

PaBEHCTBO
2

N N
(0, 9) = pg | > _Bjwi(Py) — f(F,)

=1 \j=1
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Ecm det ||wj(Py)ll # 0, To cucrema (1.1) uMeeT pellenue u na ee peLIeHHu
mpaBasl acTh 9TOTO PaBEHCTBAa OOpAINAETCs B HYyJb. B TO ke BpeMsl Bbipa-
xenume (0, g) Bcerma HeorTpuuaTesNpHO. TakuMm 06pa30M, HHXKHsISL TPAHb J10-
CTHUraeTcs Ha 3HavYeHusX Bj, asmsiomuxcs pemenuamu cuctems! (1.1). Tormy
g°(P) coBmamaeT C WHTEPHOJISAIMOHHBIM MHOTOMWJIEHOM C Y3JAMH HHTEpIIOfis-
uuu Pj. TIpu Gompmux A B dysKimonate-®(\, g) oIpeensiomuM sBisieTcs
BTOpOE CJIATAEMO€, HMXHAA [PAHb KOTOPOTO JOCTHITAETCA Ha IMIaIKol (yHk-
uuu. CJiegoBaTeNbHO, €CTh KAKHE-TO OCHOBAHHS OXHUOATH, UTO IIPH IMIPOMe-
JKYTOUHBLIX 3HAMEHUAX A (YHKIIHH g)‘(P) OyayT IMAgKUMH H B TO XKE BpPEMs
HE OYEHb CUJIbHO OTJIHYAIOIMMUCS OT Hpubiurkaemoll (GpyHKIUH B 33JaHHBIX
y3Jax.

Hamu paccyXOeHus BbITISAAT JOBOJABHO PACIJIBIBUATO, OMHAKO IPH TAKOM
obmieit mocraHoBKe 3amauM npubsvxkenusi byurkiun 6e3 KOHKPETHOTO yKa3a-
HHUA cHcTeMbl (hyHKIMI w;, paciupenelenus Todek P, M Kjacca pacCMaTpHUBa-
eMbIX (YHKUMH BPsJ JIM MOXHO CKa3aTh uTo-nubo onpenenennoe. [logobHbie
rpy6uie «busnueckue» coobparkeHHsi YACTO MOMOTAIOT NMPH KOHCTPYUPOBAHHH
HOBBIX METOHOB peNIeHusl 3aJaYd B yCJIOBUSX HEIOCTATOYHOM WHEOOPMUpPO-
BAaHHOCTH O CaMOH 3ajaue.

Huxe Ha koHKpeTHOM mnpumepe Gyner oObiICHEHA CYHIHOCTD acbcbeKTa 0~
CTHTaeMoOro 3a CUYET MIPHMEHEHUS] PeryJisipH3alliu.

§ 3. IIpumeps! peryasipusanuu

[Iycts f(z) — melicTBuTenvHas mepuomuYecKast (QYHKIHS C Iepuogom 1.
IIycte msBecrnn! 3Havenust f, Bemuuus f(z,) npu z4=gqh, ¢=0,..., N -1,
Nh = 1. Tlorpemnocru mpubauKeHHbX 3Haxenuit f, — f(x,) = dq — He3aBHCH-
MBle CAyualHble BEJIWYHUHBI C MATEMATHUYCCKUM OXHIAHHMEM, PABHBIM HYJIIO,
u nucuepcueit d?. Tpebyercs momyumTs Tabauiy NIpUGIMKEHHBIX 3HAUCHHH
npoussonubix f'(x,). IlorpemsoOCTb OLEHHUBAETCS B HOPME, COOTBETCTBYIOMIES
CKAJISIDHOMY TIPOU3BEICHUIO .

N-1
) = qu.(_]qh
g=0

Hanee f(z) paccmaTpuBaeTca Kax NEpHOIMYECKH LPOAOJIKeHHAS (DyHKIIMS.
g HaxOXJIEeHWs IIPOU3BOHOM HCHONB3yeM mpocTedmyio ¢GopMyy Yu-

creHHoro auddepeHupoBaHus

i ~ . f g+l — f q—1

f (-Tq) ~ qu = 2h"‘ —. (1)
[Ipegmomoxum, uro dyHkuua f(z) mocraTrouno riagkas M mar h HACTONBKO
MaJjl, 4TO IIPH OTCYTCTBHH IIOTPEIIHOCTEH B 3HAUYCHHAX (PYHKIUH T[OrPEI-
HOCTh (DOPMYJBl “HCIEHHOTO audHepeHUUPOBAHAS

f’(-'L'q) ~ f(mq+1)2_hf(xq—1) (2)
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PEHeOPEKNMO  MaJia. Torma HOrpPemrHOCT, B 3HAYEHUM IIPOM3IBOJHOM Ipe-
cTaBUMa, B BHJIE

Jor1 — g2 o (Hzen) = flmg—1)
Rq=—LT—f'(Iq)~ o, = fizg) | +
dq+1 - dq—l —~ dq+1 - dq~1 —
2h - 2h ¢
O603Ha‘1aﬂ MaTEeMATUIECKOE O)KYIIL&HHQ 3HAKOM M nMeemM paBeHCTBO
d 9
MR ~ Milr| = Zh (fm e ) -

= qzo (qu+1 2M (dg-1dg41) + Mdi_l)-

Corcao yKa3aHHBIM BbIIIE€ CBOHCTBAM CIYYaHHBIX BCJIHIWH dq, UMeeM
— J25q
M dqd = 6p. (3)

Taxum obpazom, M||R,||? = N2d?/2, T e. cpelnexBaipaTHiHOe 3HAMEHHE HOP-

MBI IIOTPEUIHOCTH paBHO Nd/v/2. Mbl BUJHM, YTO NOTPENIHOCTH TPHOIMIKEH-
Ho#t popmysibt (1) BO3pactaer ¢ ymenbuienuem h = 1/N; B To XKe BpeMms
JJIS MAaJIOCTH TIOTPENTHOCTH B HPEINONOXEHMH OTCYTCTBHS IOTDEITHOCTEH B
ucxomuoit muadopmamuu (2) Tpebyercsa jocrarouHas MajiocTb h.

Yrofbl BBISICHUTL TYTH YMEHbIIEHHS NODEITHOCTH, TpoBeJeM Oojee JeTasbHOE
uccnenopanue. Ilycrs ‘49— muckperbie Kosdduimentol @ypoe (IKD) dbyuk-
nun f(z,):
. 0 ..
flzg) = E Aj exp{27ijz,},
—N/2<j<N/2

a A; — JK® dbyskuun f,. Bennunnam a; = A; — Ag oyayr JK® dbysxumu d, =
fy — f(z,). Unmeem

dg = Z aj exp{2wijz,}, (4)
—N/2<j<N/2

N-1

a; =h qu exp{—2wijz,}.
q=0

Yrobrt Brruucauts JK® mia ry, OpAMeHMM OIepaTop YMcieHHoro muddeperiu-

popanusa D x dbynkuun exp{2nijz,}:

exp{2mijryq1} — exp{2rijz,_1}  isin2mjh
2h ok

Ilpumensas oneparop D x ofeum uyactam (4), monyumm

D exp{27ijxy} = exp{2nijr,}.

isin27j}# ..
Tq = ——h—J—Laj exp{2nijz,}.
—N/2<F<N/2
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W3 pasenctsa [lapcesans

. sin(2mjh) .
D S O

—N/2<j<N/2
clIeayeT, 9TO
; sin(2mjh) 2 5
Miplp = ¥ (ZEE) g
—N/2<j<N/2
Nmeem
N-1
la;|*> = aja; = h? Z dyd, exp{27ij(z, — z,)};
¢, p=0

MBI 3aMeHHIH dp Ha dp,, BOCIOB3OBABIIHCE TeM, 4YTO d, JeHcTsuTenpHBL. Taxmm
00pa3oM,

N-1 N-1
Mla|* = 12 > exp{2nij(z, — 54)} M (dydp) = h* > d*6% = hd®
q,p=0 q,p=0
" 2
si 1/ h
D M L 5

—~N/2<j<N/2
BosbmeM HexoTOpylo pyHKIHMIO 4(j) B MONOKHUM
)= > Adu(j)exp{2rijz},
—N/2<j<N/2

= ) Ajp() exp{2nijz,}.
—N/2<j<N/2

HadeHUAX f, MOXKHO BbIYHCINTE KO3bduuuentsl A;, a caenoBa-
ITpu 3amaHHBIX 3HAME ¢ MOXHO o Aj, 31(0)::F
TEeJIbHO, U BEJIMIHHBI f;‘. Iycrs Th — COCTABJIAIOWIAA MOFPENTHOCTH (POPMYJIBI TH-
cnentoro JuddepeHIMPOBAHHIA, ABIAIOMIAACA CIEACTBHEM MOTDEIIHOCTEH dg:

rh = Dff — Df*(z,).

Ananorugno (5) umeem

. sin(2mjh)\ % . .
M= S (SEE) e,
—N/2<j<N/2
Ecmu
Df(zy) = Df*(z),  M(ril* < Mllrg|l?, (6)

TO HMeeT cMbICT nonoxuts D(z,) =~ Df}. [lna BeINOTHEHUA MEPBOTO U3 COOTHO-
wenuit (6) cymecrsenna 6au30cTs Koadduumentos Pypre byukmuit f(z) u f4(z);
JJ15 BBITOJIHEHHS BTOPOTO — MAJIOCTH 44( f) Tipu 60MbIIHX j, T. €. ONpeAeNneHHas IIa-
xocth f(x).
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ITonpo6yem npuberHyTh K CLIaXXHBAHHIO (PYHKUUH f; OPH IIOMOLIA METO-
g3 peryasipu3anmui. PaccMoTpuM  (yHKIHOHAT

N-1

N-1 2
Gg+1 — 9
(I)’ll(Aa g):h O(Qq_fq)2+>‘2h§ ( 4 h Q) 3
q: =

rge gy = go- Ecnm gg sBIsIOTCS 3HaueHumaMHu g¢(7g) rmaixoi dymknmm g(z),
TO BEJHIMHA
= (91— 90\’
qgtl — 9q
Ry ()
q=0

1
CTPEMUTC K HHTErpay / (¢ (m))2 dz. YciaoBHe, MTO ITOT WHTErpaJ Hese-
Jo

JIMK, TAPAHTHPYET ONpPeIeNeHHYI0 ManxocTh GyHkuuu g(z). Takum obpasom,
eCTh KAKMe-TO OCHOBAHMS CUHTATH, 4To ymkmmonan (), g) ymommersops:-
er TpebOBAHMAM, HAKIAILIBAEMBIM Ha (DYHKIHOHAJEI METOAA PEeryIsphu3alliu.
Ounpenenum ceToUHYI0 (DYHKITHIO 91/1\ U3 YCJIOBHH MHUHHMYMA (QYHKIHOHAIA

®%(), g) m nomoxum
fl(zq) = (g<}\+1 - 9(/1\—1)/(2h)-

IlocMoTpuM, YTO SBASIETCS AHAJNOrOM TAKON PeryjdpH3al(iy IJiS CIydasd
¢GyHKIME HempepeIBHOrO aprymenta. llycrs

flz)= Z A? exp{2rijz}

j=—c0

U gi\—(l')yHKI_lI/IH, peanu3yonias MUHUMYM YHKIFOHAIA

1 1
B1(, g) = /0 (9(c) — F(2)) do + N2 /0 (¢'(2))? da.
Ypasuenne iinepa s 3TOro (GYHKIMOHAJA 3IAMHCLIBAETCSI B BHJIE
A" ~(g— f)=0.

HenocpencTeennoit mposepkoit y6exaaemcs, 910 GyHKIHUSA

A > AO
. 2 - .

j==00

ABJIAETCH pelIeHNeM ITOTO ypapHeHus. lIpouwssenem cpasHenue g7 (z) u f(z)
st maneix A, Eoma |2A7j] < 1, To koapdbumuentor ®ypre atux yHK-
i AY/(1 + (2A75)?) = A} 6muskum mexay coboit. Ecmm [2Xwj| > 1, To
koacbdbunuents: Pypoe pynkuun g; (r) MHOrO MeHbIe kodbduuuentos Py-
pee dynkmun f(x). Taxmm 06pa3oMm, Ha A3BIKE TEXHHKH PETYISPHU3ALMST PaB-
HOCH/IbHA HEKOTOPOH «(bUIBTPAlMA»: HECYNIECTBEHHO HCKAXKAs TapPMOHHKH C
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MaJioit 4JacToToil kKomebaHuWs, OHA CHJIBHO OCIabiigeT rapMoHukm € OOJIBINON
qacroroil. Eciim Tpebyercsa emie MeHBIE HCKA3UTh AMIJIHTYIBI A? rapMOHUK
¢ MaJIOH JaCTOTOH M JIyullle «OTUIBTPOBATL» BBHICOKOIACTOTHBIE KoJebanms,
TO MOXKHO PaCCMOTPETh (PYHKIIMOHAJ

»

1 1
(M g) = /0 (9(z) — f(2))? dz + A*" / (¢ (2))? d.

0
Ypaprenne Diinepa Juig 3TOro (GyHKIHOHATIA HMeeT BHJ,

Ang@n) 4 (~1)"(g — f) = 0,
OTCIONA

=—0

A __ y s
gn(z) = j g TT@w)™ exp{2rijz}.

Paccmorpum rpadukn Mmuoxmreneir 1/(1 + (2A75)?"); wpn |j] < 1/(27A) n
7L — 00 BTH MHOXKHTENM cTpeMArcs K 1, M, TAaKHM 00Opa3oM, 1pu OOJIbINTUX n
aMIINTYAbI COOTBETCTBYIOIINX TADMOHHK HMCKAa’KalOTCS BCE MEHDLIE W MeHbIIe.
B ro ke Bpemsi npu |j| > 1/(27)\) o1 mMuHOXWMTENMM crpemsitca K O u, TaKMM
06pa3oM, COOTBETCTBYIOLIHE

1

rapMOHUKH YMHOKAIOTCSI Ha BCe MeHblnue MHOXuTesan (puc. 5.3.1). Takum
obpaszom, mpa n — oo m 1/(2w)\) He mesom

galz) = 3 (z) = Z Ag exp{2rijz}.
l7l<1/(2mX)

BepHemca K mucKpeTHOMY ciy4daro. B Boipaxkenmu ®%(\, g) Bemmumua g, BXOOUT
TONBKO B CYMMY CJIATaeMbIX

2 2
h(gq — f4)* + X°h ((9&1_}:_%) . (gq_%qq__l_) ) ‘
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Hnmeem cucTeMy ypaBHEHHI OTHOCHTEIHHO 3HAYEHHH g, B TOUKE SKCTPEMYMA:

1 0%) A2
2h agl =(g9q— fq) — Fﬁ(gtﬁl —2gg+ gg-1) = 0. (7)
q

Bynem obosmadarh pertenne (7) depes g(’l\. Marprua cucrems! ypasHenuit (7) or-
HOCHTENbHO HeHM3BECTHBIX g, COBIAAET ¢ MATPHUILEH HOJOKUTENLHO ONPeIesIeHHOMN
KBaApaTHIHO! (HOPMBI

N—-1 Az N-—1
Zgj + 5] Z (9g+1 — 90)%
q=0 q=0

[I0STOMY €€ ONpPeAeNUTeNb OTIHYEH OT HyJst, U cucTeMa (7) UMeer, ¥ IPUTOM eIiH-
CTBEHHOe, pelIeHHe.

IIycTs
fo= Z Ajexp{2mijz,}.

—~N/2<j<N/2

ByneM OTBICKUBATH MEPUOJAUUECKYIO (DYHKIHIO gé‘ B BHJIE
g{’l\ = Z Ag\ exp{2mijz,}.
—N/2<j<N/2
CHayana BBIMHCJIHM OIEPATOP BTOPOH PA3HOCTH 02 f; = fer1 = 2f¢+ fg—1 or
byrkuun exp{2wijz,}:
62 exp{2mijz,} = exp{2mijzyq1} — 2exp{27ijz,} + exp{2nijze1} =

= [exp{2mijh} — 2 4 exp{—27ijh}] exp{2mijz,} =

= (2cos(2mjh) — 2) exp{27ijz,};
OTCIONIA [IONIyYaeM

6% exp{2nijz,} = —4sin’(mjh) exp{2mijz,}. (8)

loncraBum mpexacrasnenve f, u gy B Buge cymmsl Oypoe B (7), mpeobpaszyem
BTOPYIO Pa3HOCTh (52gq ¢ yueroM (8), mpuBeseM HOAOOHbBIE YJIEHBI M MOy IHM

A sin(mjh) ..

Z <Aj — A+ 42 <-—h—— A;\ exp{2mijz,} = 0.
—N/2<5<N/2

910 paBeHCTBO GyIeT YMOBICTBOPATHCS IPH

1+ 4A? (551%}0)2]

-1
A
Aj = Aj

Takum obpazom,
A 4,

g = _
~N/2<j<N/21 + 42 (s_rﬁ}gm)

5 exp{2mijz,}.
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2] E
MHoxuTenb [1 + 4)\2 (Lﬂ(’%&l) } ybriBaeT ¢ pocrom j. CremosarenbHO, pe-

IyJdpHU3alMs € WMCIOJIb30BaHHEM (QYHKIMOHAJIA @'1‘()\, g) TakXe TPUBOOUT K
oCcnabIeHuIo BBHICIDNX TapMOHUK (OYHKIUH. .

Ilo amanoruu ¢ dyuknuonanamu D,(A, g) MOXKHO OCYILIECTBIATH PeryJis-
pH3AIMIO ¢ MOMOIMILI0 (PYHKIIMOHAIOB

N—-1

N-1 Ang 2
B0 9) =B (o~ 1P+ Y ()

Penrenme cucrempr ypashHenuit (7) W cHCTeM JIMHEHHBIX ypDaBHEHWH, BO3HU-
KAIONIMX IpH MUHEMH3amu# dyskmuonanos (), g), MoxHO mOmywMTL 32
O(n?N) apudmerntuecKux ONepandii METOAOM TPOTOHKM PEIIeHHs IIEePHOMIH-
JecKol CeTOUHON KpaeBodl 3amaun (cM. i 9).

Ilo cpaBHeHMIO ¢ peryJispu3alnueil ¢ TOMOWBI0 (PYHKIHOHAIOB @2()\, 9)
npu n > 1 uacTto OniBaeT Ooliee ynmobHa n-KpaTHasd peryigpu3alusd ¢ IMOMO-
mpio ymknuonana ®F(X, g).

§ 4. CBemeHre MHOTOMEPHBIX 33aJIa9 K OJHOMEPHBIM

Brune paccMaTpuBaJMCh CIIOCOOLI peIieHHWsT MHOTOMEPHBIX 3ajad, He Tpeby-
IOI[HEe JONOMHUTENLHON WHMOPMAUUKY O PACHPENESIEHUH Y3JOB Z1,..., LN, B
KOTOPLIX M3BECTHLI 3HAaUeHHsd hyHKuudA. Takue Crocobbl TPHMEHSIOTCH B CIIy-
Jae, KOrJa OTCYTCTBYET BO3MOXKHOCTDL PACIIOPSKATHCI BBIGOPOM Y3JIOB.
Ecmm paccmarpuBaemass (yHKIUA 3aja-
Ha aHAJUTHYUECKH, TO Y3JLI MOXHO BLIOHU-
patb mo kenauuio. llpm ynausom pacno-
JIOXKEHUH V3JI0B TpUOIUKeHHe, UHTEPHOIH-
poBaHHe, YucIeHHoe auddepeHpoBanne 1
HHTErpupoBanne (PYyHKIWHA MHOTHX HepeMeH-
HBIX MOryT OBITH CBEIEHBI K IIOCIEIOBA-
Puc. 5.4.1 TEJIbHOMY OCYILIECTBJIEHUIO HTHUX oOllepaluui
Ha) (YHKIHAMH OAHOH mepementoi. , Pac-
CMOTPHUM CIytUaii paCOoIOXKeHHd y3JI0B, H300parKeHHBIX TOYKAMH o Ha
puc. 5.4.1. 3xech MHOXKeCTBO Bcex y3io0B () pasbuBaeTcd Ha NOAMHOMKECTBA
y3a0B Q1,..., Qp, (B ZaHHOM ciaydae m; = 5), JIEKAIIUX COOTBETCTBEHHO HA
OPAMBIX T] = Ti,..., T = Tj .
Paccmorpum 3asady BBIYACIEHWS 3HAYUEHUS HEKOTOPOTO OIEpaTOpa

« a4 =

as s ejr oo
o

e a4 o & @
o« % u s
«x v ®

Y

Df(P%) = {7 (af), 29).

Touxa (9, z)) ma pmc. 5.4.1 uzobpaxkena cumpomoMm o. YacTHbIE CiIydai
r1 =19 = 0 cooTBercTByeT 3aJate BBHIUMCJIEHHH 3HAYCHWST (QYHKIHH.
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BosbMmeM Kakyio-mubo d)opMyﬁy BEIYHCTEHUS] TIPOM3BONHOM g(”)(z-(l)) o
spadeHHAM GYHKIMH B Y3JaX z:

my

(rl) ZA_hg 551 ; (1)

ji=1

gpd 3TOM HE I/IMeeTCH B BHIY, UTO HCHOABL3YIOTCS 3HAYEHUs QOYHKIUA ¢
BG BCEX TOYKaXxX .’LI . Hampumep, B ciayyae UuciIeHHOTO JupepeHIPOBAHM S
pedh MOXET WIATH O HpOCTeHIme dopMmyse gucieHHOro mudpepeHInpOBAHAS
go OnMMXaHImmuUM K .’L(]) JABYM y3JaM.

Tonctasnsst g(zy) = f©72)(xy, 29), nomywum

my

FOTIE, o) x Y A fO el of)

=1

(Touku (z7", 79) uzobpaxensl Ha puc. 5.4.1 cuMmBoIOM *).

Bagaua umcaeHHoro guddepeHmMpPoBaHus (PYHKIHH JIBYX [EPEMEHHBIX
f(z1, z2) cBemacs K 3agade wncaeHHOrO ubdepeHnupoBaHus HyHKUMM
f(z",z2) omuoit nepemennoii. Takast 3afava y»Ke pacCMATPHBAJIACH PaHee.

, m,n{m
Iycte (2T, z57),..., (1/1", Ty ( )> —y3nE1, 0Opa3yIHe MHOXECTBO

Q. Tlpn KaXxIOM 7; BO3bMEM HEKOTOpYIo (hOPMyJy BLIUUCICHHSI MTPOU3BOL-

HOM g(rz)(wg) 0 3HAUEHUIM d)yHKIII/II/I B y3idax mgm

n(j1)
g(” Z Ajvjy 9l Juz)
J2=1

Honcrapnas ciona g = f (w{l, x9), anajormdHo (1) nomywmm

n{J1)

f(o’”)(-TJl‘1 Z Ajyj, f( $1 ) %m) (2)

Ja=1

Bocmonpzosasmucs stamn coorHomeHusMe, u3 (1) nonyvaem

n{j1)
f(leTZ)(x(l) Z AJ1 Z Ajuzf :Bl , {L.%IJZ)'
J1=1 J2=1

SamermM, uTo Gopmyay (2) HYXKHO CTPOMTEL JIMINS JJisl 3HAYEHWH j, Ta-
Kux, uaro A; # 0.

Hanbonee wacro y3mni pacmonaraioTcs B y3/Iax HEKOTOPO# CETKM, sIBIISIO-
Welics NPOM3BEJEHHEM OMHOMEPHBIX CETOK

Q=0 - x 8y, (3)
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HHaue TOBOpPs, §! COCTOMT M3 TOYEK (:L{l,...,zi’) mpu j; = 1,..., Ni,...

js =1,..., Nys. B cIydae pacHoJOXeHHs Y3JOB B BEepPIUMHAX TakON CETKH Ty
XKe Qopmyna uucieHHOro guddepeHIUpoBaHUA NOIYYIHTCH, €CJIH IOMEHSTE
MecTamMu 4gucjieHHoe nuddepeHIIpoBaHNE IO WEePEMEHHBIM Z1 H I2, T.€. CHa-
yaja HOJYYMTh HEKOTOpYyI GOpMyILy

f(rl,Tz) ;1; :L‘2 ZAm)fr17 xl’ 2)’

a 3aTeM BOCIOJB30BATBECA (POPMYNOit

0 m m m ™ms
f(rl, ) $2 2 ~§ :Amlm; ma , T 2)_

Uncnennoe nguddepeHINpOBaHHAE (I/IHTepl'IOJII/IpOBaHI/Ie) dbyukuuit 6ombinero
UM MEPEMEHHBIX MPOH3BOAUTCS AHAIOTHYHO MOCIENOBATENbHBIM CBEIEHHEeM
K udcrennoMmy audgepeHuupoBanno (HyHKIHH Ha €IHHHILY MEHBIIEro YU,
TIEPEMEHHBIX.

IIpu umcnennom guddepeHUUpPOBAHUN (OYHKIUNA MHOTHX I[IEPEMEHHEIX
HYKHO OCOOEHHO CJIEAMTH 33 BEJHUIHHON OTOPACBIBAEMBIX OCTATOYHBIX HJIe-
mon. PaccMorpum, Hampumep, 3aJady, e IpUMeHeHWe OIHCAHHOIO BBIIIe
IpHeMa TOCJIEAOBATENBHOIO YHCIEHHOrO AuddepeHIupoBaHns MOXKET IIpPH-
BeCTH K TOJNYUYEeHHIO HempaBuabHOH dopmynbl. llycrs 3HaveHns $yHKIMH
f(zy, T2) w3BecTHH B y3nax cetku (mihi, maohy). TpebyeTca BLIYMCIUTL 3Ha-
deHue fy,4,(0, 0). Beimmmem npocteitmyro dopmyny uncternoro muddepen-
IUpOBaHusl (DYHKIUK OMHON IEpPEMEHHOIH

Py = LI 1)
1

IIo dopmyse Teitnopa
h2
fz+h) = f@)+ f@h+ [z +0h) 5, 0O,

HMeeM ) h
h 2
HOSTOMY MOXHO HaHI/IcaTB, uTo
x h’ )0 — Jx: 07 0 h »
Fares 0, 0) = L2200 0 = 10000 p gy )1 @
hy 172 2

B cBolo ouepenb, BO3bMEM KAKHE-AMOO ANIPOKCHMAIMH  MPOHM3BOIHBIX
fzy(h1, 0), fz,(0, 0). Vmeem paBeHCTBA:

f:l:z(h17 0) = f(hl, h2)h; f(hl, 0) - f:l:lil:z(h’ly 01h2)%2—, (5)

fez(0, 0) = 109 ”h’; O, =h2) | 4, a0, eghg)%ﬁ. (6)
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Iocne momctanoskm (5), (6) B (4) nomyuum

Frran(0, 0) = f(hy, ha) — flha, Oi)L;f(O, 0) + f(0, =ha) _
1742

(7)
hy 1, 1
- 1~f1-2 (0h17 O)-z— - EfZsz(Oa 01h2) - if.’r;zl‘g(hla 02h2)'
3'I]‘er Ipu IMOCTPOECHUH (l)OpMyJIbI YHUCIJIEHHOTO ,D;H(l)(bepeHH,HpOBaHHH OIHOBPE-

MEHHO YUIHTBIBAJICA OCTATOYHBIA <IEH.
Coornomenue (7) MOXKHO Iepenucarb B BHIE

(ha, he) — f(h1,0) — f(0, 0 0, —h.
f:clarz(o, 0): f( 1, 2) f( 1, })Lthf( )+f( 12) _

= fa2:(0, 0) + O(h), h =max{hy, ha}.

Taxum obpaszom, eciu Obl MBI He OOpallajd BHUMAHWE HA BEJIMYHUHY IOTPEII-
HOCTH AIMIPOKCHMALIMH, TO HOIy4uau Obl NpubiuxenHyio GopMysy ¢ KoHed-
HOH IIOT'PENIHOCTBIO

' ho) — v _ i
Fara, (0, 0) & f(h1, hg) = f(h, 0})Llh2f(0, 0) + £(0, 2)’

B JAHHOM CJIy4Yae AaIllpOKCHUMUDYIOMYIO He TpefyeMyio HPOM3BOLNHYIO, a BBI-
paxeHne fm:v'z (O’ 0) + f$212 (07 0)

Ecmu B (5) u (6) ucnomp3oBarh OmHHU M Te 2Ke (DOPMYJBI HHCIEHHOTO
muddepeHupoOBaHu 110 EPEMEHHOR Z2, To BMecTo (7) moiyuaercs dhopmysia
€ HOTpEINHOCTHI0, cTpemsimieiica kK Hyno upu h — 0. Hanpumep, smecro (6)
BOCHOJIB3YEMCS  PABEHCTBOM

f(0, ha) — (0, 0)
ha

Hocne mopcranosku (5) u (8) B (4) momydum

hi, hy) — _
Foran(0, 0) = LU B2) = F(Bu, 2@ £(0, ha) + £(0,0)
hy 1, 1
—_ fzfrz (Ohh 0)? - §frzrz (hla 01h2) + ifTrz:L'z (O, 03h2)_

Ecnu npowssopmas fi,., wempepmBHO auddepeHnupyeMa B OKPECTHOCTH Ha-

Yata KOODIMHAT, TO 5 fy,u,(0, O3h0) ~ 3 frozs (1, O1h2) = O(h); mosromy

f(h17 h2) - f(h17 0) - f(07 h?) -+ f(Oa O)
hiho

Mur momyanmn, uaro dopMyna YuCAEHHOTO AH(pPEPEHIMPOBAHUSI

(h1, h2) = f(h1, 0) — f(0, ko) + £(0, 0)
hiho

f.’r-z(o’ O) - - f:l?z:l:z (O? 03h2)% (8)

lezz(oa 0) = + O(h)

Frea (0, 0) ~

Hmeer morpemsocts O(h).
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ITokazkeM, Kak moayunThb popMyry (9) MeTonoM HeonpeeleHHbIX KO3 bHITHEHTOR.
3amaaguMcs BHIOM (POPMYJIbI YHCJIEHHOTO audpbepeHITnpOBaHUs

f(h bf(l /
a0, 0) m1(f) = LR D) £ 2SO ) 2 7.0 -y

Taxoit BHJ [IPaBOi 1aCTH BHIOpaH U3 coobpancernuli pasmeprocmu. Ilycrs [z] — o6o-
3HavYeHHe Pa3MEePHOCTH HEKOTOPOH BEJIMYHHBI; HAIPHMED, eClId Z — CKOPOCTh, To
[z] = M/c. lpousBonHas fy,s, umeer pasmeprocts [f]/([z1] - [z2]), bynkuua f—
pa3mepHocTh [f], hy — pa3mepHoCTh [21], h2 — pasmepHOCTh [z3]. Taxum o6paszow,
semaunibl f(P)/(hihs) ¥MeloT Ty e pPa3MepHOCTb, UTO M fo 4., HOITOMY ecTn
OCHOBaHHe OXKHIATh, YTO B pa3yMHOU dhopMyse unciaeHHoro audhQepeHinpoBanus
(10) koadbbunpmenter a, b, ¢, d 6yayr 6e3pa3MepHbIME BeJIHYNHAMH, He 3aBUCSIIU-
MH OT IIATOB CETKH.

Honoxxum R(f) = fe12,(0, 0)—I(f). Beimmmenm pasnoxenue Teitnopa mna f(z1, )
oTHOCcuTenbHO TOo4YKM (0, 0) ¢ TOYHOCTBIO IO “JIEHOB BTOPOTO MOPATKA:

f(z1, 2) = Pa(z1, 22) + 7(f),
Py(z1, 22) = £(0, 0) + 21 f2,(0, 0) + 22 £,,(0, 0) +
420 10 (0,0) 4 312 oy (0, 0) + 103 ey (0, 0).
B npennomoxenun, 4To f TPHXKABI HeNpepbIBHO auddepeHinpyeMa, MOXKHO TIO-

Ka3arh CNpaBe/IMBOCTD COOTHOWEHU (r(f))eizzli,0p = 0 1 r(f) = O(h®) B

y3nax ceTKH, Bxomamux B Boipaxkenue [(f). Ilostomy B npenmomoxkenmu, €ro
a, b, ¢, d = O(1), umeem

R(f) = R(Py) + R(r) = R(Py) — O(h®)/(hihy).

Ecm R(P;) = 0 u by, hy omnoro nopaaxa, to R(f) = O(h) u dbopMmyna uucien-
Horo audcepennuposanus (10) umeer nopanok O(h). Beipaxenne R(f) asnserca
TUHEHHBIM PYHKIMOHATIOM OT GyHKUIHM f, nostomy R(FP;)= 0 mis 1106010 MHO-
rouitena P BTOpO# CTeleHH, ecin

R(1) = R(z1) = R(x2) = R(z}) = R(z132) = R(z3) = 0.
ITonywyaeM cucreMy ypaBHEHUit
R(1)=—(a+b+c+d)/(hihs) =0,

R(z1) = —(d+b)/hs = 0,
R(zq) = —(d+ )/l =0,
R(z%) = —(d + b)h1 /hy = 0,
R(z3) = —(d + c)h2 /M = 0,
R(z1z2) =1—-d=0.

Il

OTa cHcTeMa IIeCTH MHHeHHBIX ypaBHEHHII ¢ YeThIDbMs HEM3BECTHBIMH MMeeT pé-
menne a = d = 1, b= ¢ = —1, coorsercTryonee npubmmkenHoi dpopmyie (9).
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Toyno TakuM e 06pa3oM cTpoaTca (pOPMYIIbI YHCIEHHOro HHTerpuposanus. Ilycrs
BLIYHCJIAECTC MHTErpall

In= | flyi,. -, ys)dys ... dys.
el
Ero MOXXHO HpPEICTABATL B BHUIE

Io=/ Li(y1) dys, 11(1/1)2/ Ly(y1, y2) dya,
Go Ja

71(y1)

Ig(y1,y2)=/ 12(1/17!/2,?/5)(11/3,”-;
Galy1, y2)

Is—l(yly-~~vys~l):/ Is(ylg---,ys)d'ls-
Gao1(ya,o 0 ys—1)

3necs Li(yi,.-.,vs) = Fly1,-..,¥s), Go—npoexuus obnactu G Ha ocb Yq,
Gi(@1,- - -, Jr) — cedenne MHOXKecTB& G IIIOCKOCTBLIO Yy = §1,..., Yx = Fk. Boc-
HONb3yeMCH KaKOH-1u60 KBaApaTypHOH HOPMYJIOH [/ BBIMHCICHHS NEPBOrO H3

3THX HHTErpaJioB "

Iy~ Z D"“I ( ml)

my=1

3aaa49a BEIYMCTIEHUS UCXOIHOTO MHTErPaJla CBEJIACh K BBIYHACIEHHIO HHTETPAJIOB Pa3-
MEpPHOCTH, Ha enunHuiy Mmenbirei. [lonaraem Tenepsn

na(mi)

yfll) Z Dmunzl (Jml !—rznlmz),

ne(miy,...,my_1) (11)
m My M1y my... Mg
Is—l(yl yerey Y1 ¢ ) ~ Z D™ X

me=1
m My... My
X flyr™, oyt ™).
B urore nonyuaem
ny nz('nn)
I()z E Dm1 § : DTTL]‘ITL‘__)
my=1 mo=1
s (M1,..., My1)
™M1... M, mi... My
D™ (gL g™, (12)

me=1

B omsoMepHOM ciiywae ana Bcex ouepaluil UHCIEHHOTO aHaJu3a GbLIM TOJyde-
Hbl OUEHKH IOIPEIHOCTH 4Yepe3 IPOU3BOAHBbIE paccmaTpuBaemodt dyuxmuu. Ilo-
CMOTPUM, KaK{e OLEHKH I[OTPEIIHOCTH ABJSIOTCA CIEACTBUEM 3ITHX OIEHOK JJis
MHOTOMEPHBIX 33/la4. JHAUEHUE HEKOTOPOro ONneparopa OT (yHKIMH NpudImKa-
€TCs 3HAYEHUAMH APYTUX OINEPATOPOB, TPHUYEM MOTPEINHOCTL ITON 3aMeHbl MOXKHO
OLEHUTL COIMVIACHO (HOPMYyJiaM OLEHKH MOTPENTHOCTH OJHOMepHbIX dopmyn. OqHa-
KO 3TH HOBbIC 3HA4YEHHs CAMHU YK€ COAEPIKAT NOrPEINHOCTH, [I03TOMY B CYMMADHY IO
TMOTPEIHOCTD 3TH IIOTPEIHOCTH BOMAYT ¢ HEKOTOPHIMH MHOMKHTEJISIMHY.
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Obparumcst K 3aaade uHTErpupoBanus. [lycTs

171 ml..‘mk_l) _

I, I(J ' s Yr_a

ne(mia,..,me—-1)

- my...mg m my... My k—1
= E D™ Ly, )+ Ep o

my==1

-1"

HOCHG,H‘OBH,T@JH)HO NoACTAaBJIAA B PAaBEHCTBO
Ty
IO — Z Dmll ( HL1)+E0
my=1
poipazkenus I, I, ..., momy4aeM 1LENOUYKY COOTHOIHEHMUIT
g
Iy=E"+ ) D™I(y™)=
my=1

(m1)

ny
- EO 4+ Z pmt "11 + Z Dmmap, ( m1 mlmz) —_..

my=1 ma=1

ni nz{mp)
. = R+ E Dml E D’I’lllnlgx
mi=1 mao=1
N (M1, Ms—1) -
mi...m 1 my.
X E D J‘f(yl yrees Yy ’) )
me=1
rae ) B
n1 1L2 ’nll)
- 0 mi 1 my mlmg .
R=F"+ E D™ME,,, + E D E D mng’*‘
mi1=1 my1=1 mo=1 -
na () ng_1{m1,...,Mg_2) ) _
i mime ™My... My s5—1
Tt § D™ N pmma > D mipssl o0 (13)
my=1 mo=1 Ms_1=1

M3 nocnennero papeHCcTBa BHAHO, YTO NMOCPEITHOCTD ANIPOKCHMAIMH MOYKET OKa-
3aTbCsl CyLIECTBEHHO 6GObINE, YeM B OTHOMEPDHOM Cjy4ae, ecin Ko3adbdHUIUeHTh
D™ — Gonbinue.

®opmaJsIbHO CBeIeHHE MHOTOMEPHOM 33/1a'H K OMHOMEDHOH MMEEeT ONMHAKCRBIH Xa-
paKTep M B Clydae 33/[a4y YMCIeHHoTo mudbepeHuposanns (MHTEPIOTHPOBAHHUS),
H B CclIy4ae YHCIEHHOro MHTerpupoBanus. OIHAKO MEXIy ITUMH 33JaYaMH €CTbh
TAKOe CYLIECTBEHHOE Da3iH4Ke: 3a4a4a ducieHHoro auddepenuuposanus (MHTED-
NOMMPOBAHHUs) Yalle CTABUTCA KAk 33343 HAXOXKICHHMA Oneparopa OT (DyHKIHH
IO 3HAYEHHSM Ha HEKOTOPOH 33JaHHOM COBOKyHHOCTH y3n0B (). Jlns 3amaum MH-
TerpupoBaHus Golee THIIMYHON SIBIISIETCS BO3MOXKHOCTb DPACIOPAKATHCS BHIGOPOM
Y3JI0B.

IIpu ocymecTsiieHHH MHOIOMEPHBIX oIepalidii YuciaeHHoro audgdgepeHnmpo-
BaHMS (HHTEPIONMPOBAHMA W HMHTErpUpoBaHHsA) (GYHKIHMH, 33MaHHbLIX Ha CeT-
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K€, ABIAOIEACS NPOU3BEICHHEM OJHOMEPHBIX CETOK, PasyMHO HCIONb30BATH
oIMHAKOBble GOPMYJNBI [l ANIPOKCHMAIMM NPOMEXYTOUHBIX BeamduH. Mme-
erca B BHAYy, YTO, Hampumep, ¢popmysnt (11) NONKHBI UMETh BHI

IR (TS THER ZD ey, (14)

my=1

r.e. Db, m y** sapucar rtompko or my. Ilpasas uacts (12) Torma mpu-
obpeTaeTr BUI

Ny Ns
> Y DY DT ).

mi=1 mg=1

[Ipy DOCTPOEHHM TaKOH KBaJpaTypbl MBI HEABHO HpPEANOJAraeM, uTO oDIACTh
HHTErPUPOBAHUS — NPAMOYTOIBHEIA Hapajuiesienunel ¢ pebpamMiy, Tapasiieib-
HBIMH KOODIHUHATHBIM OCHM.

Takwe (HOPMYJBI TUCIEHHOTO WHTEPUPOBAHMS (MHTEPIONVpPOBaHUS, -
bepeHIMPOBAHNS) HA3bIBAIOT NPAMYM NPOU3EEJEHUEM COOTBETCTBYIONIMX OJ-
HoMepHBbIX ((HOPMyJI YHCIEHHOTO WHTETPHUPOBAHUS (MHTEPNIOIUPOBAHMS, U~
dbepenpoBanusd).

B § 11 Oymer npuseneH Oosiee CJIOXKHBIA TPUMED OPIMOrO TPOU3BEIEHUS
KBaJpaTyphl HO OTPE3KY Ha KBAApaTypy no cdepe. B ciyuae npumeneHus
TAKUX anNPOKCUMAIMl Tak e, KaK TpH BBIYUCJIEHHH IPOU3BONHOH fg,4, 1O
dbopmysie (9), OKa3LIBAETCH, YTO HEKOTOPHIE COCTABJSAIONIME TOTDENIHOCTH All-
HPOKCHMAIUH KOMIIEHCUDYIOTCS.

B cnyuae 3a7a4M MHTErpupOBaHus BO3MOMHA TAKASA CHTYallUs: TIPH CJIAAKOH IO-
JBIHTErPANbHON (DYHKIMUM MOXKET OKA3aThCH, YTO MPOMEKYTOYHbIE HHTETPATIbI
Ii(y1, ..., yx) HE ODNAAAOT AOCTATOYHOM TJIAKOCTBLIO.

TlycTh BBIMMCIAETCA UHTErPA 110 €AUHUYHOMY KPYTY

I= / / Fya, v2) dya | dyn
?/1

npu raakoit dyaxumu f(y1, y2). Eem f(£1, 0) # 0, To dbyukuus

Lw) = /_ Flas 92) dys

l—yf

UMeeT HeOrpaHWYeHHbIe IPOU3BOAHBIE B TOUKAX +1 M NO3TOMY NpH YHUCIEHHOM WH-
TErPUPOBAHMH I10 IEPEMEHHOH Y1 CJIEIyET UCIOIb30BATH CIIEIMAbHBIE IPHEMBI BbI-
YHCIIEHHS] HHTETPAJIOB OT TAaKUX (PYHKIIUl — MEepeMeHHbIH ar UHTEerPHPOBAHUS, B
YACTHOCTH UHTETPHPOBAHHE C ABTOMATHYECKHM BBIOOPOM 1114Ta, BhieIeHHe 0co0eH-
Hocrel U T. 4. llenecoo6pasnee 3anucarh 3TOT MHTErPAN B BHJE
1 27

I= / rIi(r) dr, Li(r)= f(rcosep, rsing)dy,
0 Jo



220 I'naBa 5. MuoroMepHbIe 331axy

re BCe NOALIHTerpajibHbele (hyHKIHM yxKe riaajkue. IlogpmrerpanbHad QyHKnug
BHYTPEHHErO0 MHTErpajia NepuoJuvecKas, HOZ—)TOMy HMEET CMBICI IPHMEHATH Kpg.

npatypy (3.5.7)
/h()d '”%ni 2rm
; 9(p)dp ~ — i\ =)

m=0

3amaua 1. Qynxums 3ajaHa B y3nax ceTkm (mihi, maohg). Tlocrports dop.
MyJael ¢ morpemsocramu anmpokcamaran O(h? + h3), O(ht + ki) ana Borag
ceHMsl 3HadMeHUus fi,(h1/2,0).

§ 5. Unrepnionsiniust @yHKOUA B TPEeyrojbHUKE

Ilpu pemnienuu ypapHEHMHE B YaCTHBIX IPOHU3BOLHBLIX BAaPHAIMOHHO-DA3HOCTHEL-
MH MeTONAMH BO3HMKaeT Cleayiomas 3amada. VMeeTcsi HEKOTOPBIH TpEYronb-
HHK A, KaXJas CTOPOHA KOTOpOro pasbura Ha [ paBHBIX JacTedl, H 4epe3
TOYKM pa3bueHMs NpoBeAeHBI NpsAMble L, mapaJiejbHble CTOPOHAM TPEYIOib-
HuKa. CTODOHBI TpeyroNbUMKa Takxke OyleM OTHOCHTH K MHOXECTBY TMIpsg-
MeIx Lg. Obo3nauum depe3 () MHOXKECTBO, COCTOsINEE M3 TOUYEK IepeceveHns
3TUX IPAMBIX, JIeKamuX B 3aMkKHyToM Tpeyronbuuke A. (Takum obpasom,
BKJIIOYAET TAKIKE TOUKH pa3bMeHus CTOPOH TPEYrOJILHHKA H BEPIUMHBL Tpe-
yrompuuKa.) Yucno takux Todek papHo n = 142+---+(+1) = (I+1)({+2)/2.
Bymem oboszmatars ux uepes @Q1(zl, zl),..., Qn(z}, ).

CraBurcs 33Ja4a MOCTPOEHHS MHOTOUJIEHA CTEIeHH [

m . — my 1N
P(-le -'1/2) - E Umyma Ty To ™,
my+ma <l
NPHHHAMAIOIICTO B 3THUX TOYKaX Q] (.’E{, Zé) 3aJaHHbIC 3HAYCHHUA

P, ) =f; j=1,...,n 1)

Uncimo Heu3BeCTHBIX KOI(DQDHUUUEHTOB Gy, TAKKE DPABHO 7, M, TaKHM

obpazoM, coorHontenust (1) o6pa3yloT cHCTeMy n ypaBHEHHMHA C 7 HEH3BECT-

HeiMH. Ecnmn cucrema (1) paspemmma, To u3 Hee MOryT ObITh HalJIeHBI KO3Q-

GHUIMEHTH Gy, m,. I8 ux HaxoXxieHus He 06g3aTesbHO TpHberaTh K OIH-

CaHHOMY BBIIlE BADMAHTY METOJA HeOINpe/leJIeHHbIX K03 (PUIUEHTOB, a MOXKHO
BBIIMCATh HCKOMBI# MHOrowieH P(z) B dBHOM BHJe. X

Bosbmem mexkoTopyo (pHKCHpPOBAHHYIO

TouKy (1. MOXHO MOKa3aTh, 4TO CPEIH

npsmbeix L, uMmeeTca poBHO [ TpPAMBIX,

VIAOBJIETBOPSIONINX CJIEAYIOMEMY  yCJIO-

puto. Cymecreyer ne 6osee onHO# Bep-

VAVAVANANANAN IIMHBI TPEYTOMLHHKA Takol, 410 (1

9Ta BEPIIMHA, JIEXKAT [0 OJNHY CTOPOHY

Puc. 5.5.1 oT Takoi mpamoir. Ilpm 3TOM OKa3bIBa-

eTcd, UTO KaXXJas Touka u3 (), oTmuuHast or (J1, JIEKUT HAa ONHOH M3 TaKuX
npsmerx. Ha puc. 5.5.1 sTtu npambie 0603HAYEHHI XKHAPHBIMA JIMHAAMH.
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Hycts Lj1(z1, ©2) = 0,..., Lj(z1, 2) = 0— ypaBHEHHS 3THX UDPAMBIX.

QP yHKUHA
{

wj(z1, 22) = H

=1

L i(z1, z2)

4BJISIETC MHOTOWIIEHOM cTemeHH [, paBHa 1 B Touke ()1 u 0 B OCTaJbHBIX
roukax (;. ITosTomMy MHOrOWIeH CTeleHH /

P(z1, 72) = Y _ fip(z1, 2)
J=1

OyneT HCKOMBIM. o
B crywae, xorma f; = f(x), ¢}) npu Bcex j, mmorounen P(zi, zy) byzmer
MHTEPIONAIHOHHLIM MHOTOWICHOM 1O OTHOINeHHIo K (ynkmuu f(z), 22).

Bapava 1. IlokasaTb, 9TO 3HavueHHst MHorowieHa P(z1, o) Ha KaxIoH u3
CTOPOH TpEyroNbHUKA 3aBUCAT OT 3HaueHmi [;, COOTBETCTBYIOIIUX TOUKAM
(QQ; 3TOH CTOPOHEI.

3amaua 2. Ilycte H —»5To jimHA MaKCUMAJLHOH W3 CTOPOH TPEYTOIbHUKA
A, f; = f(Qy), f—nexoropas rmagkas (QYHKIHuS,

M., = max max (riar2) (g Ty
+ ritra={+1 A f ( ’ )

@ — HAMMEHBIIWE U3 YIJIOB TPEYroibHWKa. [[omyduTh OleHKY

Illgxlf(ﬂ:l, w2) — P(z1, 22)] < C(L, @) My HY,

rue C — NOCTOSHHAs, 33BHUCAILAY TOIMLKO OT [ U .

Bazada 3. Ilpu BrImOIHEHUH VCIOBHA 3ajadu 2 Jja 0 < r) +ry <1+ 1
MOJIYYUTL OIEHKY

max FUuT (g my) — PUBT (g 3,)| < C(, 7y, To, )My HF T

3anava 4. Ucwienopats nosenenne nocrosumbix C(l, ), C(l, r1, re, @) upwu
a— 0 B szamayax 2 ¥ 3 COOTBETCTBEHHO.

OnucanHplii ¢cnoco® UHTEPHONATMH MKUPOKO HCHONB3YeTCs NUPH NPHOJIHXKe-
Hun yukmumit 1Byx mepemennnix. Obaacts G, roe mpubmuxaercd (GyHKIHS,
Pa3buBaercst HA TPEYTOJLHUKHU C JOCTATOUHO MAJIOH MAKCUMAJLHOM CTOPOHOI.
B kaxnom rTpeyronpauke dbyHKIus mpEOIEXAETCS COOTBETCTBYIOIIMM HHTED-
NOJIAHOHHBIM MHOTOWIeHOM P(z, zp) crenenn !. Ecam pasbueHne ycTpoeHO
TaK, YTO BEPHOINHA OJHOTO TPEYTOJIHLHHKA HE MOXKET OBITh BHYTpEHHEH TO4-
KOl CTOPOHBLI APYTrOTO TPEYTONBbHHMKA, TO NOJIydeHHAasd TakKuM 06pazoM mnpu-
Omxaomas dynknusa Gymer wenpepsiBEa B ( (CHpPABEIIIMBOCTD MOCHEIHETO
YTBEpK/IEHUS clefyeT M3 pemleHds 3aadd 1).
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B cBsd3u ¢ HeOrpaHMYEHHBIM pPOCTOM IOcTOoAHHBIX C(l, 1, ro, @) TPH a —
0 (cm. 3amauy 4) pasymHoe pa3buenme obmactu G He JOIKHO COHEPXKATh
TPEYroJbHUKOE A ¢ OYeHb MAJIBIMH YIJIAMH.

3agaua 5. I[locTponTh aHAJOr OIMCAHHOIO BBIMIE cIIocoba HHTEPIONAIMY
JJId 3aa9d MHTepHoadnud (QYHKIHA B TeTpasape.

3amevanue. B ciyuae, KOrma jJBe CTOPOHBI TPEYTOILHUKA HJIH COOTBETCTBEH-
HO Tpu pebpa TeTpa’sApa HaIIPaBJeHbl BIAOIbL KOODAHHATHBIX OCeH, MHTepmo-
AUPYIOMIHH MHOTOWIEH MOXKeT OBITh fBHO 3AIMCAH TaKXe C MOMOUIBIO amma-
paTa pa3jefeHHbIX pa3HocTeil njist QyHKIMHA MHOTHX HEPEMEHHBIX.

§ 6. Onenka MOrpeImHOCTU YUCJIEHHOTIO
VHTEIPUPOBAHUSA HA PABHOMEPHOI CeTKe

IIpousseseM KOHKPETHYIO OIEHKY IMOTPEITHOCTH YHCJIEHHOTO HHTErPHPOBAHUS
B CIydae ABYKPaTHOrO HHTerpajia OT JBaKAbl HempepsisEO juddepeHnumpy-

eMoit (PYHKITUH Lo
I :/ / f(z1, x9) dz1dzy.
0 Jo

JanuiueM MCXOOHBIA HHTErpaJl KaK IIOBTOPHBIN:

IZ/O.IIl(FEl)d.'L‘l, (1)

rie )
Ii(z1) =/ f(z1, z2) dzo.
0
Obo3nauuM )
Ay = max rf
* 7 o mst |Ga2 |

IIpumenum s BeruwciieHus: wHTerpana (1) cocrasmyio ¢opMyny Tpanenui
C TIOCTOSIHHBIM mIaroM pasbuenms H; = 1/Np:

#

Ni—1

I;(0) + (1) Ii(j1/N1)
I ~ = —— 7 —_— ! 7
S o, Z Ni
J1=1
Tlockonbky
8%6(z1) L9 f(xq, z9)
oz = | Tz e
8.’171 0 8.'1)1
TO

021 (z1)

< A5,
2 ~
oy
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[Tostomy mpu E° =11 — Sp,, COJIaCHO OlLEHKe MOrPEmHOCTH COCTaBHOK (op-
myJipl Tpanenmit (3.8.8), umeem

|EY| < A1/(12N7). (2)

Jna orancsiennss warerpanos Ii(ji1/Ny) npumenum cocTaBHYIO (popmysy Tpa-
nenui; umeeM

LY o Ji\ _ fl /N, 0) + (5 /N, 1) & F(iL/NL, G2/ Na)
. <N1> o (NT) - 2N; ' ]2 Mo

Jlns mOrpentHoCTH
Ej, = 1i(1/N1) = Sw, (i1/M)
cortacno  (3.8.8) wumeem

|Ej | < A2/(12N3). (3)

HMoncrasnss I1(j1/N1) = E}I—FSN2 (71/Ny) B pasercrso I = E°+Sy,, nomy«uamm
IEIOYKY COOTHOINEeHHI

(Sn, (0) + E{) + (Sn, (1) + EX,) N Nlism(ﬁ/zvn + Bl

I=E"+ = =Swm + B,
2N, —~ N,
riue
Ni—1 .
g _ 530 + 5w, (1) 4 i: Sn, (51/N1)
NNz 2N, A N,
J1=1 (4)
E}+ By, "SB!
R=E%+ Ny

20 T 2 i
N, 2. Ny

j1=1

Brrpaxenue Sy, N, ABJISETCHd KBaJpaTypPHOH CYMMOHN, BBIUUCIIEMON 110 3HAUE-
HuaM ynxunm f B (N1+1)(No+1) Touxax (j1/Ny, ja/N2), R— norpemsocTs
YHCJICHHOI'0 UHTEIDHPOBAHUS.

M3 (4) crenyer onenka

0 1
IR < |E Hoéﬁ%vl 15,1,

" Bonencrsue (2), (3) mmeem
|R| < A1/(12N}) + Az /(12D5).
Hpu Ny = Ny = n monyuaem, wro
|R| < (A1 + A2)/(1207), (5)

M 110 OTHOWICHUIO K OOINEMY YHCIy Y3MOB nHTerpnpOBaHnﬂ N = (N +1)x
(N2 +1) = (r+ 1)? norpemnocts umeer nopsiiok O(N1).
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Ipennonoxum, uTo TpedyeTcst rapaHTus, YTOGH NOrpemsocTh HE NIpPeBoc.
xopuna, €. Jns 3TOro AOCTATOYHO BBIOJHECHHUS HEPaBEHCTBA

A1/(12N}) + A2/(12N3) < e. (6)

Ecnmn A; u A; OTIMYAIOTCA HECYIIECTBEHHO, TO MOXHO B3aTh Ni = Ny = p
M UCXONs M3 OIEHKH (5) OmpemeauTbh MUHAMAJIbHOE 71 U3 yCJIOBHS

(A1 + 42)/(12n%) < e.

Ecnu xe Ay m A; pasnuvaloTcsl CyIMIECTBEHHO, TO MMEET CMBICT 3aTPaTHThL
BpeMsl Ha MHUHHMH3AUMIO BBIUMCAMTENbHOH paboTel, T.e. HcKaThb N; u Ny,
munumusupyiomue (Ny + 1)(Ny + 1) npu yciosuu

A1/(12N?) + Ay /(12N3) < e.

O6o3nauum wepes Cr(A) = Cpy . p,(A1,..., As) knacc dbyakuuii, y KOTOpBIX B
paccMaTpHBAEMON OBIACTH ONPee/IeHns IPOu3BOaHbIe f -1, k =1,..., 5, Herpe-

k .
PBIBHBI, & TIPOU3BORHBIE [, (T1,..., T5) KYCOUHO-HENIPEPBIBHBL H yIOBJIETBOPSIOT
YCIIOBUSIM lfz:k (x1,..., zs5)] € Ag.

3anaua 1. IlycTh gaa BbINHCIEHUs] WHTErpaJja

1 1
/ .../f(:cl,...,ms)dml...d:cs
0 Jo

IIPUMEHSIOTCST cOCTaBHBIE (popMynsl Tounoctn O(N, ™) no kaxmoit ocu, rae
N} —4YuCiIo y3IJI0B, COOTBETCTBYMIOIEe HampasyeHuio rg. Homyuuts onenky mo-
TPENTHOCTH

k
O > AN . (7)
1

Munnmuzupyst ouesky (7) mpu 3amanHoM ofmeM wywucie y3nos Nip,..., Ng =
N, nomyuuts oueHky morpemuoctd O(N™7), 1/r=1/ri + -+ 1/rs.

o

PaccmoTpuM 4acTHBIR caydall: 1y = - = Ty =719, A1 = - = A, = Ag. To-
rma l/r = 1/ry +--- 4+ 1/ry = s/rq. Taxum o6pa3oM, paccMaTPUBaEMble KBAIPA-
Typbl obecne4nBaioT oueHky norpemuoctu O(AoN —ro/ ). ¥ peanbHBIX TOABIHTE-
rpaybHbiX (hyHKUMH MOPANOK OFPAHHYEHHBIX MPOU3BOAHBIX 7 Y4CTO OKA3BIBAETCH
HE OUeHb DOJMBUIMM, IIO3TOMY IIPpHU DOJIBIIKX S, KAK ITOKA3LIBAET [TOJIyYeHHAs: OLEHKA,
CKOPOCTh CXOIMUMOCTH OKA3BIBAETCS ILIOXOM.

BosuukaeT BONPOC 06 ONTHMAJILHBIX KBAIPATYPaxX Ha KJACCAX MHOMOMEDHBIX (hyHK-
upit. Tak KaK HM U1 KAKUX PEaJIbHBIX KIACCOB (pyHKUME TakHe KBaJpaTyphbl He-
U3BECTHBI, OTPAHHMYHMCS OLEHKO# CHHU3Y TOTPEIIHOCTH ONTHMAJIbHBIX KBAAPATYP.
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§ 7. Onenka CHHU3Y NOIPENIHOCTHA YHUCICHHOrO
MHTEerPUPOBAHUSA

HalmOMHAM TOCTAHOBKY 3334 ONTHMU3AIMH KBaJpaTypHBIX hOpMy/1 Ha
gimacce dynkmuit. Ilycrs npubnuKeHHOe 3HAYEHHE HHTErpaJa BBIMUCIAETCH

mo opmyme

N
I(f) = /G F(PYp(P)AP = Sx(f) = 3 D 1(P).
. 2

Benungrna

Ry(f) =1I(f) - Sn(f)

HA3BIBAETCA TLOZPEWHOCTNGI0 K8AOpamypyl, BeInIHHA

Ry (F) = sup|Ry(f)
feF

— MOZPEUHOCTIBIO KEAAPAMYPYH HA Kagcce PyHKkyuy F', BeauauHa

WN(F) = inf RN(F)
DJ,IDJ
— OMINUMOABHOTL OUEHKOT No2pewHocNY xeadpemyp na kaacce F; KBaIparypa
(ecsim Takas CyUIECTBYET), Ha KOTODO# 9T HUXKHSAS I'DaHb INOCTHIAETCH, Ha-
3BIBAETCA  ONMUMEAbHOU. Ml OyjeM npe nonaraTh BBINOMHEHHBIM YCIOBHE:
cywecteyer Hekoropuit ky6 A € G, B roropom p(P) > v > 0.

Teopema. Wy (Ci(A)) > d(A, r, A)yN™", rne d(A,r,A)>0,r= (7'1_1 +
P

Aoxazamenvcmeo TeopeMbl OCYIIECTBIACTCS CaenyomuM obpasom. Byxer mo-
Ka3aHo, 4ro jnast noboit coBoxkynHoctu y3aoB P, ..., Py MOXHO TOCTPOHTH
byskuuo fp, . py(P) pacemarpusaemoro knacca Cp(A), obpawaiomyiocs B
Hynb BO BCeX 3THUX y3nax u Ttakyo, aro I(f) > d(A, r, A)yN~". Ilpu srom
nocrosigHast d > 0 He 3aBucuT 0T Todek Py,..., Py. Torma mna mo6Goit xBa-
APaTypbl C STHMH Y3J1aMU

N
RN(Ce(A)) = (I(fpy,..py) = >_Djfp,..py(P})| =
J=1

= [I(fp,,..ex)| = di(A, £, A)yN™".

Besnunna Ry (Cr(A)) omenena cuu3y moCTOAHHOMN, He 3aBHCAINEH OT y3-
708 kBaxparyp FP; m Becos Dj, mostomy u ee mmxassa rpanb Wn(Cp(A))
0 MHOXECTBY BCEBO3MOXHBLIX KBAOpAaTyp TaKxKe OIEHWBACTCH CHH3Y STOM
nocrogunoit d(A, r, A)yN~". Taxum obpa3oM, IOKA3aTETbCTBO TEOPEMbI CBO-
AUTCA K NOCTPOEHHMIO COOTBEeTCTBylomel ¢yHkuun fp, . py(P) aas xaxmoi

COBOKYNHOCTH TOueK Fp,..., Py.
8.-903 '
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1 Hocrpoenne Takolt bynkuuu fp, . py(P)
M JIOKAa3aTEJbCTBO  yTBEPXKIEHUS TEOPEMpb

o) JUIS TPOCTOTHI ByAyT IpOBeAeHbl JJIA CIyvas

r = (1,..., 1), A1 == As = A(), T. €. IJIg
KJIACCa HeMpepBIBHBIX (YHKIUH C KycOduHo-
HETIPEPBIBHBIMH TPOM3BOAHBIME Of /0x, orpa-

0 1 x
HUYEHHBIME 10 MOIYJIIO IIOCTOAHHOH Ag.
Puc. 5.7.1 Jlns TpoCcTOTBI BBIKJIAJIOK OyAeM IpOBo-
OMTb TIOCTPOCHHE IS CJIydas, Korma A —
empamaEe Ky6 0 < x; < 1, i = 1,...,s. Homoxum n = [(2N)/5] 4+ 1
H pa3zobbeM Kyb6 A Ha n° NDpAMOYToJbHBIX Napajenenmnenos I, . - .
(ng=1/n<ar <ng/n, 0<ng <n, k=1,...,s IHycrs (cm. puc. 5.7.1)

0 wm z 21,
x

w(x):{o OpH . &

z <
1-2Jz —0,5] npu 0 <

Uz onpenenenusi n caemyer, uro (2N)V9 < n < 2(2N)Y$, nostomy
2N < nf25tIN. (1)

Tocrpoum ¢ymkumo fp,, . py(P) = fo(P) cienyoomum obpasom. B Tex
napajuienenunenax Il,, . .., KOTOpele He COmepaT BHYTPH HH OJHOM H3 TO-
ek Pp,..., Py, monoxum

fo(P) = 22 Hcp(mk 1) @)

Bo Bcex ocrasbHBIX napajurenununenax mnonoxum fo(P) = 0.

Oyukuus fo(P) commacHo CBoeMy OIpele/leHHI0 HenpepbiBHA B KaKIOM
napajutenenvnene Il,,  ,. u obpam@aercs B HyJdb HA €r0 TPAHUIE, IOITOMY
oHa HempepblBHA B A. B Toukax, rue dbyukuus fo(P) auddepenumpyema u
ornmuna ot (0, mMeeM

Jdfo A
B = 5@ (nz1 = (m = 1)) T el (e = 1),
T ”
k=1
TNockomeky || < 1, |¢'| < 2, 10 |0f0/0x1| < Ap. Touno Tax ke monyda-
eM oueHkHu |3 /6$k| < Ag, k=12,...,s. CornaCHo MOCTPOEHUIO (PyHKIAH

fo(P) mpomssommbte 8f9/0xr MOryT MMeTh pPa3pbiBbl JHNIL B TOYKAaX IIOC-
Kocrelt zx = m/(2n), toe m — uenoe; mosromy ¢yuxuus fo(P) mpuHaLIEXKAT
PaCCMATpHUBAEMOMy KJjaccy. M3 ee MOCTPOEHHS TakxXe CIeayeT, 9TO OHA 0Opa-
MaeTCss B HYJIb CO BCEMH IIPOM3BOAHBIMM BO BcexX y3aax Pj,..., Pn.
Ouennm cuuzy 3mHaueHue I(fp). Bocmons3zoBasmuch HepaBeHCTBOM
p(P) > v, mocie 3aMeHBl mepeMeHHBIX Ty = (g — 1+ yx)/n NOMy<IHM LIENOYKY
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COOTHOINEHHH
A
/ p(z1,..., T OHganmk—(nk—l))da:l odrg >
In,,
Agy diAgy
2 W/O / H‘P(yk)dyl--vdyk = W;
0
SAeCI)

dy = é (/Olsa(y) dy)s = 251“- (3)

Kaxmast Touka Pj MOXeT HaXOOUTLCA BHYTPH TOJBKO OAHOrO U3 napaJuie-
ngemunenos Il .. . CrenosarenbHo, 110 KpaiHe#d mepe B n® — N mnapaJiie-
nemuuenax Il . n, dyskuus fo(P) omimyHa OT TOXAECTBEHHOrO HYJISI M
ompenensercs pasenctsoM (2). Cormacuo (1) mmeem N < n/2, mostomy Ta-
KuX TapaJsuresenunenos e menee ueM n’/2. C yuerom (3) monydaem OLEHKY

I(fo) > ns di Aoy _ di Aoy S di Aoy _ do Aoy
0 nstl 2n 7 2.2.(2N)Y/s ~ NUs’

(4)

roe dp = di/(4 - 21/5).

Takum 06pazom, HOCTpoeHHAsd (QYHKIWS MTPHHAMJIEKHT DPACCMATPHBAEMO-
My KJlacCy ¥ JJif Hee BBINONHAETCA HepaBeHCTBO (4) ¢ mocrogaHHOH do, He
3ABUCSIICH OT y3JI0B HHTErPpUpPOBAHUA, OHA 00palmaercd B HYJIL BO BCeX y3-
nax P;. Cnemoparenpno, cnocob mocTpoenus Tpebyemoit pynkuuu ans sroboit
COBOKYMHOCTH y370B Pp,..., Py ykazan.

Boitie mpownssoguiach OLEHKA CHH3Y IMOTPEIIHOCTHA KBaIAparyp, T.e. (bop-

MYJI WHTErPUPOBAHUS
N
)~ D;f(P
=1

TAe y3Jyibl MHTerpupoBanusa P; u Beca D); He 3aBHCAT OT KOHKPETHOH MOABIH-
TerpasibHOi pyukumu. s MHOrMX 3amad npaktudecku Hosee 3beKTHBHLI-
MH SIBJISIIOTCA CHOCOOBI WHTETPUPOBAHUS, [N MOCIEAYIOMHE Y3JIbI HHTETPHPO-
BaHUSA BBHIOMPAIOTCA B 3aBUCUMOCTH OT HWHdoOpManuu 06 yxKe BBIMHUCIEHHBIX
SHAYCHMAX (PYHKIUHU, HAIPUMED CIOCOObI MHTErPUPOBAHUS C ABTOMATHYECKHM
BbI6OpOM  1m1ATa.

[Iycts mmeercss KakoH-TO croco6 MHTErpuMpOBaHHUsA, TAe HHGOpMALMA O MO-
ABIHTErPAJIbHOM (PYHKIMHU yUHUTHIBAETCA JIMIIL B BHUAe MH(QODMAIMH O €€ 3Ha-
Y€HUSIX B OTHEJBHBIX TOYKAX. ITOT CIOCOD ONpeaesisieTcs 3aJaHueM IepPBO-
TO y3/la MHTETPHPOBAHHA, IIPABMIIA, [0 KOTOPOMY OTBICKHBAIOTCA CJIEYIOITUE
¥3nb1, 1 crnocoba BEIMHCIEHUS NPHOIMXKEHHOrO 3HAYMeHHs HHTerpaja. Takum
06pa3oM, BCAKHHA Takoi CHOCOG YKJIAABIBAETCS B CIIEOYIOIIYIO CXeMy: 33aJafoT-
Cd HEKOTOPHI y3en P, dyHKipuH

Q‘IZ(I)Q(Q17""Qq—-l;yla-'-,yq—l), q=2,...,N,
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OIIPeNeNsonue BhIO0P CIEAYIONHX Y3JI0B HHTErPUPOBAHUS B 3aBHCHMOCTH OT
paHee HAKOILIEHHOH HHGOPMANUK O NOABIHTErpajbHON GhyHKmum, U (PYHKIINg

SN(Q1,- -5 @N5 Y15+, YN)-

Bneck @ —Touku obmactu G, y; — unia. [Ipu npuOIHKEHHOM BBHIYHCIEHK
KOHKPETHOI'0 HHTErpajia MOCIeI0BATEIBHO BHIMHCIISIOTCS BETUTIHHED

F(P), Pr=8y(Pi £(P), F(P),

Py=3(Py, Py f(P1), f(P), f(By), ..., F(Py)
H 3aTeM IIoJjiararmoT

1(£) % S (Pry o, Pai F(Ps oo F(PY)):

ITockoneky Touka P 3amaerca Bmecte ¢ 3amanueMm dymxmuin &; u Sy, 3a-
BHCHMOCTh 3THX (yHKmut or P; Mox¥Ho 6p10 6Bl OIYCTHTH.

Tak ke, KAk B (JIydUae KBaJPATYPHBIX (DOPMYJ, MOXKHO ONpPEAETHTH MO-
PEIIHOCTh METOJA HPHU BREIYACIEHUH JAHHOTO WHTEIPAIA

Bx(f) =1(£) = (P, Pri £, F(PY)),

OOTPECINHOCTE METOOa Ha KJacce

Rn(F) = sup [ (f)]
fer
A OIITHMAJIBOYI) OIIEHKY IIOrDEITHOCTA Ha MHOXKECTBEC BCEBO3MOXHBIX METOIOB
HHTETPHPOBAHU S

Z = 1 F).
N(F) Pl,‘I)z,.l.I.l,f:[)N,SN RN( )

Teopema (6e3 mokazareibersa). Iycmo xaace dynxuyuli F — swnyravii yen-
MPAALHO CUMMEMPUHHT KOMNAKM ¢ yenmpom cummempuu f = 0 u ece dynx-
YU IMO20 KAGCCA PAEHOMEPHO 02PaHUYEHDL. 1020Q ONMUMAALHBLE OUEHKU NO-
2PEWHOCTTIU HA MHOICECTNBATL BCEGOZMONCHULE KEaAdPAMYDHOLL HOPMYA U 6Ce803-
MOHCHBL CTIOCOB08 UHMEZPUPOBAHUA COBNAOGIOM

Wn(F) = Zn(F).

YemoBue sunyxaocmu xagcca F o3HadaeT, 9TO0 BMecTe ¢ JOOBIMU f1, fo €
F »sromy kiaccy npuHajjexaT Takxke pce byukuua f = 0f; + (1 — 0%, npu
0 < 0 < 1. YcnoBue, UTO KJIACC ABISETCA UEHMPAALHO CUMMEMPUUHBIM C
neHTpoM cumMerpum f = 0, o3HadaeT, yro BMecTe €O BCsko# Qyukmmeit f
3TOMY KJACCy HPHHAJIEXKUT Takxke (DyHKius —f.

B uactrocTH, BCce Kiaccsl Cr(A) yaOBIETBOPSAIOT YCJIOBHAM TEOPEMBI H
MOKET IMOKa3aThCA, YTO PacCMOTpeHue Gojiee MMPOKOrO MHOMKECTBA CIIOCODOB
HHTETPUPOBAHUSA He NOpeAcTaBiaser uHTepeca. OIHAKO TAKOHM BBIBO) HeEJIb3d
PU3HATH TPABUJBHBLIM. MeTONLl HHTErPDHPOBAHHS C BHIGOPOM Y3JIOB HHTE-
TPHUPOBAHHS B 3aBUCHMOCTH OT IIOJYYEHHOW B MPOLECCe BBIYUCIEHHH HHGOD--
MaIM¥M TPONEMOHCTDHPOBAJIH HA INPAKTHUKE CBOKI BBICOKYIO 3(hdeKTHBHOCTH
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[0 CPaBHEHHMIO C KBaJpAaTypHbIMH ¢opMysaMu ¢ 3apaHee (PHKCHPOBAHHBI-
MH y3daMmu uHTerpupoBanud. Ifosromy Oomee mpaBuIbHBIM OyJET BBIBOJ O
TOM, YITO IPAKTHYECKH BCTDETAIOmUecs 3a7a4n Ooyree TOYTHO OIHMCBIBAIOTCHA
HEKOTOPLIMM HEBBIILYKJIbIMU Kiaccamu dyHkuuil. Hanpumep, THIWYHBIM Kjac-
coM byHKLHUH, BCTPEYAIONUXCA B IPHIOKEHHSX, ABIAETCA KJIACC KYCOYHO-
apaguTAYecKux ¢yurmuii. ObparuMmcs K OJHOMEpHOMY cCiydato. B cirydae
BHIIYKJIOCTH Kiacca (MYHKIHEE molycymMma OBYX (YHKLIMH Kjacca TakXKe MPH-
HaJIexuT sromy kaaccy. llomycymma dbymkiui, uMmeomux [ Touek, Lue Ha-
pyLIaeTCs AHAJHTHIHOCTH, MOXET MMEThb 2/ TOYeK ¢ HAPyNICHWEM AHAJMTHY-
poctu. Takum obpasom, KjJacc aHAJIUTHUIECKHX bYHKOmi, uMmeomux He Hosee
33JAHHOYO YHCHa | TOYeK HapyIIeHWs AHAJIUTHIHOCTH, HE SBJIAETCA BBIIlY-
KJBIM. Eciam TueIo TOYeK HApPYUIEeHWS AHAJHTHIHOCTH He OTPAHHUYEHO CBEp-
Xy, TO KJacc GYHKOUA He sBideTcs 3aMKHYTBIM: Ipeles MOCIeI0BATEILHO-
CTH KYCOTHO-AHAJUTHUECKUX (PYHKIIUH ¢ HEOTPAHHUYEHHO DPACTYIIMM UHCIOM
TOYEK HADPYMIEHUd AHAJIMTHIHOCTA MOXKET OKa3aThCs (YHKIHEH, He gBJIAI0-
miefcs KYyCOYIHO-aHAJIATUICCKOH.

Breire mpousBogmsiocs CpaBHEHHME METONOB MHTETPDUPOBAHMA 1O BepXHeH
rpaHy IMOTPEIIHOCTH HAa KJjacce dyukiui. OMHAKO BO3MOXHA CIEAYIOWIAT CH-
Tyauuda. Jsa MeToma HMMEIOT ONUMHAKOBBIC HOTPEIHOCTH Ha Kiaacce (PyHKIMI,
B TO e BpeMsa Ha OONBINHHCTBE (PYHKIMA KJacca OOUH U3 METONOB HMEeT
MEHBINYIO NOPPENIHOCTh. fICHO, WTO 3ITOT MeTon ABJAAerca Oojee NpeInoYuTH-
TeJIbHBIM B CpaBHEHWE METOJOB O BepXHeHd I'paHd IMOTPEHMIHOCTH HA KJIACce
dbyuknuit B gaHHoM ciyuae He naer 0OIMEd KapTHHEL

W3 cka3aHHOrO BBIIIE BBITEKAET AKTYAJBHOCTh PEIICHHS CJIEAYIOHHX 3a-
A,

3agaga 1. Kak upaBmiibHO OmMCATh KJIACC PeasibHO BCTpedatommxcs (pyHK-
uit?

3agaua 2. Kak IpaBuiabHO BBECTH Mepy B IIPOCTPAHCTBE PeasbHO BCTpEva-
IOmMUXCcA NoABIHTErpaibHbIX Gyukuui? (Hu npo ommo U3 u3BecTHBIX ompe/e-
JIeHUH Mepbl B TIPOCTPAHCTBE (DYHKIUI HENb3d CKa3aTh, YTO OHO IPABHJILHO
ONUCBIaeT OOCTAHOBKY, XAPAKTEPHYIO JJIs NPHUJIOXKEHH. )

ITpuBeieM npuMepB! HEKOTOPBIX AJITOPATMOB HMHTETPUPOBAHUA C BLIOOPOM
Y3JIOB B 3aBHCHMOCTH OT paHee IIOJNIyUeHHOH HHQopMmaimu. MHoroMepHbdl HE-
TerpaJjl 3alUCBIBAETCA KaK IIOBTOPHBLIA

-bo
I(f)“—‘/ Ii(z1) dzy,

ao

bl(l‘l)
Ii{zy) =/ Iy(z1, z2) dzy,

bs—l(le aa:s—l)
I (z1,..., z5-1) :/ flzy, ... zg)dxs,
a

s—l((lfl,“', zs—l)
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M YHUCIEHHOE WHTErPUPOBAHHE IO HEKOTOPHIM M3 IIEPEMEHHBIX Z; HPOH3BO-
JATCA TMOCPEJCTBOM OJJHOMEDHBIX AJTOPUTMOB HHTErPHPOBAHHS C ABTOMATH-
9eCKHM BBIOOpOM TIara.

Crenymoomuii alTOPATM BBIYHCJIEHAS MHOTOMEPHBIX HHTETDAJIOB MMEET JIpy-
ryio cTpykrypy. Cpeam H3BECTHBIX AJITOPHTMOB HHTETPHPOBAHHUS C aBTOMa-
THYECKHM BBHIOOPOM Y3JIOB HHTETPHPOBAHHS 3TOT AJTOPATM SABJIAETCI Hay-
6omee 3¢QPEeKTUBHBIM IIO0 OTHOIIEHHIO K 3aJate BBIHCIEHHS HHTETPAJIOB OT
GyHKIUA ¢ ocobeHHOCTAMH GYHKINH HJIM €e NPOU3BOOHBIX B H30JIMPOBAH-
HBEIX TOYKAX.

IlycTe BBIUHCASETCS HHTETPAs

[ 100X, Q= (o <o b o <o <B), X = (e w)
Q

3aMeHO# IepeMeHHBIX
z; = 0,5(a; + b;) + 0,5(a; = b))t;, 1=1,...,s,

WHTErpaJjl IPEBPAIIAETCsI B HHTErpajl mo Kyoy

[ e ax /C o(t) dt,
1 )

G=[-1<t1 <1,..., -1<t; <1], t=(ts,...,1t).

B ocuoBy Meronma mosnoxeHbl KybarTypHble HOPMYIIBI

[~ a=1,23

Jns BBIMHCIEHHS WHTErpaJia / g(t) dt Beramcasioress Q5(g) u Q3(g) m mpo-

G
BepdeTCsd yCJIOBUE

Q3 (9) — Q3(9)| < e (5)

3Hech € — HEKOTOpasli YCJIOBHAsI Mepa MOTPEHIHOCTH. EIM 3TO yClIoBr#2 BbI-
HOJHEHO, TO 3a NPHOJIMKeHHOe 3HAaUYeHWe HMHTerpaja no G NpuHAMAETCS 3HA-
JeHHe, BBIYHCJIEHHOE 10 KybOaTypHoit ¢opmysne ()5, oObIMHO siBAIOIEics JIH-
HeitHo#t kKoMOuHanuedt ¢opmyn QF u Q5. Ecin ycnosue (5) He BbINONHsIETCH,
To Ky6 (G pasbuBaercs Ha 2° paBHBIX KyGOB M OIMCAHHBIH AJlTOPHTM IIPH-
MeHdeTCd K KaxXgoMmy H3 3Tux Kybos. Ilpomecc apobnenust mpomonxaercss IO
TeX NIOp, MOKa ycioewe (5) He GyleT BBHINOMHEHO. ECiM NpH JelTeHMH IIAara
h mormonaM HacTynuT TaKOW MOMEHT, Korna h° cTaHeT MAaIUMHHBIM HyJIEM, TO
cyer npekpamaercsa. Mcnons3yemble B CTaHOAPTHBIX IporpaMmax Kybatyp-
Hble (opmysbl () MMEIT CIeXyIOmuil BHI.
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I. s = 2:
@ =A1 Y glio, jo)+ A2 Y g(iB, jB) + A3 Y a(iv, jv),
lil+[51=1 fil+li=1 4], 15]=1
Qi=B1 Y glia, jo)+ By Y ¢(iB, jB) +
i +l5]=1 il +]71=1
+Bs Y g(iv, i)+ Bs Y gliv, jv),
|Z|,|]I:1 |il,]j|:1
rae

a = 0,658149897623035910, 5 = 0,549119831921783496,
v = 0,894427190999915878, v =0,316227766016837933,
A1 = 1,06136206790541224, A, = —0,234973179016523356,
A3 =10,173611111111111111,
By = 3,99942795838189963, By = —6,29803906949301074,
B3 = 0,124007936507936507, B4 = 3,17460317460317460,
Q3 = Q3.
®opmyna ()7 TouHA JyUis BCeX MHOTOWIEHOB CTeNeHH He 6onbiie 5.
®opmyna (J3 TOUHA IS BCEX MHOTOWIEHOB CTeleHW He Gosbiie 7.

II. s = 3:

8 121 5 5 5
3 _ e S BN NG AN S
Q1—225 444(0, 0, 0) + 3 E g<”/11’“/11’k”11)+

Ii’!'lekI:l

+10 Y g6, 4, k) |,

jil+71+k=1
8 1552 1573 5 [5 5
3 . .
= —— | =220 b = = =
©2 = 113 590 0,0+~ Z g(z\/u’] 11’k\/11> *
il, 131, k=1
784 [5 . [5 5
+5 Z g<z,/1—4,“/ﬁ,k,/1—4)+15frh :
fl 4+ |+|k]=1
Th= Y 96,50+ Y g0, 0,k+ > g0, k),
il =1 ll, [k|=1 1], kl=1

4 5
Qg = 5@? + §Qg

3
Qopmyner QF u Q3 TouHBI I Bcex MHOrOWIEHOB CTeleHM He Gosmsmre 5.
Qopmyna @3 TO4HA I BCeX MHOIOWIEHOB CTENeHM He Gospme 7.
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8 8. Meron Moure-KapJo

Ilpu nocTpoeHNH KBaApaTypHbIX (GOpMYsT BMECTE € (POPMYJIOH, KaK HPaBHIIO,
MOJTyvajach OLEHKA ee TOTPEIIHOCTH HAa HEKOTOpOM kiacce (yHkimit. Ha-
npEMep, I OZHOMepHON (opMynsl Tpanenui Obplila IIOMyUeHA OLEHKA IIo-
rpemsocTH BUma const-Ao N2 ma wiacce (yHkumit co BTOpPO# TIPOU3BOJIHO,
OTPAHHYCHHOM N0 MOmYJI0 NoCTOsiHHOH Ag; 3mech N —4UHCIO y3JI0B HHTe-
IPHPOBaHHS. TaKOTO POMa OIEHKH IOTPEIIHOCTH HA3LIBAIOT 20DAHIMUPOSAH ;-
MU OUEHKAMU Nozpewnocmuy Ha kaacce gynxyuid. Ha ocHOBaEHH 5TOH oleHKu
MOXKHO TapaHTHUPOBATH, YUTO IOTPEINHOCTH IPUOJIMAKEHHOIO 3HAUeHHs HHTe-
rpajia He IPEBOCXOIUT ONPEAeJICHHOU BEJNYHHBI JJIA BCEX IOINLIHTEIPAJILHBIX
dbyHKImMi B3 paccMarpuBaeMoro kiacca. OueHHBas HMOUDENIHOCTh METONA Kak
OLIEHKY Ha Kjacce (YHKIMH, NPH OlEHKe MOIPENIHOCTH KOHKPETHOTO HHTE-
rpajla MLl OPMEHTHPYEMCs Ha BEJIMYUHY, HOJIYUAIONIyIoCd B CJIy'Uae¢ HMHTErPH-
pOBaHHUS <«XyHuleii» (DyHKIEHM PACCMATPHUBAEMOro Kiacca. jg pana KJaccos
¢hyHKIMIE 3Ta OIEHKA NOTPENIHOCTH Ha KJIACCe HACTOJIBKO IJIOXa, UTO He Ja-
T HHUKAKOH HAJEXJbl Ha TOJyUeHHEe NPUOJHKEHHOI'0 3HAYMEHHS] MHTErpaja ¢
TpebyeMoil TOUHOCTBIO. Hampumep, COmNIacHO TeopeMam U3 § 7, HE CYLIECTBY-~
eT MeTOZOB C OIIEHKOH morpenHocTd Ha Kiacce ¢yukmumit Cp  1(4,..., A),

nyamedt, wem dAN Y5 (371€Ch § — KPATHOCTH BBITHCIAEMOTO HHTETPAJIA).

IIpemmonoxum, 4ro Tpebyercss rapaHTUPOBATH OIEHKY MOTPEIIHOCTH, MEHb-
myio uem 0,01dA. Torma umcio y3ioB N HOIKHO yIOBJETBODATH HEpaBeH-
crBy dAN~Y$ < 0,01dA, T.e. NONKHO BHLINONHATHCH HepapeHcrBo N > 100°.
ITocKoNbKy BBIMUCJIGHHE KaXKJOTO 3HAYEHUs TOIBIHTErPAJIbHON (DYHKIUH Tpe-
Oyer 0OBIYHO GOABIIOTO 4YHCIA APU(MMETHIECKHUX OIepandii, yxe npu s = 6
TaKoe TpeOOBaHWE HAa UHCIO Y3J0B OKA3BIBAETCA INPAKTHYECKH HEBLITIOIHHA-
MBIM. '

MpbI OKa3aduch B TOJOXKEHHH, KOTJA HA OCHOBE YKA3aHHOW BLIIIE OIEHKH
MOTPEIIHOCTH HET BO3MOXKHOCTH BBIYHCJINTL 3HAYEHWE HMHTETPAa C TapaHTH-
poBannoil onenkoit norpemuocTi 0,01dA, nmockonasky 3T0 morpebyer Hemomep-
HLIX 3aTpar BpeMmenm IBM. OauH m3 cr1oco60B pa3pemieHust CO3JABIIEIOCHT
IIPOTUBOPEtMS COCTOUT B Oojlee AETATHHOM ONHCAHUHM KJACCOB MOABIHTErPalb-
HBIX (yakuui. JpyruM BpIXOZOM U3 CO3MABUIEHCST OOCTAHOBKH SIBJISIETCS OT-
Ka3 OT HOJYYeHHSI CTPOrofl TapaHTUPOBAHHOM ONEHKH IMOTPENTHOCTH M IIOJIY-
YeHHEe OIEHKH IIOTPEINHOCTH JIMLIb C ONPEAEIEHHOR CTEMeHBIO JOCTOBEPHOCTH.
B 4acTHOCTH, IPM KOHCTPYHPOBAHMH METOJOB WHTETPUPOBAHHS B Ifif 3 U B
§ 7 MBI IUIM TTO MYTH OTKA3a OT CTPOTOM OUEHKHW MOTPENIHOCTH: TOTPEITHOCTD
OIICHMBAJIACh 4YePe3 PA3HOCTh PE3YJIBTATOB BBIUMCIIEHNY HPUOJIMIKEHHOTO 3HA-
YeHHs HHTErDaJa NIPH Pa3IHYHBIX METONAX HHTEIDHPOBAHULA.

OpHuM U3 MeTOHOB DPUOJIMIKEHHOTO BLIUYHCJIEHHS 3HAYEHUN HHTErpaJioB,
IIpDH KOTOPOM IMOI'PEINHOCTh OIEHHUBAETCA HE TapPAHTHDPOBAHHO, a JHMHIb C He-
KOTOPO# CTENEeHBI) JOCTOBEPHOCTH, SABIsACTCH Memod Monme-Kapao.

Ilycte Tpebyerca BuivmMcuTbh TPUGIHKEHHOE 3HAMEHHE HHTErpaJia

I(f) = /G f(P)dP.
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Jlns ynpouieHUs! BHKJIALOK TpeimonaraeM, uto pu(G) —mepa obsactn G pas-
ga 1. Kak mpaBuio, 3TO ycioBHe OBIBaeT BBIIOJHEHO, IOCKONBKY HPH IIPaK-
THdecKol peanm3amuid Metona Monrte-Kapmo 065acTh WHTerpupoBaHHsi OOBIY-
Ho mpeobpasyerca B exaunuusbli KyD. Ilpeamonoxkum, urto Kakum-TO obpaszom
yAAJIOCh TOLyuuTh N CJlyvaliHBIX NONAPHO HE3aBHCHMBIX ToueK Pi,..., Pn,
paBHOMEpHO pacapejeyeHsnix 8 G. [anee wepes M (s) Bymem obo3HauaThL Ma-
TEMATHYECKOE OKMIAHNE CIyJaiiHod BenwdauHb S, a uepe3 [(s) —ee jgucme-
peuro. Ciyuaiinble seauuuubl s; = f(P;) nomapHO He3aBUCHMBI ¥ OJHHAKOBO
paCIpesieNIeHpl, TIpAIEeM

M(sj) = /(;f(P) aP = I(5)

D(s;) = M(s2) — (M(s;))* = D(f),
rae
D(f) = I(f*) - (I(f))?
TTomoxum

N
1
J=1
BCJIQ,ZLCTBI/IG YKa3aHHBIX CBOMICTB BEJINIHH 55 HMEeM

M(Sn(f)) EM(sJ) = I(f),

DK = 7, ZD 53) = D)

C BepostTrOCTBIO 1 — 7) BHINONHAETCH HEPABEHCTBO (Hepasencmeo Yebviuesa)

ISn(f) = I(H) < VD(f)/(nN). (1)

Ionaras n = 0,01, nonyuaem: ¢ BepoaTHOCcTbIO 99% BHIONMHSETCS HEpaBeH-

ISn(f) — I(f)l < 10/ D(f)/N.

Eme nyuymas omnenka momyuaeTcs B NPEANONOXKEHHM, UTO TOYKH FP; He
TOJNBKO MONAPHO HE3aBUCHMBLI, HO M HE3aBUCHUMEI B COBOKyIHOCTH. Toria, co-
IJIACHO LIEHTPAJbHOI NpenesbHOM TeopeMe, CaydaliHas BeJMYNHA

(Sn(f NIVD(f)IN

pacnpeneneHa aCHMIITOTHYECKHA HOPMAJILHO C (byHKILHeﬁ pacrnpenenenusd

B(y) = \/”12?/_10 exp{—g} dt.
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BeposiTHOCTL TOTO, YTO CiIyuaiiHas BenuuMHa C TaKo# GbyHkumedl pacrupepe-
JIeH¥sI He TPEBOCXOOHUT IO MOAYJIIO 3HaueHHe y > 0, aCUMITOTHUYECKN paBHa

po(y) = V2 weXD{—g} dt.

Takum obpazoMm, mpu Gonbiumx N ¢ BEpOATHOCTBIO, OJM3KOH K po(y), BhI-
MOJIHSAETCA HEePABEHCTBO

ISn(f) = IHI <yvD(f)/N.

Ilomaras y = 3 m y = 5, mojyd4aeM, 4YTO HEPABEHCTBA

IS (f) = IO <3V D(A)/N m |Sv(f) = I(f)] <5V D(f)/N

BLINIOJTHAIOTCA COOTBETCTBEHHO ¢ BeposaraocTsmu (0,997 u 0,99999. Cdhopmymnmu-
POBAHHBIC BHLINIE YTEEPKAEHUSA Ha3bIBAIOTCA MHOTIA IPABUIAMH <TPEX CHIM>
W <ISITH CHTM» COOTBETCTBEHHO.

B mpaBoif wacTu BCEX ITHX OLEHOK CTOUT HeW3BecTHas BesiwuuHa D(f) =
I(f?) — (I(f))?, KOTOpYI0 MOKHO OUEHHTH HA OCHOBAHHM HH(OPMAIMH O Bbi-
qucaeHHpIX 3Hadenusx f(F;).

3agada 1. Ilokazars, 49TO

N

M (55(0) = swn) 2

D(f) =

’

ITockonbKy Ha OCHOBAHHM 3aKOHA DOJLLIMX uucea ¢ OONBUIOH BEPOSTHOCTHIO BBI-
TIOJTHAETCA TPUOIMIKEHHOE PABEHCTBO

z

M(sj(f) SN(f) Z (s](f SN(f))2,

TO ¢ GOMBUIONH BEPOSTHOCTHIO BBITIOMHSIETCS ¥ MPUOIHXKEHHOE PABEHCTBO

D(f) ~ D™(f),

rae

N 2
DM(f) = 5= 2 (s:(5) = Sw(h) -

j=1

Ilpusenem cxemy npumenenus: merona Mounre-Kapmo npu u(G) = 1. Ilycrs (1—5) —
YPOBEHb HAJIEXKHOCTH, ¢ KOTOPBIM KEJIATENIbHO IOJYIUTh IPUOIHKEHHOEe 3HAYEHHE
UHTErpaja, € — 3aJaHHas TOYHOCTh. OTpeNensdioT y U3 PaBeHCTBA

n= g/ymexp{—g} dt.
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MocrenosaTeasHo Ipu 1 = 1,. .. NOAYYAlOT CIIydaiHble TOYKK P, ¥ BEIMHCIAIOT Be-
saanns! tn (f), Sn(f), dn(f), Dn(f), HONB3ysACH PEKYPPEHTHBIMU COOTHOMIEHUSAMH

ta(f) = ta1(f) + f(Pn), Sa(f)= tn(f)/”y

daf) = dus (D) + = (FB) = 5a(D) s Dalf) = dal)/(n = 1),

a TaKk>Ke BBIYUCISIOT 3HAYEHHE
A =y Do (f)/n.

HauanbHble YCIOBUS PEKypCHH:

t1(f) = Si1(f) = f(P), di(f)=Di(f)=0.

Eciu oka3amoch, 4To A, < €, TO BBIUHMCJIEHHUs] IPEKPAUIalOTCs; IIOJAraioT
I(f) = Sy(f) ¥ cYMTAIOT, YTO C BEPOSITHOCTBIO 1 — 1) BHINOJHAETCH HEPABEHCTBO
lI(f) - Sn(f)] < e

3ameTumM, 9T0 B AeiicTBUTEbHOCTH HepapeHCTRO |I(f) — Sy (f)| < & Bbmonusiercs
¢ BEPOATHOCTBIO, HECKOJALKO MeHbIel yeM 1 — 1, XoTsl 1 Oa1u3Ko#l K Heil.

Bagaua 2. [Iposepurs, uto D, (f) = DM (f).

st yMeHbIlleHHsl MOrPelIHOCTH Merona MoHTe-Kapno ciaydaitHble y3JIbI UHTETDH-
poBanus 6epyTcs pacnpeielleHHBIMA He paBHOMEDHO, a ¢ HEKOTOPOH MJIOTHOCTBIO

p(P) # 1, /p(P) dP = 1. B 3ToM ciyuae monarawor
G

N
1) % Sx() = 5 3 S(B)/p(E).

Samauya 3. IlokazaTh, 4TO
M(Sn(f) =1(f),  D(f)=1(f*/p) — (I(f))*.

YbemuThca B TOM, YTO HEpPEXOd K TAKOMy BBIOODY CIydYailHBIX BEJHYHH OCO-
GerHo wnenecoobpasen B ciyuae f(P)/p(P) = const.

YacTo B pYKOBOJACTBAX IIO HMCIONB30BaHMIO MeToma Monre-Kapio rosoput-
ca cnepyomee. Meton Moute-Kapno sBnsieTcs yHUBEPCAJIBHBIM METOIOM BbI-
YHMCJIEHUST WHTErPAJIOB BBICOKOW KPATHOCTH. IIOPSIOK OLEHKH CKOPOCTH CXOIH-
moctH Merona Monte-Kapno ects O(1/v/N) u He 3aBHCHT OT DPa3MepHOCTH
HHTErpajla, B TO BpPEMSl KAK [OPAJOK TAPAHTHPOBAHHBIX OLEHOK CKOPOCTH
CXOMMOCTH CYyIIECTBEHHO YXYANIAeTCA C POCTOM pa3MmepHocTH. s meroma
Monre-Kapmo npm xaxaom n umeercs 3¢p@peKTHBHAS OIEHKA HOrPEITHOCTH
4Yepes BemuyauHy +/Dp(f)/n, u, Taxum 06pa3oM, BEIYHCIEHHS NPEKPAIalOTCT
HMEHHO B TOT MOMEHT, KOIJa JOCTHIHyTa TpebyeMasa TOYHOCTD.

OTHeceMcsl OCTODOXKHO K 3TOMY 3adBJIEHHIO M PACCMOTPHM DAa3MYHbIE CO-
obpa’keHHsl «3a» M <«IOpPOTHB» Merona MonTe-Kapno.
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8 9. OOGcy>xkxJaeHne MpaBOMEPHOCTU
HMCITIOJIb30BAaHUsI HeJeTEPMUHUPOBAHHBIX METO10B
pelieHus 3aa4

Yacre nosnbp3oparesieil npenybexzena nporus Meroma MorTe-Kapio u orpu-
LAeT IIPABOMEPHOCTH €ro MHCIOJb30BAHHUS, IOCKOJIBKY MAaJIOCTh HOIPENIHOCTH
MeToxa. 0OeCIeUnBACTCH JIMIIL C HEKOTOPOH BepOSITHOCTHIO.

Boime Mur yrxe oOpHCOBAJIM KAPTUHY, CKJIAABIBAIOULYIOCS DU BBIMHCIEHHTH
WHTCrPaIoB GOJBIION KPATHOCTH, KaK HOYTH IOIHOCTBIO DE3HANEKHYIO B Cly-
yae, €CJIM CTABUTCA I€JIb TOJyYeHud NOpUOJIMKEHHOIO 3HAUEHHS HHTErpaia c
rapaHTHPOBAHHO MAJOH OIEHKO#H norpemuoct. Takas o6CTAHOBKa W BBLI3BAJIA
K JKM3HM NOpHMeHeHHe MeTona Monre-Kapio.

ViKe IpH BLIYMCIECHMH OJHOKPATHBIX HMHTEIDAJIOB TaPAHTHA MAaJOCTH II0-
IPEINHOCTH METOHA MOXEeT ObIThb I0JIYYeHA TOJABKO HPHU HCIOIb30BAHUH CTPO-
[UX TEOPETHYECKUX OIEHOK. [IpHMeHeHHMe TaKMX OLEHOK TpedyeT BBICOKOH Ma-
TEMATHIECKON KBAJTH(DUKAIIMA HCCIEOOBATENSI, 3ATPAT €I0 YMCTBEHHOIO TPYIA
u He MOxeT OpiTh HepenopyueHa IBM. Takum obpasom, opueHTHPOBKA Ha
MEeTOJBI BBIMUCEHUT HHTEIPAJIOB € TapaiTHPOBAHHON OLEHKOH MMOIPEITHOCTH
MPOTHROPeUnT o0Imedl TeHIeHInu MCHoab3oBanus IBM.

Kpome roro, mpm penrenmm BCIKOM 3a729M BO3MOXKHBI OIIMOKKM B TOCTA-
HOBKE 3aJiaud, B IIpOrpaMme W T.J. B CHJIy 3THX ® pAga IOPYIHX IPHUUH
PELKO MOXKHO IATH CTOLPOIIEHTHYIO TapaAHTHI0 MAJOCTH IMOIPEIIHOCTH PE3YJib-
TATA PACIETA IO OTHOMIEHWH) K PEaIbHON MOJENH; HEKOTOPas BePOSTHOCTH
OIMOOYHOCTH De3yJIbTaTOB BbLIYHCICHHI HMeeTcsd B JoboM ciyuae. Bee aro
MOMIEePKUBALT, ITO NOJHBIR 0TKa3 or meroga Momre-Kapiio Tonbko u3-3a ero
BEPOATHOCTHON MIPUPOILI ABJISETCA HEOHPABIAHHLIM.

C gpyro#i CrOpOHBI, IpPH MCOOJIB30OBAHKHU MeToma MonTe-Kapyo Iy»KHO
YUHTBIBATE CJIEAYIOIIHE OTPUIATENbHEIC () (DEKTEL.

Has npumenenust merosia MorTe-Kapsio HeoOXoouMO HMETh B Pacops-
KEHHH TIOCTIEJOBATENBHOCTh HE3aBUCHMBIX TOYeK P ¢ 3aJaHHBIM 3aKOHOM
pacnpegesenns. OOBIYHO MOJIB30BATE L PACIONATAET JATIMKAMM CJIYUAMHBIX
WJIM TaK HAa3BbIBAEMBIX ICEBHOCIYIAMHBLIX YHCEN, KOTOPLIE BBIJAIOT MOCIEI0-
BATEJIbHOCTH (JIYyIANHBIX YHCEJ, PABHOMEDHO PACHpPEIeNeHHLIX Ha OTPE3Ke
[0, 1]. Ilpm momomy npeobpazoBaHMil TAKMX CIYYAHHBIX BEIAYHMH IOJYUa-
OTCs CJIydaHBIE THCIa C 33JaHHBIM 3aKOHOM pacnpejesieHnd. Ha yepBbix
9BM pmarumkaMu CIydalHBIX UHCEJ ObUIM HEKOTOpBIE NPHOOPHI, HAIPHAMED
HCIIOJIB3YIOINE fBJIEHUE PATHOAKTHBHOIO paclaja, KOTODPLIE BBLIABAJIM IIOC]E-
MOBATENLHOCTH CJIy<IafHBIX BEJIWYUH, WHOL/A JaKe YIOBJETBOpsiomme Tpebo-
BAHHIO HE3AaBUCUMOCTH B COBOKynHocTd. (QJHAKO Takue NPHGOPBLI paboTAOT
C MaJIOH CKODOCTBIO, M IOITOMY C YBeJWUEHHEM MMPOU3BoAMTeNbHOCTH IBM
OT HHX OTKa3aJHCh. BMecTo IATIUKOB CJAyYaWHBIX YHCEJ HCIOJIB3YIOT JaT-
YHKH IICEBIOCTYYalHBIX YHCEJ — HEKOTOpPBIE MPOrPAaMMbI, BLLIAIOIIME IIOCIEN0-
BATEJIbHOCTH IHCEJI, KOTOPBIe PEKOMEHJIYETCA PACCMATPHUBATL KaK CJIyuaiiHbIe.
Wcnonp3opanne JATIUKOB MCEBAOCHYIadHBIX YHCEN SIBUJIOCH IIPOrPECCHBHBIM
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[IATOM, MIO3BOJIMBIIKAM LIMPOKO HPUMEHSTH BEPOSTHOCTHBEIC MeToibl. OmgHako
OpH HCHONb30BAHUKM STHX JATYAKOB HYXKHO BCeTJa HMMETh B BHJY, KaKHMH
cBoOiicTBAMH 06J1a1a10T IOCIEA0BATEIEHOCTH HHuCeJl, BLIZABAEMbBIE 3THMH JIAT-
qukaMu. Hampumep, HEKOTOpBIE JATUMKH IICEBIOCIYYUafHBIX 4HCes BbIpaba-
THIBAIOT TMOCJIEIOBATEIBHOCTH YHCEJ, KOTOPBbIE MOXKHO PacCMATPHBATH JIHIIbL
KaK IOTAPHO HE3aBUCHMbIE, a HE KAK HE3aBUCHMBIE B COBOKYIHOCTH. B arom
caydae Gymer HempaBOMEPHO IIOJb30BATHCS OIECHKAMH IOTDELIHOCTH, OCHOBAH-
HBIMH Ha LEHTDAJLHOH IIpelesIbHOH Teopeme.
ITycts meromom Moute-Kapio BeIvmcaserca mHTErpad

1 1
I(f) Z/o /o flzy,. .., z5)dzy ... dzs.

Ipenonoxum, YTO B KaveCTBE Y3JIOB HHTETDUDOBAHUS MbI XOTUM BbIOpDATH
MOCJIEIOBATEILHOCTL HE3ABACUMBIX DABHOMEDHO PACHPEICIEHHBIX TOUEK €IH-
paaHOTO KyDa. HCau JaTauk NCeBJOCIyIafiHBIX YHCES BBLIAET [OCIEN0BATENb-

HOCTb &1,... UHMCEJ, PABHOMEDHO paCTpelesenHbix Ha orpeske |0, 1], To Mox-
HO IIOTIBITATLCS B KAMECTBE y3JI0B WHTETPUPOBaHUA B3ATb Touku (&1,..., &),
(€S+13"‘~,£25))"--

J:LJI}I 3aKOHHOCTH NIPUMCHEHHSI HEPABEHCTBA YHebbImesa HY>KHO BBIIIOJIHE-
HHE IPEANOJOXKECHHY O HEe3aBHCHMOCTH pactipeleJIeHHsI JI00BIX TOUEK P], T. €.
HE3aBUCUMOCTHU pPACUHPEHCIIEHUST COBOKyHHO(‘,Tef/’I

(E—1)s+1> &is)y (Eimtyst1s- -+ &is)-

ITpn ypenmuuennmn s 3TO yCJIOBHE HAKIAALIBAET BCe Oonee KecTKue TpeHOBA-
HASl Ha JIATUUKH ICEeBIOCHydaMHBIX uwuces. VI3BecTHO MHOTO peasibHBIX MpH-
MepoB HeyladHoro npumMmeHeHust Merona Mowure-Kapmo B ciywsae Gompummx s,
BBI3BAHULIX cyeayionieit npuaunoii. [lpn ucmonb3oBannu METONa M OIEHKE 10~
TPELIHOCTH JIeJIAJIACh JOUYUIEHNd O TeX WJIM WHBIX CTATHCTHIECKHX CBOHCTBAX
MCEBJOCIAYYAUHBIX YHCEJ, B TO BpeMs KaK 3TH MNOPEJNOJIOXKEHUSI HA CAMOM
Jlelle He BLITONHAIUACH. B pe3ympraTe Jlemajicsl BLIBOJ O MAaJIOCTH 3HAUCHUSI
HOTPELTHOCTH, KOTOPBIM Ha caMOM pene e OLLI CHPABEIJIUB.

Takum 006pa3zoM, OMACHOCTEL TipuMeHenus MeTofda Monre-Kapno 3akimoda-
erca 1o GosnbInell YaCTH HE B BEPOATHOCTHOM XAPAKTEPE OLEHKH IOTPEIHO-
CTH, & B TOM, YTO BCPOATHOCTHAS OLEHKA IIOTPEIIHOCTU NPOMU3BOIUTCHA 3ada-
CTYI0 B [PEANOJIOKEHHU O CBOMCTBAX JATUMKOB CJyYafHBIX UHCEJ, KOTODBIE
Ha caMOM JeJle He HMEOT MeCTa.

Bagaua 1. Ilycrs &), & — ciyuaiiHble He3aBUCMMBbIE BEJIMYHHBI, PABHOMEPHO
pacnpenesrennrie Ha orpeske [0, 1]. Ilycrs {y} — apobuas moma wucna y, T.e.
W} =v—[o), tne [y]— emas wacrs y. Tonowant & = {61 + (n—1)(E&2 — 1)},
INokaszars, yTo TOUKM &, TONAPHO HE3ABHCHMLI, PABHOMEDHO DACIIPEICIIEHDI
Ha [0, 1] #, COrACHO MOCTPOEHMAM NpEABIAYINEro naparpada,

1 1 N
10 = [ 1@ o~ Sn(f) = 5 376
0 =
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3agaua 2. [lycTh BBIUMCIZETCS ABYKPATHBIM HWHTErpan

I(f)= /01/01]”(171, T2) dz1dT2. |

IMokazars, wro npu P, = (éan-1, &an), tOe & u3 3amaum 1, ciupasemmeo
coornomenune M (Sy(f)) = I(f). Brramciaurs

lim D(Sn(f)) = d(f)

N—ooo

u ybemuThcs, uro, Kak npasuwio, d(f) # 0 u nosromy Sy (f) nmaseko or I(f).

3anaua 3. IlycTn BRIYMCIAETCH TPEXKPATHBIM HHATETrPaJ

1 1 1
I(f)z/o/o/of(ﬂ%wz, z3) drdzadzs.

Ipu P, = (£3n-2, é3n—1, €3n) BbrumcaTs M (Sn(f)) = i(f) u ybemurnes, wro,
kak npasmio, i(f) # I(f) n nostomy Sy(f) maneko or I(f).

Yxazanue. BocnonbzoBarbest TeMm, 9ro (€3, — 2€3p—1 + €3p—2) — LiesI0€ B TIpE-
npenax (—1, 1]

[Iycrn 6{“,..., 55, k = 1,..., ] —cayyaiiHble HE3aBHCHUMbIE B COBOKYIIHO-

CTH paBHOMEPHO pacupenenenHanie Ha [0, 1| ciaydyailnble BeIMYMHLL U PO =
p 1Y ) k

(k... &8, k=1,..., 1 Tonoxmm = {fjl +C! Aﬁ}'—}- e +C,ll__11Al_1§}};

n—1
3peck {y} = y — [y] —OpobHas wacth uuwia y, Aqf} = 5;”1 - C(}ﬁg + -
+ (—l)chf}—KOHe‘IHa.ﬂ pa3HocTh ¢-ro mopsaka, Ch — ameno coveranmit u3
q TI0O p, paBHOE€ HYJIO IIpH p > (.
[Iycrs P, = (&F,..., &2).

3axaua 4. Ilposepurh, wTO
Pnng npu n=1,..., 1

3agada 5. Ilokazars, yro Touku Pi,..., Py paBHOMEDHO pacHpeaeseHLI B
eNUHUYIHOM Kybe m Jiobpie ! M3 HHX HE3aBHCHMBI B COBOKYINHOCTH.

K umcny pocrouncTs meroma MonTe-Kapiio OTHOCAT HE3aBHCHMOCTDL II0-
psiiKa OIEHKH OT pPa3sMePHOCTHM BBIMHCISIEMOTo wuHTerpaja. OJHako paccy-
XKnad TOJBKO O TODAIKE CXOJWMOCTH METOJa, MOXHO He 3aMETHTL CIeay-
IOHOIYI0 HEMAaJIOBAXKHYIO JeTajb. MBI NOIyYaJl¥ OIEHKH OTPEIIHOCTH NPHOJIH-
XKEHHOTO 3HAYEHMSA HHTErpajia BHIA

1Sw (f) = I(f)] < const -/ D(f)/N.
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TUNUIHBIM IS TIPAKTUKU SABJISeTCs TpebOBaHME MAJIOCTH OTHOCHUTEJIBHOM
[OTPEINHOCTH TPUOIIHIKEHHOrO 3HAYEHHs WHTErPajia, 4TO B JIAHHOM CIydae
osmaxaer Tpebosamue Mmamoctu semaumant /D(f)/(II(f)| VN). Cratucraka
PeATbHO NPEeIbABISIEMBIX K BBIYACIEHUIO WHTErPAJIOB IOKA3BIBAET, YTO BEJIH-
amna, /D(f)/ |I(f)| mMeer TeHAEHIHMIO K PE3KOMY POCTY C POCTOM pa3Mep-
HOCTH WHTErpajoB. B KauecTBe WILIIOCTDALMH MPUBEJEM HHTErDaJl

1 1
I(.fs)=/o /O exp{—32(2 + -+ + 22} das ... ds,

s koroporo /D(fs)/ | I(fs)| > 10%/% — 1.

CrenoBaTesLHO, IPAKTHYECKad TpyloeMKocTs merona Monrte-Kapio cyre-
CTBEHHO BO3PACTAET C POCTOM DPa3MEPHOCTH HHTErpajioB (MpW OAMHAKOBOH OT-
HOCHTENILHOH morperrHocTr). Ilpum JeHCTBUTEIBHOM BBIYHCIEHWH MHOTOKDAT-
HBIX WHTerpalios MerogoMm Monre-Kapmo mnepen HenocpeACTBEHHBIM IIPHMe-
HEHHEM MeTONa 3avacTylo C ueinbio ymensinenust Besuawust /D(f)/11(f)]
IPOBOJUATCA JOBOJBHO KPOMOTIHBOE HCCIEIOBAHUE CBOHCTB TOALIHTETPABLHOM
dbynkipy, npeobpa3zoBaHNE HMHTEIPAJIOB € [OMOLIBIO 3aMeH IePEMEHHBIX H
OPYTHX TPUEMOB, TPebyIoIMe MOCTATOWMHO BBLICOKOH KBAMHGMDUKAIMH HCCIIEN0-
BaTessl.

§ 10. Yckopenue cxonumoctu meroaa Monre-Kapiio

PaccmorpyiM HeKOTOpBIE TPHEMBI NOBBIIICHHST MPaKTUIeCKOi 3¢ deKTHBHOCTH
meroma Monre-Kapio.

1. Qyuxuus f(P) npexncraBisiercs B BUE
f(P) = F(P) + g(P),

rae dyurnua F(P) uHTerpupyercssi siBHO M CONEPXHUT B cebe BCe pe3Ko Me-
mAomuecst komnoneHTsl f(P), a g(P) — nnaBHo Meusitomasca dbyHKIus ¢ He-
Gonbmoit aucnepcueit D(g). Wuorma obnacrs uHTerpupoBaHus pasbuBaercs
Ha MaJjible MOHOOJIACTH W B KaxIOH vacTh B Kadectse F(P) GepyT HEKOTO-
DB MHTEPNOJISIUOHHBIA NOJIMHOM C y3JIAMH B 3TOH IMOJOGJIACTH.

2. Noaxopsmmit nogbop moTHOCTH pacupenesnenus ysnios p(P) (cMm. 3a-
Jaxdy 3 B § 8) Takyke MPHBOAUT K yMEHbIIEHMIO aucnepcuH. MLl paccMarTpu-
BaJmM Caydait, KOrAa Bce y37bl F; HMMEIOT OAMHAKOBYIO (DYHKIMIO pachpefe-
Jeuust p(P). B psane ciydaeB OKa3BIBAETCH I1eJ1eCOOOPA3HBIM BLIOMPATDH y3-
JIBI MHTETPUPOBAHUS TaKHM 00pa30oM, wToOBI KaxKJblif MMeI CBoe (DYHKIIMIO
pactipenenenus p;(P).

3. Cuenyiouruil mpueM sIBJIgeTCH YaCTHLIM ciiyyaeMm mpuemos 1 u 2. He-
XONHBIM WHTErpaJl NpPEeACTABIAETCI B BHUAE CYMMBI MHTErDAJIOB

I(f) = /G f(P)dP = ;Il(f),fl(f) - /G f(P)a,
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YHCJIO Y3JI0B WHTEerpupoBanusa N npefctapiasiercs B Buge N = Ny+---+N,, u
Kaxkplii uaTerpast Ij(f) seramcisierca mo meroxy Mourte-Kapno ¢ N; ysnamu
unrerpuposanusa. O6paTuMca K CIydalo BBIMACIEHMA MHTErpaga OT QyHKnuwu,
usobparkenHo#l Ha puc. 5.10.1. Ilpm memocpeg-
1,5“ CTBEHHOM BBINHMCJIEHHH HCXOJHOI'O HHTEI'DAJIa, B
cryuae p(P) = 1 umeem D(f) = 1/4. BEam
Gy =1[0,1/2], Gy = [1/2, 1], To mpu m06brx
1t Ni, Ny # 0 oba wurerpana I;(f), a ciemosa-
TEeMLHO, W MCXOMHBIA WHTErpail OyAyT BbIUM-
CIEHBI TOYHO.
Koneuno, ciygaii, Korma HcxomHYIO0 06JacTh

0,57 HHTErPHPOBAHUA yJAaeTcd pasbuTh Ha YacTw,
IJle IOAbIHTErpajbHAd (PYHKUHUS IOCTOSHHA,
ouenb penxuil. OgHAKO, €COM BCE-TAKU Y/AeT-

0 0'5 =1 ca pas3buTh ee HA HaCTH, rne (DYHKIHS MeEHsd-
b

€TCs MAaJI0, TO MOXKHO MOJYYUTH CYLUECTBEH-
Puc. 5.10.1 HOE YBEIIMUEHHE TOUHOCTH IIPU TOM XK€ 0O0b-
eMe BBIUHCIEHUH.

Pazbuenwne obsiacTv HMHTErpUPOBAHAS HA YACTH C UEJIBbI0 YMEHBUIEHHs JTHUCIIe-
pcun mMeroga Mownte-Kapio mNIMpoKO UCIIONB3yeTcsl, B YaCTHOCTH, NpH 06paboTke
ecTecTBEHHO-HAYyIHOU mH@opManuy. Ilycrs Tpebyercsi onpenenuTs BOOOCOAEDIKA-
HHe cHera B Dacceifne HekoTOpo# pexd. [Ipu HenocpeacTBEHHOM NMPUMEHEHHH Me-
Toga MonTe-Kapio BeIbupasoch Obl ¢ PABHOMEPHOM MJIOTHOCTBIO PACHPEIEIEHHUs
HECKOJIbKO TOYEK, T/le NPOU3BOAMIOCH Obl M3MEDEHHe KOJHYECTBA BOJOCOMEPKa-
HHf HA €MHHUIE HOBEPXHOCTH. YYACTKH MOBEPXHOCTH € OSHOPOIHLIME OPHUPOJIHBI-
MH YCJIOBHUSIMHM (BBICOTA HAJ, YPOBHEM MODH, YPOBEHb OOJAYHOCTH, 3AJECHEHHOCTD,
ODHEHTALIUS CKJIOHOB IOp, OCAJKH, FOCIOACTBYIOIIEE HANPABJICHHE BETPA) XaPaKTe-
PHU3YIOTCA NPHUMEPHO OJHUHAKOBBIM BOJOCO/Ep:KaHueM. [loaToMy yaaeTcss nobHTHCs
CYIIECTBEHHOTrO IIOBBIIIEHWA TOYHOCTH, pa3buBaa Gaccelin Ha YaCTH ¢ OJHOPOIHBI-
MH yCJIOBUSIMH M NpPHMeHaAs MeTon Moute-Kapmao a1 BhIUMCIeHNAa HHTErPAJIOB 1O
3TUM YaCTAM.

B cnysae rmaakoit momsiaTerpadbHOi GhyHKIuH pasbueHue obaacTH HHTE-
PPUPOBAHUST HA TAaCTH IPHBOAUT K YBENMUEHUIO MOPSAKA CKOPOCTH CXOIMMO-
cru. Ilycrh BRIUMCIsIETCAa HHTETPAJ

1 1
I(f)=/0 .../0f(Il,...,xs)dxl..,dxs.

Iomoxum N = n® u pa3obbeM HCXOAHYIO OOJACTh HUHTErPUPOBAHHA HA PAaB-
upie Ky6er Iy, no 0 (1 —1)/n< 2 <nifn,..., (ns—1)/n <zs <ny/n. B
KaxJoM Kybe BbibepeMm ciywaituayro TOuky P, . n . Cuuraem, uro ee ILIOT-
HOCTH pacHpelleJIeHHsI — IOCTOsIHHAdA, paBHad n®, U caydaiiHple TOYKH B JIO-
6bIx aByx KyDax BBIOMpPAIOTCS HE3aBHCHMO. llofoxKuM

S’N(f) = % Z f(P'n.l,...,ns)-
N1yeenyNeg=1
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Banaua 1. Jokasars, aro D(Sn(f)) < D(S~(f)) = D(f)/N.

[TpoBeneM ONIEHKY JUCHEPCHH B UPEIUONOXEHHH, ITO dyHKIma f (P) ymo-
BJICTBOpAET YCJIOBHIO JIWIIINNA ¢ NMOCTOSHHOMN A 1o KaKA0H u3 NepeMeHHBIX.
CropaBejnBO PaBEHCTBO

B . 1 . n 1 ‘
DISn(f) = >, D(;;f(Pm,...,nsQ = D HDUEn ) (1)
M1 yeeny Ms==1 N ey Mg =1
IMeeM paBEHCTBO
M(.f(Pnh...,n.;)) = On1,,ng = / l’l'sf(P) dP.
r[‘lLl ..... ns
Ha ocHOBaHWM TeOpeMbl O CpemgHeM HMeCM Opy . n, = f(Pnh__,’ns), ruoe

Poy.ny € Iy n,, HO3TOMY
M(f<Pn1,.“,ns)) = f(P’Llrn,"s)-

B T0 ke Bpems
f(xl +Al7"'7-TS+AS)“f<‘IL‘17"'a1’.S):
= (f(:l,l + Ap e @+ Ag) — f('ll + A e+ Ay, ‘Ts)) +
+ (f(.’l,l 4+ A, T+ A, .’L'S) — f(a;l + A1, s+
+Dyoa, B, T5) + o+ (flmr+ Ay wa, 0 36) = fla, o 34).

Orcrona cnenyer, wro guist byHKHUE DACCMATPUBAEMOTO KJIACCA

‘f(:c1+A1,..., 25+ D) — flz1,..., T5) gA(|A1|+-~-+|AS|>.

Ecam touka P, | .. ,, npusagmexwur I, ., To KX U3 ee KOODIUHAT
OTIMYaeTCs OT COOTBETCTBYIOUIEH KOODAWHATHI TOUKH P, . He Doree wem
Ha n~!. [TosToOMy M3 NOCTEIHEr0 HEPABCHCTBA CJIEAyeT OLEHKA

(f(f)nl,...,ns) - .f(-Pnl,...,n,s) < AS'”‘I
npu P,  n, € I, . n,, H, CIeI0BATENLHO,
,f(Pnl,...,ns) - Unl,...,713| < Asn-‘l- (2)

Besikasi cnywaithas BesmumHa € y/OBJIETBOPSIET HEPABEHCTBY

IM(&)] < sup [¢].

CaenoBarensuo,
D(f(Pny,ing)) = M(f(Pay,..n) — 0)* <
2 As\?
< sup (f(Pm,...,ns) - Unl,...,ns) < — .
Pnl ..... ng Gnnl ..... ng n
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C noMompio 9TOH ONEHKHM 3aKII0YaeM, UTO NpaBasd 4acTh paseHCTBa (1) He
MPEBOCXOJNUT BEJIHUIHHEI

n*n"2(As/n)? = (As)?/n*T2.
O6osnauus obmiee YHCI0 y3J0B n° yepes [N, IOIy4aeM OIEHKY
D(Sn(f)) < A%s?/NH2/s, (3)

Orcrona Ha OCHOBaHMM HepaBeHCTBa Jebpimesa (8.1) 3akuouaeM, 4TO ¢ pe-
POSTHOCTBIO 1 — 7) BBIMOJIHAETCH HEPABEHCTBO

[Sn(f) = I(f)] < AsNTY2/y/nN.

IMonydyennass oMEHKA TIOTPEMIHOCTH TO MOPSAKY JIy<iiie, eM ONEHKA TOTrpel-
woct  O(1/v/N) meroma Monre-Kapio.

Mpbl TIOIyTHIIH ONEHKY TOrPEmHocTH 110 BepoarinocTr. OKa3bBAETCI, uTO
JJIS pAcCMATPUBAEMOr0 METONA MOXKHO IOJYYUTh W FAPAHTHPOBAHHYIO OIEHKY

HOrPeHIHOCTH. YMHOXKas (2) Ha n™%, mosyuaeM HepaBEHCTBO

1, '

—f(Pny,..\n.) —/ f(P)dP| < As/n**L.

n Hlll,...,'n,s

Bemmmanmna Sy (f) — I(f) moxer 6biTh NpeICTABIICHA B BHIE CYMMBI TAKHX
CJ1araeMeIX:

n 1 .
Z ;L‘S'f(Pnl,...,ns) - /H f(P) dP

Ny, Ns=1 NY,..,Ng ‘
CyMMHUDyst ONEHKH [JId 3THX CJIATACMbIX, IOJIY YU M
|Sn(f) = I(f)| < As/n = As/N'/s.

ComocTapnsis 3Ty OLEHKY € TeopeMo H3 § 7, 3aKJIO9aeM, YTO PacCMaTpH-
BaeMBIH MeTOJ MMeeT TapaHTHPOBAHHYIO ONEHKY [MOrPEIIHOCTH, ONTHMAJLHYIO
0 TODPSJKY Ha DPACCMATPHUBAEMOM Kiacce bhyHKIHH.

BosHukaeT BOIPOC, MOXIIO JIM YAYIIIMTH HA ITOM KJIACCe ONEHKY JHUC-
nepcun (3). Merog Monre-Kapno u gpyrume cmnocobbl HHTerpupoBaHusl, II0O-
IOOHBIE PACCMATPUBAEMOMY, I UPHONUMKEHHOE 3HAYEHWE WHTErpaia 3aBHCHT
OT HEKOTODBIX CJIYYAHHBLIX MAPAMETPOB, HA3BIBAIOT HEJEMEPMUHUPOSAHNBIMLL
IMycre Sy(f) — upubsmxennoe snavenwe wHTerpaia I(f), nomygaemoe mpH
TIPUMEHEHHH HEKOTOPOr0 HEeNETEPMUHUPOBAHHOIO CIIOCO0a BBLINHCICHH.

Teopema (6e3 nokasaresnscrsa). Cywecmeyrom di(r, A), dy > 0, ydosremao-
paroujue caedyrouemy coommowenuro. Jas 4106020 cnocoba 6unuUCAEHUA UHTE-
zpana, 20e uRGOPMAYUUA 0 NOJbiHMELPANLHOT PYHKUUU UCTIONLSYETNCA MWD KOK
ungpopmayus 06 ee snavenuar 6 N mouxazx, natidemea gywxyua f € Cr(A),
das Komopoti

ISy (f) = I(f)| > di(r, A)/NTHY/2 (4)
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¢ sepoammocmoio dg, 20e 1/r = 1/ry + -+ + 1/rs, a SN(f) — npubausicennoe
3HANENUE UNTNEZPAAG.

CrencTBueM HepaBeHCTBa (4) dABJIAETCA HEPaBEHCTBO

D(SN(f)) Z d3(r7 A)/NT+1/27 (5)
KOTOpOE, B YaCTHOCTH, O3HAYAET, UTO OLUEHKa (3) He MOXeT OBITH yaydimeHa
00 MOPSIKY.

Teopema (6e3 mokazarenbcTBa). Moowno yxazams cnocobv unmezpuposanud,
OAR KOMOPHIL UMEET MECTNO 2APAHMUPOSAHHAA OUEHKD NOZPEULHOCTIU

|Sn (f) = I(F)] < da(r, A)/NT (6)

U 00HOBPEMENHO

M(Sn(f)) =I(f), VD(Sn(f) <ds(r, A)/N"T!/2 (7)
dasn scex [ € Cr(A).

MBI mocTpomyM BERIIIE TaKoM crocob npu 1; = --- = 7y = 1. Wpea mo-
CTPOEHUsA TaKUX CIIOCODOB COCTOUT B Pa3bUeHHUHM HCXOAHON 06JaCTH HHTErpH-
pOBAaHHA HA MAJIble YaCTW U BBIYMCICHUM HHTErpajga I0 MaJjoll 4YacTH IpH
MOMOIIIM HEKOTOPO# «CJIydaifHoil KBaApaTypHOit (hOpMYIB».

Bapaua 2. Ilycrs P, . n, — ciyvaitias Touka B Ky6e II, ., (1upu Tex xe
YCIIOBHAX Ha paclpeliesleHHne M He3aBUCUMOCTB TOuek P, ., kKak B 3ajate
1). Obospaumm uepes P, ~ , TOUKY, cUMMeTpUIny®©0 Py, . . OTHOCHTENLHO
negrpa xyba Il . ,,, ¥ HOIOXHUM

n

1
S, (F) = 5 (F (Prand) + S (B, ) SN = 30 smna ().

1yeee, s=1

Hoxazare, uro qns dyuxumu u3 kaacca Cy . 2(A) BBEIIOIHEHS! OJHOBPEMEHHO
omenku (6), (7). (3amerum, uro 3mecy 7 = 2/s.)

§11. O BbIOOpPE MeTOHa peuieHUsi 3a1a49n

O6cymuM cxeMy pelmeHMs ONHON 3aJa4d, IO€ OKA3AJOCH BBIFOJHBIM HCIOJb-
3oBanne MetonoB MouTe-Kapio, obcyXaapmuxcs B mpeaplayineM Haparpade.
Tpe6oBasoch BBIMHCIANTE CEPHI0 MHTErDAJIOB

I(on, a2, a5) = / F(P; an, a2, ag) AP
G

IIDH pasIMYHBIX 3HAYEHUSIX MAPAMETPOB (v, (g, 3. O0NACTh MHTErPUPOBAHHS
G coAepKaIach B EAUHHUYHOM TpeXMepHOM Kybe; mpH 3TOM YCJIOBHE IIpH-
HamneXXHOCTH TOYKHM K objact G 3a7aBajioCh T'DOMO3JKOM CHCTEMOH Hepa-
BencTB. BBiO fICHO, UTO Henb3s cAenarh 3aMeHy He3aBHCHUMBIX II€PEMEHHBIX
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Tak, 9robbl 06sacTh uWHTerpupoBaHus G npuobpeia cranmapTHBIR BHJ, Tie
6b110 GBI BO3MOXHBIM IIPUMEHEHUE KBaJPATYPHBIX (POPMYNT BBICOKOTO HOPsij-
Ka TouHocTH. IlosTomy mpumuiocs BHe obmactm G nponomxurth [ Hylem y
paccMaTpPUBATH UCXOMHYIO 33/1a9y KaK 3aJadMy BBITUCJICHHS HHTCrPaJa

1 1 r1
f(ala 2, ()"3) = / / / .f(P7 y, (2, a3)dm1d$2d‘£3a
JOo Jo JO

rie
f(P; a1, a0, 3) mpm P EG,

J(Fs on, az, ) 0 mpu P ¢G.

TTonpiaTerpanerast (pyHKIMA OKA3AJIACH TENeph Pa3pbiBHOMU. g Bblumce-
HHsl HHTErpaJja ObLid IPHMeHeHLI (POPMYJIbl MPAMOYTOMLHHUKOB M laycca. C
HCILIO KOHTPOJIS HAJ TOYHOCTLIO NPOBOAMJINCH PACUIETHl € PABIAIHBIM YH-
wIOM y3J10B uHTerpupoBaHud. (OKazanoch, UTO PEIYJBTATHI PACIETOB MeJJIeH-
HO YCTAHABJIMBAIOTCS (CHJILHO MEHAIOTCS IIPM M3MEHEHHM YuCIa Y3JIOB), UTO
YKa3bIBAET HA MAJYI0 TOTHOCTDL IOMYTAeMLIX MPUOIMMKEHHbIX 3HaveHU#. [Ipu
HEIOCPENCTBEHHOM IpuMeHeHHH MeToia MonTe-Kapio ycraHOBIIeHME ITOMyYIA-
eMbIXx NpubIMKeHHbIX 3HAUeHH# Obiio eime xyxke. [losromy 6bImo mpumaTo
pellleHre MPUMEHHTDH JIJIsi BBLIUUCIEHHUS OIHMCAHHBIE BBIMIE CIIOCOGBI YMEHbIIe-
HHsI JUCIIEpCHH IiyTeM pa3buenud obsacTd Ha vacTH. Dbuim onpoboBaunr 06a
omucanHbix Bhime crocoba. Obsaacts uurerpupoBanus 0 < z1, 2o, z3 < 1 pas-
fuBasack Ha pasHble KyObl ¢ pebpamu JymHOH 1/n, U jganee IPUMEHSITIHCH
oba MeTosa, pacCMOTpeHHBIe B mpeabiaymiem maparpade. Kak m B coytae
JAPYTUX KBAJAPATYP, HCCIEAOBAJIOCH YCTAHOBJIEHHE DPE3YIABTATOB BBIMHCIICHUN.
Okazayoch, aro oba MeTona MoryT obecrieuuTn TpebyeMylo TOUHOCTH BLIUH-
CIeHWI NPH HPUEMJIEMBIX 3aTpPATaX MAINTHHHOTO BPEMEHH.

Bo MHOrHX cny4yaax BbIMHCIEHHE HHTEPATOB BHICOKOH KPATHOCTH WU DOJLIIOH ce-
DPHH HHTErPANIOB YAAETCA OCYLUIECTBUTD JIHIIL 33 CYET YCTPAHEHHS [IOBTOPEHUS OJIH-
HAKOBLIX BbluncieHuii. Pelienne paccMaTpuBaeMoif 331a491 IPEACTABIAIOCH CHAYA-
J1a GecneperneKTUBHBIM U3-3a GOMLINON TPYAOEMKOCTH MPOBEPKH YCIOBHS NPUHAL-
NEKHOCTH y37a P obnactu G; HaXoXAeHIIe e KaxKA0To 3Havenus f(P; o, oy, o)
TpebOBAIIO CyUIECTBEHHO MEHBIIEro ofbema BbhruuciaeHnii. Tak Kak Bce uHTerpadbl
BBIMUCISUIACE 110 OTHOMK U TOH ke 00J1acTH, TO ObLIO IPHHATO PELIeHUe IPUMEHUTh
crenyronuii anroput™. Ky6 0 < x1, 2, £3 < 1 pasbuBaicd Ha KyOur»1 ¢ anauHOR
pebpa 1/n, B kaxaoM KyOuke BhGMpaiach ciy4vaiiHas Touka P, . n, 1 IpoBe-
PAJIOCH YCIOBHE NPUHAANEKHOCTH TOUKK P, . obsactu G, KOOpDAMHATH BCEX
TO4eK P, ... », € (G Oputn 3anucansl B maMaTH 9BM. Jlajee nce uHTErpaJbl cepuyt
3aMEHAIM CyMMaMHt

1
Z ﬁf(P’ ay, a2, as)

ns €G

C OOHHUMH U TeMH Ke y3naMu. OTKa3 OT mpoBepku yciosua P, .. p, € G npH
BBIMMCJIEHHH KAXKIOIO MHTErpaja NPHBEJ K CHHKEHHIO TpeboBaHMI Ha 3arparhbl
MaIIMHHOIO BpemeHH npuMepHo B 100 pas.
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Opyrum ¢HakTOpoM, IO3BOJHUBIIEM DE3KO CHU3UTH 3ATPATBI MAILIMHHOIO
BPEMEHH, OKa3aJcsi cieyromul. IlogpiHTerpasbHast (QyHKIHS UMeNa BAJ

g(xy, an)h(zy, x9; oy, g, a3),

pie BBIMHCIEHHE KaXKJIOro 3HAYMEHUs! by h TpebHOBAIO OTHOCHTEIHHO Ma-
JOr0 YHCa 37MeMeHTapHbBIX omepanuit 9BM 1o cpaBHEHHIO € BBITHCIEHHEM
kaxkKJoro sHadenms QyHrumn g. IlodTomy ObLta IprMEHeHA CIENYIOUNIAas CXe-
ma BbramcieHn#. Bee mmrerpanst T(ay, r, a3), COOTBETCTBYIOMUE ONHOMY H
TOMY K€ 3HAYEHHIO TlapaMeTpa «, BBIMHCISJINCH OJHOBDEMEHHO; Osarogapsi
3TOMY Kaxkjoe sHauenue g(21, (1) BBIUYHCISUIOCH TIPH pacueTe BCed Cepum WH-
TerpajioB TONbKO ojuH pa3. Takag opraHusdarust paboThl HO3BOJNNIA JIOBECTH
3aTPATHl MAIMUHHOTO BPEMEHH TIIDH DeIleHuH pPACCMaTPHBAEMOR 3aJaqud J0
pDpHEMJIEMBIX DPa3Mepon. AHAIH3 XOJa pelmeHHs 3334y, HPOBEJeHHBIH Iocie
OKOHUAHHS BBLIUHCJIEHUS] CEDUM, ITOKA3aJ DPsJI HEUCHIOJb30BAHHBIX BO3MOMKHO-
cTeff, KOTOpbie TIPEJOCTABUIN OBl JIONOJHUTEIbHBIC yI00CTBA KAK HCIOIHHU-
TeM0, TaK ¥ 3aKka34dukKy. C LEabi0 YMEHBIIEHHs 3aTPaT MALIWHHOTO BpeMe-
HH 33Ka39MK CTAPAJICId YMEHBIMTE 4ucio M coBOKyiHOCTEd 3HadeHuil mapa-
Merpor (ah, o, @}), TpH KOTOpLIX TPeGOBAJIOCH BLIYHCIHTD 3IAYEHHE WUHTE-
rpasia. Haubosiee TPYJOEMKYH YACTh OPH PACUETAX COCTABJAIO BBIUHUCICHHE
sHavenuit GhyHKuuu g(x1, ), m03TOMYy ObIMUE 3aTpaThl MANIMHHOTO BPeMEHM
6BLIM MPOIIOPUMOHANBHEL He umcty M, a 9HCIy DasiMuHBIX 3HaueHuii ob.
Takum obpasom, obiue 3aTpaThi BPEMEHH MOINIA OLI OBITL CHHKCHLI TaKXKe
3a CUeT yauHoro BebOpa copokymHocTH (o, ab, ab).

B paccMmarpuBaemoit 3amaue UMeIICH €lle OJIMH HeMCIOIb30BAHHDIH Pe3eps NOBLIIIe-
HUs TOYHOCTH. TPyI0eMKOCTD PACCMATPHBAEMOrO METOAA NPONMOPIHMOHANLHA MIPO-
H3BEJIEHUIO TUCIIA PA3MUYHLIX 3HAYEHUH (o HA YMCJIO Pa3/IMIHBIX 3HAYCHHH KOODIH-~
HAT T y3JI0B MHTErPHPOBAHUsI. Y3JIbI HHTEIPHPOBAHUS BHIGUPAIUCH CIYIAHHO, K
MIO3TOMY “MCJIO Pa3JIMYHBIX 3HavYeHWH z; 66110 ovensb GonpiunM. g yMeHbIIeHRS
3TOrO YHCIa MOYKHO DBLIO OB MOHTH, HAIIPHMED, IO CICAYIOUIEMY My TH: AlIPOKCH-
MHPOBaTh HCXOJHBIH HHTErpas mo GopMyJie npsiMOyTroIbHAKODR

m

m o
I((ll, Qz, Ofg) ~ Z

g=1

—1I Qry, O, O3,
m
rae

- —1/2 vt -1/2
I <a1, g, (3; q___/_) :/ / f <a1, a9, a3, 2——/——, Za, :173> dzedzs,

n npuMedsaTh Merox Monre-Kapiio ¢ pasbuennem o6acTi MHTErDHPOBAHHS TOJIb-
KO [AJIS BBIYHCIEHHs MHTerpajoB I(ay, az, az; z1). JIpyroi MOOXOL K PELIEHHIO
3amauM: pasburo orpesok [0, 1] na orpesku (¢ — 1)/m, ¢/m], Ha kaxaOM N3 HHX
BBLIOPATH CIyJalfHYIO TOYKY &g M NOJIOXKHUTD

1 -
e, az, a3) = EZI(Q“ oz, az; &).
=1
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O6a yKa3aHHbIX BBIIIE METOJA MMEIOT XYJILYId CKOPOCTh CXOOMMOCTH IO CPaBHe-
HHIO C IPHMEHEHHBIM METOIOM, OJZHAKO B 9TUX METOAAX BBIMHCIAETCS CYUIECTBEHHq
MeHbIlIe 3HadeHuit pyHkumuu ¢(ry, o).

U3 nocnemnux paccyXKaeHuil BUIAHO, YTO IPH BBIUYMCIEHHH OONBIUUX cCe.
puil mHTErpaJioB (Kak, BIOPOUeM, H B cIydae OONBIIMX CepUi APYTUX 3a/ax)
qacTo Gonbiini 3ddexT TOCTHTAeTCS He 3a CHET MOBBLINICHUsS KAYECTBA METO-
Ja IpH pellleHHH KaXXJIOW M3 3aJa9 CEePHM, a 3a CYer Jydviled OpraHu3aluu
BBLIYHCJIEHAH.

[lpu npuMeHeHHWH NPOLEAYPHI, ONMCAHHOH B § 4, BBIUHCIEHHEe WHTErDaa
BBICOKOM KPATHOCTH KaK OBl CBOJMJIOCH K BBLITH(JIEHHIO OOJIBIIOTO HHCIA HH-
TerpajoB MeHbInedl KparHocTd. [lo3TOMYy NIPH BBIYHCJIIEHWH HHTETDAJIOB BBIL-
COKOH KpATHOCTH HMHOTIA MOXHO HCIOJB30BATH YKA3aHHBIE BBIIIE PE3EPBHL
MOBBIIIeHUS 3G(PEKTUBHOCTH B (JIydae BBIYHCJIECHHS CEPUN HHTErPAJIOB.

Ob6paruMm BHUMaHWE Ha (JIEAYIONYIO ONACHOCTBH, BO3HHKAIOIIYIO IIPH OJIHO-
BPEMEHHOM II0YYEeHHH DPe3yJbTara Ccpa3y o Bcel cepum 3aa.

IIpexnspasieMmass K pelreHUI0 COBOKYIHOCTb 33/1a9 COOTBETCTBYET KAKOMYy-
TO PeaJIbHOMY sIBJIEHHIO. MOXET CIyYuThCS, UTO paHee sBJCHHE He <«00cum-
THIBAJIOCH» Ha IBM u mpembsBiseMas MaTeMaTHUECKas MOIEIb HE sSBJISETCS
yJ0BJIEeTBOpUTEIbHONU. Torja B cIyuae OJHOBDPEMEHHOTO PEIUEHHS 3339 Ce-
PUH BCe PE3YJbTATHI BLIMHUCIEHUIN OKaxyTcs Gecrnone3uniMu. [Ipu mocienosa-
TEJBHOM PEIIeHUH 33Ja9 MOXHO YXKe I0CJIe IMOJYYeHWs IIEPBBIX Pe3YJIbTATOB
0OHADYXKUTH PACCOTTIACOBAHHE MATEMATHYECKONH Momenu ¢ oOmieid KapTUHOH
sBjeHus. Takoe paccoryiacoBaHWE THUIMYHO I[IPH PENICHHH HOBBIX 3aJa4, H
OBBITHO OHO YCTpAaHsieTCs He Cpal3y, a Imocsie BoJBIIOro 4ucejaa MPOOHBIX IIPO-
CUeTOB U COBMECTHOIO OOCYXJEHWUS MOJAENH 3aKA3UUKOM M HCIIOJHHTEJIEM.

Wcnonnaurens umMeer ocobble OCHOBaHHUSI OBITH 3AMHTEPECOBAHHLIM B 00CY-
KJIEHUH IIOCTAHOBKHU 3adatu. ECIH HCXOmHAsI MOCTAHOBKA, 33J34H OKAXKETCH
HEpa3yMHOHM, eMy NOPHJAETCs MOTPATHTL MHOTO BPEMEHM HA BBIOOp HOBOTO aJl-
FOPATMA ¥ HAMMCAHWE HOBOW MHPOrPAMMBI. Y4YacTBYs B OOCYXIEHHH, HCIIOJ-
HHATEJb MOXET YSCHUTH cebe BO3MOXKHBIE BAPHUAHTHI M3MEHEHHs ITOCTAHOBOK
330a4H M NPEeNyCMOTPETh MX HPH COCTABJIECHHUH IPOTPAMMBI PEIIeHUus] 3a0a-
yn. B cBA3M ¢ 3TUM I[pH pEUIEHWH 33039 HOBBIX THIIOB OCODEHHO BaXKHO,
4TOObI MpOrpaMMma MOAPA3AEIAIACh HA OTHENbHbIE (DYHKIUOHAILHBIE OJIOKH,
IOOJAIOIMeCsT HE3aBUCHMOMY H3MEHEHHIO.

YacTo CTONKHOBEHHE HMCXOOHBIX HO3MNHUH 3akKa3umka (obcuer rOapobHON
MOJIeIH) W WCIONHMTENST (MUHMMAJBHBIA 0O6beM pafor) mpuBoguT K IOCTPO-
€HHIO YIPOMIEHHOW MOJeNu sBJeHus, OBICTpHIA 006CYeT KOTOpPO#M MO3BONAET
PeIIuTh BOIPOC O IeecO0OPa3HOCTH pacCMOTpeHHs Oojiee CJIOXKHOM MOOENH.

Paccmorpum apyro#t mpumep, OTHOCSIUMICH K OPraHM3almuu paboThl MO BLIOOPY
METO/la HHTErPUPOBAHUSA B CJIy4ae KPATHBIX HHTErpajioB. YacTO BLIYMCIIEHHE HH-
TErPAJIOB MO CJIOXKHOM 0BJACTH CBOAAT K BBHIYHCIEHHIO HHTErPAjoB IO 0DJIACTH,
SIBJIAIONIEHCH NPAMBIM IIPOU3BEICHUEM 00IaCTeH MPOCTERIIEro BUIA: OTPE3KOB, 113~
paJuleslenuIenos, Jydeli, GECKOHEUHbIX MPAMBIX, KPYIroB, cdep, mapos u T. a. Jdjas
TaKuX CTAHJAPTHBHIX 00JIacTel NMeeTcsl AOCTATOYHOE KOJIMYECTBO COBEPIIEHHBIX Me-
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TOIOB MHTEPUPOBAHUSA, H MIOCJE TAKOTO NPeoBbpa30BaHuA 00IACTH HHTErPHPOBAHUS
MOKHO [PHMEHHUTDL NPOLEAyPY, ONHCAHHYIO B § 4, MM KaKyio-Jub0O Ipyryio, aHa-
JIOTHYHY1O €.

IlycTh BBIYUCIISETCA MHTETPA
I(f)E/ f(zy, x2, x3) deydz2dzs.
<’L¥+Z2+.L§$4

Ero ynobuo 3anucaTh B BHIE

I(f) = / A () dd,

rae Sy —enunnunas cdepa, dw — 37eMeHT ee ILIOMATH,
2 _ L2 2 2
ol w) = I flwy, lwy, lws), w=(wi, wz, ws), Wi +w; +ws =1,
TIpeanonoKuM, ITO PEleHO BhIMHCIATD MHTErPAJ MIPH [TOMOINH KBAJAPATYD, ABJI-

IOLIMXCS MPAMBIM OPOU3BEACHHEM KBAAPATYp MO O0Tpe3Ky [1, 2] u no cdepe S| .

Mox npamuim npoussedenuem KBAIPATYPDI

/zh(l) dl ~ zn:djh(zj) (1)

U KB3JIpaTypbl
m

/ plw) dw = Z kyp(wq) (2)

g=1
3J4eChb HOHHUMAaeTCdA KBaapaTypa

T m

/ /Sg(l,w)dwdlzZZdjlsqg(lj,wq)
1 1

=1 g=1
HcemenyeM 3aBUCHMOCTD TTOMPEIMHOCTH MHTEIPUPOBAHHMS OT CIIOCO6a HHTErPHPOBA-
HHUA B OT YHCJIA Y3JIOB. ,HJIH HCCJIeJOBAHHU IIOBEACHUA IIOTPEIMHOCTH “IHCJICHHOTO
HHTErpupOBanus IO OCH | BbIOEpPEM KAKYIO-TO «0a30ByI0» KBaJAPATYDPY TIO €IMHUY-

HOH cdepe:
/ p(w) dw = Z kop(w (3)

q=1

HMEETCA B BIAY, YUTO YHUCIO Y3JIOB 77lg MAJIO U B TO K€ BPEeMH BbIpAXKeHUs
mo
— 0 0 [¢]
GO = [ slwjds w G0 =Y Koll.w)
1 q=1

HMMeIOT OOUHAKOBBIH KadeCcTBeHHBIH xapakrep noBeneHus no [. Hampumep, mMoxHO
TONBITATBCA B3ATh B KadecTBe (3) KBAIpaTypy

/Sp(w 3 ZP(Wl, wa, ws),

rAe CyMMHPOBAHHE NPOM3IBOAMTCA IO 6 TOYKAM [epecevyeHus eIMHUYHONH cheps ¢
KOODJAUHATHBIMH OCSAMH I1, T3, T3.
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IIpeanonoxumM, 9TO IS BIUACIEHHS HHTErpaja o OCH [ MPUHATO PEUieHHE IPUMe-
HuTh uin hopmyay laycca, nmu ¢hopmyny Cumncona. IlocnenoBaTenbHO npuMeHs s
¢opmyssr Taycca

P n
~ n n
/h(l)dZN S dr()
1 =
pH N = N1, N3, ... Y3JIaX, IOIyYaeM HEKOTODLIE BEIHYUHbI

0 _ - 1y 0 i
GY, =) drG().

=1

TouHO TaK K€ IPH YHUCTe Y37I0B 1L = N, NYy,... NOIyYaeM NPUOIIKeHHs 10 (hop-
myne Cumncona SO,
:

W3 pacemorpenus noBeleHNs BCEX ITHX BENUIHH MOXKHO YCMOTPETb 3HAMEHHE TIpe-
nena I°, k xoropomy onu crpeMaTcs. Jamee, Ipu KaXJI0M . CPeH BCEX MPUOIMKe-
HUH G?li "u S& cny, n’i < n BeibepeM npubsmxkenue I, obecnieunBaroiee 1y qniyro

TOYHOCTB, U BBeAeM dynkummio ¢y(n) = |T,, — I°| norpemsocT! THCIHHOrO HHTE-
IPHPOBAaHUA 1O OCH [.

Touno tak xe dhukcupyeTcs HekoTopas 6a30Bast KBAAPATYPA MO TiepeMeHHod | (ua-
cro 3ta kBaaparypa [aycca ¢ nBymsa yamaMu) U crpoutcs QyHKUMA @, (M) norper-
HOCTH YHCJIEHHOI'O HHTerpUpoBaHus no cdepe w. Ilpeanonoxnm, uro cymMmapHas
norpewHocTs ecthb R = ;(n) + ¢, (m). Ecin 3nadenus GyHKimu f BBIMHCHSIOT-
Cs1 HE3aBHCHUMO, TO TPYJOEMKOCTb MeTOIa MPONOpUHUoHAIbHA 7. MuHHMH3UDYA
NI IPH 331aHHOM TPEBOBAHUA HA TOYHOCTH, YTOBBI @i (n) + ., (m) < €, nosy1aem
HCKOMBIE 3HAUEHUs YHCTIa Y3J0B g U Mg. B 3aBUCHMOCTH OT TOTO, KaKoit KBaJpa-
Type — I'aycca mim CuMICOHA — OTBEYAET JAHHOE 7, BEIGUPAEM COOTBETCTBYIONIYIO
KBaZpaTypy. B ciiyuae coMHenuil B IpaBOMEPHOCTH HCHOJIb30BAHU ITOU METOAUKH
OCTaeTCA BO3MOYKHOCTBH NPOBEPHTH IPABHIIBHOCTb PE3YNbTATA, MPOBES AONOJIHH-
TeJbHOE HHTeIPUPOBAHHE C HECKOJILKO OTIMYHLIMU OT Ty ¥ Mo 3HAUEHUAMHU 10 U M.

[TpuBemeM TUNUYHBIA OpuMep TOMOOHON oOpraHu3anuuMu Bribopa crocoba
WHTEIPHPOBAHUSA 110 KaXXJOH m3 ocefl B ciiydae OOJBIIOH CepuH HMHTErPAJOB
10 eJUHUIHOMY S-MepHOMYy KyBy. [lo kaxmol m3 oceit npumenserca ¢op-
myna laycca, mpm BbIOOpE WH(IA ee Y3JIOB MO KaXXJIOH W3 Oceit B KaxeCTBE
6a30BLIX KBAApaTyp IO OCTAJNILHBIM ocaAM OepyTca KBampaTtyphwl [aycca ¢ aBy-
M ysnamu. Jlpobienme WuHCIa y3JI0B IO KaXKJOH M3 paccMaTpuBaeMbIX OcCed
NPOJOJKAETCA [0 TeX IIOp, IOKA PAa3HOCTh MEXJAY JABYMS I[OCIELYIOINIUMHE
npHOIMKEHHAMM He CTaHeT MeHee ueM ¢ - s L. Ilocie ompejesenust TakuM
obpazoM Hy)HOro umciaa y3moB nl), cOOTBETCTBYIOMIEro KaskKIoi OCH, MPOU3-
BOMMTCS BBIUMCIeHHe mHTerpaia ¢ n'Y) ysmamu nmo kaknoit us ocefi.

N3-3a HeKOTOpOl HEHANEXXHOCTH ONHCAHHOTO AJTOPHUTMA OOBITHO IIPOH3-
BOJIUTCsl TIPOBEPKA IIPABOMEDHOCTH €ro NPHMEHEHUS 6 cayuae dannol ceput
uHMe2pa.106: BHIOMpAaeTCsa MOCTATOYHO MPEACTAaBUTENBHAs IIOACEpHS HMHTErpa-
JOB M JUISI Hee Pe3yJIbTATHI PACYETOB MO IJAHHOMY aJI'OPHTMY CPaBHHMBAIOTCH
C pe3yJILTATAMH DPACUYETOB IIPH HECKOJIBKO M3MEHEHHBIX 3HAYEHHAX YHWIa Y3~
JIOB IO OCSIM.
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Frnmaea & e =

YncneHHble meToabl anreGpbl
v

K auncnennem Mmeromam amreGpel TpaJ@UHOHHO OTHOCAT YHCIEHHBIE METO-
OBl pEIleHHd CUCTEM JUHEHHBIX ajreOpanvuecKux ypaBHEHHH, oOpalleHus Ma-
TPUIl, BLITHCJIEHUWS OIpEHEJIUTEseH, HAXOXKIAEHUS COODCTBEHHBIX 3HAUEHHN u
CcODCTBEHHBIX BEKTOPOB MATPHII M HYJIEH MHOTOYJICHOB.

IIpu dhopmanbHOM MOAXOMEe peIleHHe 3THX 3a7ad He BCTPEYaeT 3aTPy.-
HEHHI: pellleHHe CHCTEMBbI MOXKHO HAHTH, PACKPBHIB ONPEOETUTENHN B (HOPMYy-
Jge Kpamepa; s HaXoXJeHHsS CODCTBEHHBIX 3HAYEHHA MATPUUBI JOCTATOYMHO
BBIITMCAThL XapaKTEPUCTHIECKOE ypaBHEHHe W HaiTH ero Kopuu. ONHAKO 3TH
PEKOMEHJAIMHY BCTPEYAIOT BO3PaXKEHHs CO MHOIHX CTOPOH.

Tak, Ipy HEMOCPEACTBEHHOM PACKPBITHHM OUPEIE/INTENEH peneHne CUCTEMBI
¢ m Hem3BecTHbIMU Tpebyer mopsaka mlm apudMeTHUecKuX Omepaiui; yxe
mpu m = 30 Takoe UYMCIO Onepanuil HEJZOCTYNHO JJisA COBpeMeHHBIX IBM.
IIpu ckonb-uubyapr GOJNBIINX M UPUMEHEHHE METOAOB C TAKUM MOPSJIKOM UH-
cia omepaiuit Oyger HEBO3MOXHO U B 0603pUMOM OYIRyIeM.

pyroi#t mpuunaO#, MO KOTOPOH ITH KJIACCHYIECKHE CIOCOOBI HEPUMEHUMB
JaxKe ITIpH MAaJIBIX M, SIBAMeTCS CHJIBHOE BJIMSIHHE HA OKOHUATEIbHBIH pe-
3yJBTAT OKPYIJIEHHH IpH BBIUHC/IEHHAX. Y:xKe npu m = 20 mpu pactuerax Ha
coBpeMeHHBIX 9BM THnHuna apapuilHas OCTAHOBKA H3-34 TEPENOJHEHHS IIO-
psagka uucen. [laxke eciM Takasd OCTAHOBKA HE IPOMCXOIUT, PE3YJIbTAT BBIYHM-
CJIeHUH YacTO JaJieK OT MCTHHHOTO 3HAUEHHS HM3-33 BJIHSIHHUS BHIUYHCJIATESIHLHOH
[OTPenIHOCTH. TOYHO TaK ke OOCTOMT JeJI0 IIPH HAXOXIEHHH COOCTBEHHBIX
3HAYEHUH MATDHI[ € HCIOJIB30BAHHMEM SIBHOTO BBIPAXKEHHS XapaKTepHCTHIE-
CKOI'0 MHOTOMJIEHA.

Meronp! perieHns ajrebpanvecKuX 3aJa8 Pa3fesIoTCS HA TOYHBIE, HTEPa-
IUOHHBIE W BEPOATHOCTHEBIE. Kiaccel 3amad, OJid pelieHWsi KOTOPHI? OOBITHO
HPUMEHSIIOT METOJbI JTUX IPYNI, MOXHO YCJIOBHO HA3BATH COOTBETCTBCHHO
KJIACCAMH 33J1aY C MaJbIM, CDEIHHMM M OOJILIIHM YHCIOM HEH3BeCTHBHIX. M3me-
HeHHe o0beMa U CTPYKTYDPHI mamatd IBM, ysenuuenme ux OblcTpomeificTBUA
¥ Da3BUTHE YHCJIEHHBIX METONOB HPHBOLAT K CMEINEHHIO IPAHUI IPUMEHEHHT
METOJOB B CTOPOHY CHCTeM OoJiee BBICOKHX MOpPSOKOB. B HacTodmee speMd
TOUHBIE MeTOABl OOBLITHO TPUMEHSIOTCH [ pPeHIeHHs CHCTEM JI0 IMOpAJKa
10%, wrepammonnbre — 10 mopsimka 107.

Ilpu w3yvyeHNM HMTEPAIMOHHLIX MPOIECCOB HAM MOHAAOOSATCS IOHATHA HOPM
BeKTOpa W MaTpuibl. HamoMHHMM onpemesieHHsi OCHOBHBIX HOPM B IIDOCTDaH-
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CTBAX BEKTOPOB M MaTpHll. ECiu B MPOCTPaHCTBE BEKTOPOB X = (Z1,..., xm)T
pBeleHa HopMma ||x|[, TO coriacoBaHHOH ¢ Helil HOPMOH B NIPOCTPaHCTBE Ma-

Tpul; A Ha3BIBAIOT HOPMY

| All = sup || Ax]|/|[x]I. ' (1)
x#0
Hawubornee ymoTpeGUTENHHBL B IPOCTPAHCTBE BEKTOPOB CJIEAyIONIUe HOPMBI:
l|%/lco = 1233( ;1 (2)
m
Il = ), (3)
j=1

m

>zl = V(x, %), (4)

j=1

lIxll2 =

a COorjTaCOBaHHBIMHA C HHUMHW HOpDMaMH B IIPOCTPAHCTBE MAaTpHUL, ABJIAOTCA CO-
OTBETCTBEHHO HODMDI

1Alloo = max (i l%‘l): (3)
j=1

m

Il = max (3 o). (6)

AVAS

1All2 = / max Ay as (7)

3mech ¥ ganiee A — cobcTBeHHble 3HadYeHus MaTpunnl D.
IlpuBeseM BBIBOA 9THX COOTHOUIEHWA /i BEIIECTBEHHOTO ciy4das. Ilo-
CKOJNLKY, COrJIacHo (2),

1Ax|| 0 = max,Zaum]l max(Z]aul max ]mﬂ) < m?X(ZIGijl) mjax}mjl,
J

TO
HAX oo
uxuilo <m?x(zj )

ycrs max(z la¢j|) JOCTHTaeTCsa TpH ¢ = [; AJd BEKTOpa
i .

x = (sign(an), ..., sign(am))”
nMeeM ||x|lee = 1,

1 AX]|oo > |ZaleJ‘ =3 lay = (mameU ) clcc-

U3 stux cooTHOomeHwmit cremyer (5)
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Touno Tak ke [y HOPMBI BEKTOpa, oOnpenensemoi mo ¢dopmyse (3),

uMeeM
I|Ax||; = Z ’Z a,Ja:J! (ma.xz |ass] ) Z |z,

4]

Xli1

< max( Qi )
B < 2 ol
IIycts max Zlaij| gocturaercs npu j = [. jna BekTOpa X, y KOTODOro
i =

1
JIUIIL OJHA KOMIIOHEHTa X; OTJIHYHa OT HYJiA, HMeeM

i = D2|3 Sasias| = Y lalland = (3 loa ol =
= (max Y lagl) 3 oyl = (max 3 lag] ) Il

orciona cienyer (6).
Cornacuo onpegenennio ||Alls u (4), nmeem

oy 14X (Ax, Ax) (AT Ax, x)
14l = 522 T “S‘ip\/ ) ‘\/S‘,ip—_—(x, SR

Marpuna ATA cummerpuunaz, mockomsky (AT A)T = AT(AT)T = AT A.

Ilycr matpuua B cUMMeTpHYHAS, €q,..., €, — OPTOHOPMHUPOBAHHASL CH-
cTeMa ee CODCTBEHHBIX BEKTODOB, Af,..., Ay — COOTBETCTBYIOIIHE COOCTBEH-
m

Hble 3HadeHus. [lpelcraBuM UTPOU3BOILHBIN BEKTOP X B BHJIE g c;ie;. Nmeem

i=1
(Bx, x) (Z/\ i€, Zc,ez) = Z)\iICiIZa

O3TOMY
(Bx, x) < (m;dx )‘Z)Z i = (mzax ) (x, x) (8)
- 1
(Bx, x) > (min ;) (x, x). (9)
B To xe Bpemsa (Be;, e;)/(e;, ) = \;. 13 artux cooTHomenwmi credyer, 4TO
B
sup [(Bx, %)) = max |A;]. (10)
x (X, X) E

Mockomexy (ATAx, x) = (Ax, Ax) > 0, 10 BCe Ay, > 0. Iomaras B (10)
B = AT A, nonyuaem
‘(ATAX’ X)I 3 ]
STy e Wargl = max Xy,

U3 nonyuennmix coornomenuii cremyer (7).
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OrMerrM BaXXHBII YACTHBIA cay4dan.

Eenu A — cHMMeTpUYHAS MaTpuIia, TO /\'quA = Xy, = |X4|?, mosromy mas
Hee .

| Allz = max [Xy]. (11)

Eom Ax = Xx, 1o |[A|llIx|| > liAx|| = |Al|lx]|. CaenoBaremsno, momyms

mo60oro cobeTBeHHOTO 3HadcHHS Marpuipl A He Oosbhre J060# ee HOPMEL.

§ 1. MeToapl IIOCI€O0BATEIbHOTO UCKJIIOYEHNA
Hen3BECTHBIX

PaccMOTpPMM TOUHBIE METONBI peureBust cucteMnl Ax = b; 3mecs A = [a;;] —
MaTpuIla pasMepHocTH m X m, det A # 0,
b= (al,m—Ha ceey a’m,m—{—l)T-

Meron, penreHus 3aJaud OTHOCAT K KJIACCY TOYHBIX, €CIAH B IIPEIIIONIONKE-
HUY OTCYTCTBHH OKDPYTIJIEHWY OH JaeT TOYHOE PpelleHue 3aJa<du I0CIe KOHEM-
HOTO 4HCIa apud)METHIeCKUX W JOTHYECKUX ouepanmii. Eemm aucio nemyste-
BBIX 3JIEMEHTOB MATPHIIBI CHCTEMBI MMEET IOPANOK Mm%, To Iuisi GONBIIMHCTEA
HCIIOJIB3YEMBIX B HACTOAIIEE BPEMs TOYHBIX METOMOE DEIIeHHd TaKHX CHCTEM
rpebyeMoe umcito omepanuil mmeer nopanoxk mS. IlosToMy muls TPHMEHHMOCTH
TOYHBIX METOAOB HEOOXOAWMO, |YTOObI TAKOM IIOPAJOK UHCAA Onepanuil ObLT
npuemsem ajs ganHod IBM; apyrue orpanmvenus HAKIAIBIBAIOTCT 0OBEMOM
M CTPYKTypoit mamarn IBM.

Oropopka 06 <«HCIIONL3YEeMbIX B HACTOSILEE BPEMSI METOIaX» HMEET CJeAYIOLIui
cMbIca. CyIeCTBYIOT METOALI PEHIEHHS] TAKHX CHCTeM ¢ MEHLIINM HOPSIIKOM YHCIA
onepanui, ONHAKO OHH HE WCITONB3YIOTCSI aKTHBHO M3-33 CHIbHOM YYBCTBHUTEILHO-
CTH DEe3YJBbTATA K BBHIHCINTENLHOM TOrPELIHOCTH.

Haubonee wu3BeCTHBIM U3 TOYHBIX METOJOB DEUIEHHS CHCTEM JHHEHHBIX
YpPaBHeHU# saBjgerca wmemod uckarowenus Iaycca. PaccMorpum ojiHy u3 ero
BO3MOXKHBIX pealm3anuil. B npenmonoxernuu, uto ap) # 0, nepsoe ypaBHeHHE
CHCTEMbI

m

E AT = Qi mi1, ©=1,...,m, (1)
i=1

JemuM Ha KO3GbGUIMEHT a1], B pe3ylbTaTe TOAYYAcM YypaBHCHHE

m
P 1o — gl
1 G15%; = 01, m+1-
Jj=2
3aTeM u3 KamKIOTO W3 OCTAIBHBIX YpaBHEHUI BBIUUTAETCHA IIEPBOE ypaBHe-
Hue, yMHOXEHHOE Ha COOTBETCTBYIOmMH koadutuenr a;;. B pesynsrare 31H
YpaBHeHus npeoOpa3yoTcs K BUILY

m
a}. S —2
z]fE]"ai,erl, 1= 4,...,MN.
—
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IlepBoe HemsBecTHOE OKA3aJIOCh HCKJIIOYEHHBIM M3 BCeX ypaBHEHHH, Kpome
nepsoro. Jlasee B NpEINONIOXKEHHHM, YTO as, 7# 0, JeJIuM BTOpOe ypaBHEHHe
Ha Ko3gbuiumeHT aéQ U HCKJ/IOYaeM HCHU3BECTHOE I M3 BCEX YDABHEHWH, Ha.
YyHHas CO BTOPOro, U T.HA. B pe3yiabrare mociemoBaTebHOrO HCKJIOYEHHS He-
M3BECTHBIX CHCTeMa YPaBHEHHH Npeobpa3yeTcst B CHCTEMY YPABHEHMIl C Tpe-
YLOJILHOH MaTpuileit

m
. i .
Li+ Z a'ijl‘]“a’i,m—Hv Z—1,--.,’177,. (2)
J=i+1

COBOKyHHOCTH HPOBEIEHHBIX BBIYMCJICHUH, B XOme KOTODPBIX HCXOMHAA 3a)1aua,
npeobpasoBasach K BUAY (2), HA3BIBAETCS npamvim Todom memoda Taycca.

W3 m-ro ypaBHEHHs CHCTEMBI (2) ompeieisieM Tp, U3 (m — 1)-r0 — 2, 4
u T.a 100 z1. COBOKYIIHOCTh TAKHMX BBIUHCJICHUN HA3BIBAIOT 06DAMMHbIM LO0M
memoda Laycca.

Herpysno npoBepuTh, ITO Peau3ailds MpsIMOTO Xona MeTola laycca Tpe-
6yer N ~ 2m3/3 apudmerudeckux onepamuii, a obparHoro— N ~ m? apud-
METHYECCKHX OIeCpalui.

HckmoueHnne z; MPOMCXONHT B DE3yabTaTe CIEyIONMMX ollepaumit: 1) me-

JIeHUsI 4-TO ypaBHEHUS Ha ay; L 2) BBIYMTAHWS TOJIYYAIONIErOCs [OCJIE TAKOTO
JeJIeHusl 1-TO YPaBHEHMWsl, YMHOXXEHHOTO Ha aﬁ;l, U3 YPaBHEHHH € HOMepa-
mMa k =14+ 1,..., m. Ileppag omepaiusi pPaBHOCHJIbHA YMHOXKEHHIO CHCTEMBI

ypaBHeHHMI CJieBa HA AUATOHAJIBHYIO MATPHILY

1

BTOpasdA oOlepalvd pPaBHOCHUJIbBHA YMHOXEHHUIO ClleBa HA MAaTpHILY

1

C; = G401




i §1. MeToap! NoC/IeI0BATEILHOrO HCKIIIOECHUA HEH3BECTHBIX 255

TaxkuM obpa3oMm, cucrema (2), mosydaemas B Pe3yabTaTe 3THX Hpeobpas3oba-
HUH, 3anUIIeTcCs B BUIE

CAx=Cb, tme C=Cy...CIC.

TIpom3Besienue JIEBBIX (IIPaBBIX) TPEYTOMBHBIX MATDHI| ABJIAETCS JIeBOH (mpa-
Boﬁ) TPEYTOJNbHOI MAaTPHUIEH, MOITOMY MaTPUIA C neBast TPEYroJIbHASL.
U3 ¢opMynsl a4 9JeMEHTOB OODATHOH MATDHUILBI

(A_l)ij = Aﬂ/ det A

cnefyeT, 9TO MaTpuua, ofpaTHas K JieBO# (ITpaBoii) TpeyrosibHOM, sBsdeT-
ca neBoii (mpapoit) Tpeyrombuoi. CremosaTensro, marpuna B = C~! nepas
TPeYTOJIbHAS.

Beegem obosmauenne CA = D. Cornacno mocTpoenuio Bce di; = 1 U ma-
tpuna D mnpaBast Tpeyronpuas. OTCIOga MONydYaeM I[PEACTABICHUE MATPHILBI
A B Bule ITPOU3BEJEHUS JIEBOH M IIPABOA TPEYTOJbHBIX MAaTPHII:

A=C"'D=RBD.

Papencreo A = BD Bmecre ¢ yciosueM dy = 1, 1 = 1,..., m, obpazyer
CHUCTEMY YPAaBHEHHH OTHOCUTEJIBHO 3JIEMEHTOB TPEYTONBHBIX Marpunm B u D :

m
Zbijdjk = ajx. Ilockoneky b;; = 0 npu 4 < j u djpy = 0 npu k < j, 3Ta

j=1
CUCTEMA MOXKeT 6I)ITL 3allMcaHa B BHIOE

min{z, k}

Z bijdjk = ag (3)
7=1

HJIHA, YITO TO XK€ CcaMoe,

k
Z bijdjp = a;x mpm k<,
j=1

H
Zbijdjk =ay mnpu i<k
Jj=1

Bocnonszosasmuce ycJIoBHEM, 49TO Bce dj = 1, TOIyd4aeM CHCTEMY pPEKYP-
PEHTHBIX COOTHOIIEHME JJIS OUmpelesieHHs 3JeMeHToB b;; u djj:

k-1
bir = a;, — Zbijdjk mpu k <1,
i=1
i-1 (4)
ik — Z bijdjk
dip = —-—-———]—:-—1————-—an 1 < k.

bi;
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Beraucienns: IpoBOATCS ITOCJIEI0OBATENBHO IJIsl COBOKymHOcTel (i, k) = (1, 1),
o (Lm), (2, 1),....(2,m),..., (m, 1),..., (M, m). Buecs u pamee B cy-
Yyae, KO[Ja BEPXHHN Npenes] CyMMHUPOBAHUS MEHbIIE HHXKHErO, CUUTACTCS, g
BCA CyMMa paBHa HYJIIO.

TakuM 00pa3oM, BMECTO IOCIENOBATENLHBIX IPeobPa30BAHUN CHCTEMBI (1)
K BUAY (2) MOXXHO HENOCPEICTBEHHO NMPOU3BECTH BBIMUCIEHHE MATpul, B u [
¢ momompio Gopmya (4). DTH BHIYMCIEHHS MOXKHO OCYILNECTBHUTD, €CIIU TOE-
KO BCC WIEMEHTHI b;; OKaXXyTcs ormnuuHbIMu oT Hyada. llycrs Ay, By, D) —
MaTPHUILI TVIABHBIX MHUHOPOB k-ro nopsmka marpun A, B, D. Cormacuo (3)
A}C = Bk.Dk. HOCKOJIbe d(—)tDk = 1, detBk = bll---bkls‘,7 TO (letAk =
bi1 ... bxg. CuenosarenbHO,

ber = det Ag/ det Ay .

Wrak, jyis ocyiiecTBieHus BuluucaeHnd no dpopmynam (4) Heobxooumo u mo-
CTATOYHO BBHITIOJIHEHHE YCJIOBHI

det Ay #£0, k=1,...,m. (5)

B psge cnyuaes 3apanee m3pecTHO, uTO yeiosue (5) Buimosnreno. Hanpu-

M€ep, MHOTHE 3aJiadd MATEeMATHUUIECKOH (DU3UKH CBOAATCA K PEIIEHUIO CHCTEM
¢ TOJIOXUTENBHO ompenesennoll marpureir A. OaHako B obimeM ciaywae 3To-
ro 3aparee CKa3aTh HeNMb3si. Bo3MmoxeH W Tako#t caydail: Bce det Ay # 0,
HO CpPeAHd BeJHUYUH byr €CTh OUeHb MaJible W TPH JEJIEHHH Ha HAX OyayT
MOy vIaThess Oobinne unuciaa ¢ OOJbITHMHA AOCONFOTHBIME MOTPEIIHOCTAMHU. B
Pe3YJIBTATE 3TOTO DelleHHe CHJIBHO HMCKA3UTCH.

O6ozrawum Cb = d = (di,m41,---, dm.m+1)t. Hockomeky C~! = B n
CA = D, 10 cupapensmusbl pasenctBa Bd = b, Dx = d. Takum ob6pa3som,
MOCJIE DA3JIOKEHHS MATPUIBl HMCXOOHOH CHCTEMBl HA MpPOU3BEIEHUE JIEBOUH H
MpaBOil TPEYroJbHLIX MATPHUI] PElIeHHe HCXOAHOH CHCTEMBI CBOAUTCH K IIO-
CJIeIOBATEIBHOMY pemeHuio aAByx cucrem Bd = b, Dx =d ¢ TpeyronsHbIMH
MaTpHIamu; 3T0 morpebyer N ~ 2m? apudmeTHuecKHX oneparui.

TlociemoBaTenbHOCTL OUEPAlIHN II0 PA3IOKEHUIO MaTPUIBl A HA IPOU3BE-
JIeHHE TPEYrONbHBIX MATPHUI[ W TO OnpeaesieHuio BekTopa d uacro ymobHO
o6 beAMHUTDL. Y DPABHEHHUS

i

5 bijd; me1 = i m+1

J=1 ”
cucreMbl Bd = b moxmHO 3anucats B BHzue (3)

min(i, m+1)
5 bijd; m+1 = @i, m+1-
J=1
Cnenoparenbro, 3HAYEHUSA d; py1 MOLYT BBIYUCISATECS OJHOBPEMEHHO C
OCTaJIbHBIMH 3HadeHHaAMH d;; no ¢dopmyaam (4).
IIpu peumrenuu npakTHYecKuX 3aJad TaCTO BO3HUKAET HEOOXOAMMOCTH D€~
IIeHnsl CUCTEM YPAaBHEHHUI C MATpHLEH, comeprxkaineii GoJpIIoe KOJIXIeCTBO HY-
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seBLIX 9neMeHTOB. OOBIMHO 3TH MAaTPHUIBl UMEIOT TAK HA3BIBAEMYIO AEHTMOY-
nyto cmpyxmypy. Bonee Touno, marpuiy A HassBaiorT (2q -+ 1)-muarorannHoit
A UMEIOMmEH aeHmounyto cmpykmypy, ecin a;; = 0 upm |i — j| > g. Ynciao
9¢+1 HaspBaOT WUPuHOU Aenmo. OKA3BIBAETCA, UTO NPH PEUICHUA CHCTEMBI
yPaBHEHHUI ¢ JIEHTOYHOM MarTpuieil merogom laycca umcno apudmerntecknx
omepanuit u Tpebyemplit oobeM mamaTun IBM Mmoryr OBITH CymIECTBEHHO CO-

KPaUICHBL.

3anaga 1. Hcconenoparh xapakTepUCTHKU MeToza laycca m MeToma pelreHus
CHCTEMBI € IIOMOIILIO PA3JIOXKEHWS JIEHTOYHON MaTpuibl A Ha npousseje-
gUe JEBOH W Ipapoil TpeyroasHbIXx Marpuil. [lokasaTe, 9T0 [Jid HAXOMXKIEHUS
peleHus: TpedyeTcs O(mq?) apudmerutcckux omepaumuii (npu m, ¢ — 00).
Hality riiapHBIA “IIeH WUCAa oneparnuit npu ycaoBuum 1 < g < m.

Banaua 2. Onenurs ofrbem 3zarpyxkaemoit namara IBM B merome Taycca
g JIGHTOUHBIX MATPHIL

Ipu Buramcnenusax 6e3 nomomu YBM Beanxa BepoaTHOCTD CJIyYaRHBEIX TOIPEUTHO-
creft. Jasa ycrpaHeRus TaKUX ITOTDENIHOCTEH HHOTJA BBOAAT KONMPOALHBL CTROA-
6ey cucmemsl a2 = (A5 ma2s -y G, ut2) s COCTOAMIME U3 KOHTPONBLHBIX 3JI6-

MEHTOB ypaBHeHI/Iﬁ CHCTEMDI
m-+1

Qi m42 = g @iy
J=1

IIpr mpeobpazoBaHuM ypaBHEHMH HAJ KOHTPOJIBHBIMH 3JEMEHTAMH IMPOM3BOASTCS
Te JKe OIIEPAIIMH, YT0 U HaJ CBOOOAHBIMY yieHaMHU ypasHeHnid. B pesyabrare storo
KOHTPOJIBHEIN 3JIeMEHT KaXKJOro HOBOI'O YPABHEHH: JOJIKEH PABHATLCA CYMMeE KO-
3¢ UNHEHTOB 3TOro ypaBHeHus. BoJIbIoe PACXOXKAEHUE MEXIy HUMH YKA3bIBAET
Ha MOTPEHIHOCTH B BBIMUCIEHUAX HJIM HA HEYCTONUMBOCTD AJINOPUTMA BBIUUCIECHHH
10 OTHOHICHHIO K BLITHCIUTENHHON MOIPEITHOCTH.

K mpumepy, B ciaydae npupegenusi cucTeMbl ypasHenuil Ax = b k suay Dx = d
¢ NMoMOIEI0 (hopMyNn {4) KOHTDOJIBHBINA IEMEHT d; ;42 KAKIAOIO U3 ypaBHEHHN
cucrembel Dx = d Belumcngerca mo tem xe Qopmynam (4). Ilocne sBoruncienus
BCEX 3JIEMEHTOB d;; TIPH (DHKCHPOBAHHOM ¢ KOHTPOJIb OCYIECTBIIsIETCA IPOBEPKO

DAaBEHCTBA
m+1

E dij = di, 2.
=i

O6paTHbII7I X004 MeToda I‘aycca TAK?KE CONIPOBOXKAACTCA BEIMUCIICHUEM KOHTPOJIbHLIX
JIEMEHTOB CTPOK CHCTEMBI.

Hrober n36ekarTh KaTaCTPOMUUECKOTO BIMSHMS BLIMACAHTENHHOH [Orper-

HOocTH, npumeHaroT memod Iaycca ¢ ewbopom zaasnozo saemenma. Ero ornuuane
9--903
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OT OMMCAHHOHM BbIle cxeMmnl MeTona [aycca coctouT B cienyiomeM. Ilyers g
XOAY WCKJIOUEHUS HMEM3BECTHBIX TOJNYWEHa CHCTEMa YDaBHEHWH

m
) .
T+ Z aij‘EJ =0; my1s T 1,..., k),

j=itl
m
E: k.. _ k S R
a’ij'LJ -——ai,7”+1, 7/-—:1\4"“17...,7”/.
j=k+1
Haitnem [ Takoe, 4ro lalﬁﬂ,l‘ = mjax|aif+l’j| 1 NepeobO3HAYHM Tiy1 = T; u

Ty = Tp41; Aajee IPOU3BENEM HCKJIIOUEHHEe HeH3BeCTHOH | H3 BCEX Yypas-
Henuil, HaunHas ¢ (k + 2)-ro. Takoe mepeobosHaueHHe NPHUBOIUT K U3MEHe-
HUIO TOPSIKA HCKJIIOMEHUS HEH3BECTHBIX M BO MHOTHX CJIyYadX CyIIECTBEHHO
YMEHBIIAeT YYBCTBHTCJIBHOCTb PEIICHHs] K IOTPEHIHOCTIM OKPYTMICHHS 1Ipu
BBITHCIIEHUSX.

Hacto Tpebyercs pemuTh HECKOILKO CHCTeM ypasReHHit Ax = by, ¢ =
1,...,p, ¢ ogHO#T W TOM xe MarTpuueit A. YaobHO NOCTYNMUTL CIEAYIOMIAM
obpazomM: BBeIa 00603HAYEHHS

T
bq = (al,m+(p cees am,m+(1) )

NPOU3BEJICM BBIHCIEHUA 110 hOpMyNaM (4), npudeM 3JeMeHTH d;; BLIYHCIAM
opu ¢ < k < m+ p. B pesynbrare OymLyT IOJydYeHbl P CHCTEM ypPABHEHHN ¢
TPEeYrOJILHOH MAaTDPHIEH, COOTBETCTBYIOUIHX HCXOMHON 3a/1a4c

Dx=dg, dy=(dimigs s dmmiq) s 4=1,...,p.

Pemraem s1m crucreMsl Kaxyio B orgenabroctd. OxaspiBaercsa, 4To obmee WH-
c0 apaMeTHYeCKUX JEHCTBHA NPH PEIleHUH P CHCTEM yDAaBHEHMH TAKHM
cniocobom N ~ 2m3 /3 4 2pm?.

OnucaHHBIA BBINIE PUEM MHOTJA UCIOJIL3YETCA JJIA TOrO, 4TOObI Ge3 CyIecTBeH-
HBIX JONOJHUTEJIbHBIX 3aTPAT MONYYHTD CYXKICHHE O MOTPENIHOCTH PEIIeHUs!, ABJI-
IOIeHcs CNeICTBUEM MIOrPEUIHOCTeH OKPYTJICHUS [IPU BBIUCICHUSX. 33,1aI0TCS BEK-
TOPOM Z C KOMIIOHCHTaMH, HMEIOIIMMH MO BO3MOYKHOCTH TOT K€ IIOPSIIOK H 3HAK,
9YTO H KOMIIOHEHTBI UCKOMOT'O DelleHus; YacTO U3-3a OTCYTCTBUA JOCTATOUHOH HH-
dbopmamu GepyT z = (1,..., 1)T. Beruucnsercs sexktop ¢ = Az, u phpsmy ¢ ac-
XOZHOH CHCTEMOH ypaBHEHHWH pellaeTcss cucreMa Az = c.

IMycts X' u 2’ — peasbHO oy UaeMble pemeHns Tux cucreM. CyKaeHue o norpeu-
HOCTH X' — X HCKOMOI'O PemIeHHsl MOXKHO TOJIyYUTh, OCHOBBIBAACH Ha THIIOTE3e: OT-
HOCHTEJIbHBIE MOTPELIHOCTH [PU PEIIEHAH METOJIOM HCKJIIOYEHUs! CHCTeM C OfHOH
M TOM 7K€ MaTpHLEH ¥ Pa3IMYHbIMU UPABBLIMHM YACTSAMH, KOTOPBHIMH SIBJISIFOTCA CO-
OTBETCTBEHHO Benuduubl ||x — x'(|/|Ix'|| u ||z — Z'||/||Z']i, otnuuatorcs He B oueHp
6osbIIoe YHCSIO Pas.

Hpyroit npueM [J1s OAYYEHHST CYKIEHHA O PeajibHON BEJIMYHHE ITOIPENIHOCTH, BO3-
HHKAIOMIEH 33 CYET OKPYIVICHHH NIPH BHIYHCJICHHAX, COCTOUT B U3MEHEHUL MACULTTIG"
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606, MEHSIONIEM KAaPTHHY HAKOIJIEHUST BbIYHCIHUTEILHOR MOTPEUIHOCTH. Hapsny ¢
HCXOOHOM CHCTEMOH TeM K€ METOIOM PEIUaeTcs CHCTEMa

(aA)x' = Bb, tmme o« u f— uucna.

Tlpu « u 3, He SIBJIAIOMIAXCS HeNbIMH CTENEHAMH JBOHWKI, CPDABHEHIE BEKTOPOB X |
af71x' maer mpeacTaBiieHHe O BEJHYMHE BLIYHCIMTENbHON morpemnoctn. Hampu-

Mep, MOXXHO B36Thb O = \/5, g = V3.

Uzydenme MHOTMX 3aJat IPUBOIUT K HEOOXOOUMOCTHU DEIICHUS CHUCTEM JIM-
HeHHbIX YPaBHEHHUH ¢ CHMMETPHUYHON IIOJOXKUTENIbHO OIIPENEJICHHON MATPUUEH.
TakHe CHCTEMbI BO3HHKAIOT, HApumep, Npu perreHur JudhepeHInaIbHbIX
ypaBHEHHH METONOM KOHEYHBIX IEMEHTOB WIN XK€ KOHEYHO-DA3HOCTHBIME Me-
ToHaMu. B 3THUX caydadx MaTpUlIa CUCTeMbI HMEET TaKKe H JIEHTOTHYIO
CTPYKTYPY.

Jlng pemeHusa TAKUX CUCTEM, a TaKXKe CHCTeM ypaBHeHui Oomee oOime-
ro BHJA C 3PMHUTOBOI He 00s13aTeJIbHO IOJIOKHUTEJILHO OIpeJleJIEHHOH MAaTPH-
nefi mpumenserca memod ksadpamuozo xopns (memod Xoaeuxozo). Marpuna

A mpejcraBisieTcss B BHJIE
A=S5"DS, (6)

rme S —mpapas TpeyrojbHas MaTpuua, S* — COmpsKeHHas ¢ Hei, T.e.

811 512
S = 0 592 s

mpudeM Bce S > 0, D — AuaronanbHad MATDHIA € JIEMEHTaMH dj;, PABHBIMH
+1 mwin —1. Marpuunoe pasencrso (6) obpasyer cucreMy ypaBHEHwWi
aij = 81;815d11 + - + 5585di; mpu i < .

Ananoruunrle ypaBHeHusa Opu 4 > j OTOPOHIEHBI, TAK KAK ypPABHEHHS, CO-
orBeTcTByIOmme mapam (i, j) # (4, 1), skBuBaJeHTHBL. OTCIO/A TOMyYaeM pe-
KyppenTable (POPMYJBI JJIsI OINPENENICHUs] IEMEHTOB dj U Sij:

i—1 i—1

i 2 2
dig =sign | @i — D |seil’dee | o si = 4| |asi — > |sil dkkl,
k=1 k=1

i—1
aij — > SkiSkjdek
k=1

Sij = - npu ¢ < j.
Siidi

Marpuna S sBnstercss mpaBoii TpeyroibROH, M, TAKMM 00pa3’oM, IOCIE MO-
JIydenus npencrasiienusa (6) penieHHe HCXONHOM CHCTEMBl TaKKe CBOAUTCH K
HoCne10BATEILHOMY PEIIEeHMIO ABYX CHCTEM C TPEYTONbHBIMM MATPHIAMH. 3a-
MeruM, 9T0 B ciygae A > 0 Bce di; =1 u A = S*S.
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3amaqa 3. Ouenurer uucio apudMeTHUECKUX OIEpPAIME M 3ArPY3KY HIaMsTy
9BM (npu ycmoBuu a;j = a;; 06bem mamaTu, TpebyeMblit Jid 3amOMHHAHHg
MaTpHILI A, YMEHBIIAETCs) NPH pEIeHHH CHCTEMB! C BEIIECTBEHHOH IOIOMXKi-
TeJIbHO OIPEJCJIEHHHOM Marpuieid A MeTomoM KBaJIpaTHOrO KOPHS.

MHorue nakeTsl NPHUKJIAIHBIX MPOrPAMM JUIST PELICHMS KPAEBBbIX 33J3Y Ma-
TEeMATHYIECKOH (PU3UKHA METOAOM KOHEYHBIX 3JIEMEHTOB OPraHHU30BAHLI IO CJle-
nywomei cxeme. Ilocme QOpMEPOBAHKS MATPHUILI CHCTEMBI A IYTEM Iepects-
HOBKM CTPOK U CTOAOLOB (OAHOBPEMEHHO NEPECTABJISIIOTCS -1 M j- CTPOKu
¥ -# u j-# crombupl) cucrema npeobpasyeTcsa K BHAY € HaMMeHbIIEH Imu-
puHON JeHTh. Jlajiee npuMeHseTCS MeTOJ KBaapaTHOro KopHsi. llpm sTom ¢
IeAbI0 YMEHBLIIEHUS 00beMa BLIMHCIEHMI [IpU pelieHu# cucreMsl Ax = b ¢
OPYIUMH TDABLIMH UACTSIMH MATPHUIA S 3alOMUHAETCA.

Sameuarue. YacTo sroT Meron yerymnaeT HO d(@PEKTHBHOCTH HTEPAIHOHHLIM
MEeTOZAM.

3anaua 4. OueHuTh YHCIO apudMeTHuecKUX omneparui u obbvem Tpebyemoit
naMsTH METOA KBAIPATHOIO KOPHS B CNyvae MATPHI[ JIEHTOYHON CTPYKTYPHL

Ecnu ecTh momo3peHue, uTO peajbHO IOJTYUeHHOE pelleHHe X' CHILHO HC-

Ka)KE€HO BBIYMCJIHUTENHLHONR IIOrPEITHOCTHIO, TO MOXKHO IIOCTYIHTDH CJIELYIOIIHM
obpazom. Ompenenum Bexrop b! = b — Ax!. ITorpemnocts r! = x — x! ymo-
BJIETBOpPAET CHCTEME ypa.BHeHI/Iﬁ

Ar! = Ax — Ax' = bl. (7)

Pemmasi 31y cucTeMy B YCIOBUAX pPEAJbHBIX OKPYIVIEHWI, MOjIyvYaeM IpHOIH-
xenne rl) k r!. ITomaraem x? = x! +r(!). Ewm Tounocrs HoBoro mpubim-
JKEHHSI NMPEICTABISAETCS HEYZOBJIETBOPUTENLHOM, TO MOBTOPAEM 3Ty ONEPAIHIO.
Ilpu pemenun cucremsr (7) HaJ KOMINOHEHTAMH IIPABOM YaCTH NTPOM3BOAITCH
Te XKe JUHEHHLIE ONmepaliu, UTO H HAA KOMIIOHEHTAMH OPABOH YACTH IIPH
pemennu cuctems! (1). Ilosromy mpu Beruucrenusx ma I9BM ¢ miasarome#
3aISTOH €CTECTBEHHO OXHUIATH, YTO OTHOCHTENLHBbIE IIOTPEIIHOCTH pelreHuH
9TUX CHCTeM OyAyT OZHOTO HOPSAKA. IIOCKONLKY IOrPEIIHOCTH OKPYTJIeHHH
obpraro Manb, To |[bl|| < ||b|l; Torma ||r!| < [|x'|l, u, xax npasumo, pemre-
Hue (7) onpemenuTcs ¢ CYIMIECTBEHHO MEHBINEH AGCONIOTHON MOIPEITHOCTHIO,
qem pemenue cucrembl (1). Takum o6pasoM, MpUMEHEHHE ONHUCAHHGTO IIpHEMa
[IPUBOTUT K NOBBIIIEHAIO TOYHOCTH NPHMOIHKEHHOIO PEIICHH:.

Ocobenno ymobHO TPUMEHATH ITOT HPHUEM, KOLZA MO XOOy BBIYUCJICHHA B
namaru IBM coxpausorca marpunst B u D. Torma mns kakporo yrotd-
Henus Tpebyerca HafiTs BekTop b¥ = b — Ax* uw pemmTr smBe cucrempr €
TPEYrOJAbHBIMA MATPULIAMH. ITO norTpebyer Bcero Ny ~ 4m? apudmeruue-
CKHX ONEepalMii, UTO COCTABHUT MaJjIylo JOJIO OT 4HMCIa omepauuit Ny ~ om3 / 3,
Tpebylomuxca s npeicTaBieHus marpuubl A B Buge A = BD.

Wnes onMCaHHOrO [IPHEMA, TIOCEIOBATEIHLHOIO YTOUHEHHS NPUOIHXEHuH K perte-
HHUIO 9YacTO peajusyercss B Takoil ¢opMe. Ilycrs Marpuuna B 6nu3ka B KakKOM-TO
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cMbicite k Marpune A, HO peruende cucreMbl BX = ¢ TpefyeT CyLIECTBEHHO MEHb-
1ero 06beMa BBIMHCIEHHH 10 CPaBHEHHIO € penteHueM cucTeMbl Ax = b. Pemenne
cucreMbl Bx = b NpUHEMaeM B KauecTBe MEPBOrO MPHOJIHIKEHHA X' K PELIeHHUIO.
PasHocTh X — X! ymoBIIeTBOpSET cuCTeMe ypaBHeHH

A(x —x') =b — Ax'.
BMecTo peleHHs 3TOH CHCTEMbl HAXOAUM DEIIEHHE CHCTEMBI
Br! =b — Ax!

u nonaraem x2 = x! + r!. Takum 06pa3oM, Karkjoe TpHOIMMKEHHE HAXOAUTCS M3
npeaplayuero mo dopmyne

x"tl — xn» + B—-l(b — Ax“) — (E - B—lA)xn + B~ b,

Ecnu marpunsl A 1 B goctarodso 6mu3ku, To Marpuina E — B! A umeer manyio
HOPMY M TAKOH HTEpPALMOHHBLINA mpouece GuICTpo cxomuTes (cM. Takxke § 10).

3uauuTenrHO Oosiee pemKoii, YeM 3aaMa  pelleHus CUCTEMBI ypaBHEHUH,
ABNAeTCd 3ajava obpamenuss Mmarpun. s obparno#i marpumer X = A1
mMeeM paseHCcTBO AX = BDX = E. Takum o06pa3oMm, g HaXOXIEHHS Ma-
Tpullbl X JOCTATOYHO MOCIEAOBATEHFHO PEUINTH JIBE MATPHIHBLIE CHCTEMBI
BY = FE, DX =Y. Herpyano nomcuuraTh, YTO HPW HAXOXKIEHHH HA TAKOM
nytd marpunpl A~ obmuit o6beM Bermcienuit coctaBuT No ~ 2m? apud-
METHYECKUX OIepaIlvi.

B cnytae 1eobxoouMOCTH yTOUHEHHMA NPHOIMXKEHHS K OOpaTHOM MarTpu-
e MOryT IPOM3BOAMTHCA IpPH IIOMOIM HTEPAIMOHHOTO mporecca Xp =
Xk-1(2E— AXy1). Jdaa wccnemnoBaHus CXOMUMOCTH MTEPAIMOHHOTO MPOIECCa,
paccmorpum Matpuisl Gy = E — AX,. VIMeem paseHcTBO

Gy=FE—AXy =E— AX};_(2E — AX}_1) = (E — AXy_1)* = G2_,.
Orcrona MONYyYaeM TIIENOYKY PaBEHCTB ]
Gr=G} =Gt = =G}

Hockombky
Al X, = ATYE — AX;) = 471G = A'GY,
TO ¥MMeeM OLEHKY
1A = Xl < 147 - 1Gol>".

Takum o6pazom, mpm mocTaTowumo XOpOIEeM HAYAJIHHOM HNpHOJIMXKEHHH, T.e.
e ||E— AXo|| < 1, 3TOT HTepampOHHBIH IPOIECC CXOMUTCH CO CKOPOCTBHIO
Bomee Gricrpoli, wem reomerpmueckas HpOrpeccus.
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8§ 2. MeToa oTparkeHuit

B mnacrosiee Bpemsi pa3spaboTaHO TaK MHOTO TOYHBIX METONOB YHCIEHHOIG
pelIeHns] CUCTeM JIMHEHHBIX anrebpaMvecKMxX yYpaBHEHHH, UTO Jaxe IIPOCToe
ePETACICHAE MX 3aTPYAHMTEBHO. BONLUIMHCTBO 9THX METOMOB, KaK H Metog
uckioueHns laycca, OCHOBaHO Ha Ilepexoie OT 33aJaHHOH cucreMbl Ax = b g
noeoit cucreme CAx = Cb Takoit, uro cucrema Bx =d, rne B=CA un d =
Cb, pemaercs rpoire, eM HcxojHas. lIpun BwIbope noaxomauieil mMarpuubr
HY>KHO YUMTBHIBATH IIO Kpa#medl mepe cienyiomue jgsa Qaxtopa. Bo-mepsoix,
ee BBIUYMCIEHHE HE JOJIKHO OLITh YEpecuyyp CJIOXKHBIM H TPYIOEMKHM. Bo-.
BTOPBLIX, yMHOXKeHHe Ha marpuiyy C He JIOJPKHO B KAKOM-TO CMBIGIE HOPTHUTE
Matpuiy A (Mepa 0OYCJIOBJIEHHOCTH MATPHUUBI HE JOJXKHA MEHATLCS CHIIbHO
(em. § 11)).

OTHM YCJIOBUAM B OIPEJEJICHHON CTEIEeHH YHOBIECTBOPAET ONUCHLIBAEMBIH
Hmke smemod ompasicenuti. Cpean MeToaoB, Tpebyommx Jjis CBOel peasnsa-
nun uucia omepamuit N ~ 2m3/3, sToT Meron B HacTosimee Bpems paccMa-
TPUBAETCS KaK OJWH M3 Haubojiee YCTOWUHUBBIX K BLIYHCIAUTEILHOW IIOTPeri-
HOCTH.

Pacemorpum  ciyuait  BemecTsenHoft marpuibt A, Ewim  w - HeKOTOpBIH
BEKTOp-CTOJ0eI| equHUIHON JuuHel, (W, W) = 1, To marpuiy

U=E-2wwT
Ha3BIBAIOT Mampuyett ompaocenud. 1log ww! 3mech HOUHMAeTCa MATDHIQ,
SBJIHIOMAACH TPOM3BEJEHHEM BEKTOPa-CTOIONA W Ha BEKTOD-CTPOKY W., T.e.
wwl = (wi5), rme wi; = w;wj. W3 onpemesieHus crejyer, U0 wWw " — cum-
METPUYHAA MATPHUILA.

HemnocpencrBensoit mposepkoit y6exmaemcst, uro U = UT n
UUT = (B - 2wwT)(E = 2wwD)T = E - 2ww? - 2ww? + 4wwTww! = E;

31€eCb Mbl BOCIIOJL3OBaJIUCH TEM, YTO

wliw = (w, w)=1. (1)

Takum obpazom, marpuna U — CHMMETPHUIHAS M OPTOTOHAJBHAS.
*
Hanomuum oaun daxT u3s anre6prl. [lyers U u B — gse maTpunn: nopsaaxa m, B —
meorowrer or U, B = PF(U). Torna MOXHO IepeynopsaOIuTh UX COGCTBEHHBIE
3HAYEHHUs TAK, YTO /\JB = Pl(/\?) mpu j = 1,..., m.

Mockombky U cummerpuuna u U2 = UUT = E, a Bce cobcrnennbie amciia
E paBust 1, To Bce cobGcTBeHHLIE wHCHA MATPUILl U yIOBJIETBODAIOT YCIOBHIO
/\%] =1, Te. paBubpl wiH +1 wiaum —1.

CobcTBennoMy 3HadeHnio —1 orBedaer cobGcTBeHHBIN BekTOp W. B camMoM
Jaelie,
T

Uw=w—2ww w =W — 2w = —W. (2)
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Bce BeKTOPBI, OPTOrOHAJBLHBIE BEKTOPY W, SBIAIOTCH cobcrBeHHBIMH. MM
COOTBETCTBYeT cobBCTBEHHOE 3Hauenue, pasHoe -+1. JIeHCTBUTENBHO, TyCTh
(v, w) = 0. Torma nmeem

Uv=v-—2wwlv=v-2w(w, Vv)=v. (3)

[IpencTaBuM HPOM3BOJNIBHBIN BEKTOP Y B BHIE Yy = Z + V, [Je Z = YW,
(v, w) = 0. lna sTOoro cilellyeT B3aThb B KaeCrBe Z MPOEKIHMIO BEKTOpa y
Ha BeKTOp W, T.e. z = (y,w)w, u v =y — (y, w)w. Barencrsue (2) u
(3) umeem Uy = —z + v. Takum obpazom, Uy ecTh 3epKajabHOe OTPaXKEHHE
BEKTOPA Y OTHOCHTEJIBHO THIEPILIOCKOCTH, OPTOTOHAJLHON BEKTOPY W

Ycronb3ysa FeOMEeTPUUECKUE CBOWCTBA MATPHIBI OTPAXKEHWH, HETPY/HO pe-
MATH CJISAYIOMYIO 3aJady: TONOOpPATH BEKTOp W B MATDHUIE OTPAXKEHWH Tak,
g106bl 3aJaHHBIA BekTOp Yy # 0 mmenr B pesyasrare tpeobpasopanus Uy
maTpHreir orpaxenuss U = FE — 2ww! HanmpaBeHWe 3aJ3HHOIO €IHHITHOIO
BEKTOPa €.

Tax Kak [ — OpTOroHAJbHAS MATPHUIA, 4 HIPU OPTOrOHAJBHBIX ITpeobpaso-
BAHMSIX JUIMHLI BEKTOPOB COXPAHAIOTCH, TO MBI JOJKHBI uMeTh Uy = ae uin
Uy = —ae, , toe a = /(y,y). Ilostomy HanpaBieHHne, IEPIEHIUKYISAPHOE
IUIOCKOCTH OTpakeuus, Oyzer onpenensirTsca Jaub0O BEKTOpOM Y — «e, JHOO0
BeKTOPOM Y + e (cm. pume. 6.2.1).

Takum 006pa3oM, BEKTODbI Wi = :}:pl_l(y—
ae) mmn wy = *p5'(y + ae), tae p =
V(y — e,y —ae), pp =/(y +ae, y +ae),
OynyT uckompbivu. fcHO, ITO JAHHBIA TPO-
Hecc BCerga ocyuiecTBuM. Bt BeKTOpel Yy
K € KOJUIMHeAPHBbI, a B 39TOM CJydae JIHbo
p1, mub0 py OymeT PABHO HYJIHO, TO HHUKA-
KHX OTpaXeHUH JenaTh He HamIo.

MaTpunpl OTpaKeHUsT HAIIM IIMPOKOE
OpUMeHEHHEe NpH YUCICHHOM peIleHud pas-
TUIHBIX 33434 JIMHEHHON anrebpbl (B YACTHOCTH, B pPaccMaTPUBACMON HAMH
3ajiavie NPUBE/IEHUS MATPHIILI CHCTEMBI YPABHEHMER K TPEYrOJLHOMY BHAIY).

Puc. 6.2.1

Jlemma. [Ipoussoavran K6adpamuas MAmpuya MoHcem Oums npedcmaeﬂena 8
8ude npoussedenus 0pINO2ONAALHOT U GePTHEL MPEY20ALHOT MATMPUY.

Aoxazamenvemso. Ilycrs paHa KBaipaTHad MaTpHUIA HOpagka m. bynem
OpUBONUTE ee K MPABOH TPEYTOJbHOH MATPHIE IIyTeM IIOCIEI0BATEILHOIO
YMHOXeHHsI (JleBa Ha OPTOTOHAJbHBIE Marpuikl. Ha mepsBoM mmare npuse-
ACHUA PACCMOTPHUM B KAUECTBE BEKTOPA Y M3 IIPEIbLIYIIErO PaCCyKIeHWs
Oepsrrit cronben maTpuibr A:

_ T
y1 = (ai,..., am1)" .
Bomr gy = a3 =--- = am1 = 0, TO TepexoiuM K CJIeNyomieMy OIary, moJo-

xup A1) = A, Uy = E u BBena ob03HaUeHUS aS) = a;j. B nmpoTusHOM ciydae
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YMHOKaeM Marpuuy A ciepa Ha Marpuily oTpaxenus Uy = B, — 2w1w'{,

rae wi; nopbupaercs Tax, urobpr BexTop Uyy; ObIn1 KoIMHEApEH BEKTODY
e =(1,0,..., O)T. 3necy u panee Fjy — eIMAVMYHAA MATPHIA DA3MEPHOCTH q.
Ha 3TOM mepBBLIH War 3aKOHYEH, M Ha cjeayiomieM luare 6yZeM paccma-

1
tpusars marpuny A ¢ smementamu agj), Kotopast mubo paBHa A, ecoy
uMeeT MecTo mepnbii caydail, mubo A = Uy A, ecnm umeer mecro BTODOit
CIIydan.

Iycrs MBI yxe ocymecTsmin [—1 > 0 maros u mpumau K marpume A(U-1)

-1 -1 C
¢ 3JEeMEHTaMH a,z(j ) TAKAMY, ITO al(-j ) = O mpu ¢ >3 57=12,...,[/~1. B

npocrpancTBe IR, ;41 BEKTOPOB pa3MepHOCTH m — [+ 1 pacCMOTpUM BeKTOp

(-1 (-1)

v = (al’l gy as;ll))T.
Ecmm al(l_l) ="M =... =0, 10 epexoJyM K CIeAYoIeMy WIiary, Hojiaras
+1,l 142, J )
AW = A0-D [, = E. B npoTuBHOM clIydae CTPOMM MATPHUILY OTPAKEHHs
Vi= Ep_js1 — 2wiw/ (pa3Meper MATpHIBL V; M BEKTOPa W; DaBHBL M — [ 4
1), TepeBoAAIIyI0 BEKTOP y; B BeKTop, Kommmeapmort € = (1,0,...,0)T ¢

Rypry, B OepexomiM K MATPHIE
Al — UZA”_l);

B, O
3aece Uy = 61 vi |- flcHo, WTO HPOIECC BCETAA OCYIHIECTBHM, M IIOCTE
! .

(m — 1)-ro mara MBI DPUXOAMM K MATPHIE
A = U Up_s.. UL A,

MMeouieil IPaByi0 TPEYTONLHYIO (DOpMY.

Ecmm obozuautt Uy 1Up-o...Up = U, TO U3 mocjieqEero paBeHCTBa Ce-
ayer, uto A =UTA™=D rre UT — oproromanbras, a AM~1 — mpaBasi Tpe-
yroJibHAS MaTpuinl. JleMma JIOKa3aHa.

Bepuemca x pemenuio cucrempl Ax = b. C moMOmplo yKA3aHHBIX MDE-
06pa30BaHMil OTPAKEHMsl TIOCAEOBATEJbHO MPHUBOAHMM €€ K SKBUBAJEHTHOMY

BUAY ¥
Am=Dx = Ub,

rae A(m—1)~npaBasx TpeyrojibHag MaTpuna. Ecim Bce IMaroHaJbHBIE 3Ji€-
menTl A1) oTymMYHBI OT HyJIS, TO MOCIEJOBATEIBHO HAXOMMM Ty, ..., L1-
Ecnu ke xors ObI ONMH M3 JUArOHAJILHBIX 3JIEMEHTOB paBeH HYJHO, TO HO-
CeHSAA CACTEMA BBIPOXKACHA M B CWIY SKBHBAJIEHTHOCTH BBIDOMKJEHA H ¥C-
XOMHASI CHCTEMA.

Sanaua 1. llonyguTh ACHMITOTHKY YHCIa OIEpanuii Merona OTpaskKeHHi NpH
m — oo.
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PaccmorpeM ciiyuaif cucreMbl ypapueHmili Ax = b ¢ xoMmiurekcHbIMM A H
b. Ilycts
A=A +1i4s, b=Db;+1ib;, x=x1+1ix.
VicxonHasti CHCT€MAa YPaBHEHHMH DPaBHOCHJIbHA CHCTEME

Cy=d (4)

¢ pemiectBeHHbIME C 1 d:

_ A1 —-A2 . b1 . X1
o= (& W) () - (%)

T103TOMY BMECTO HENOCPEJICTBEHHOIO PeIIeHHs] HWCXOMHOH 33JadKM MOXHO IIe-
peliTH K peuleHHIo 3aJaun (4) U TPUMEHHTL JJIs PEIIeHHs HOCHeAHe# MeTos
OTpaXeHuii.

Onmako BO3MOXKEH M JPYro#l IyTh — HEIIOCPENCTBEHHOE IPUMEHEHHME METO-
3 OTPaXKEHHMH K HCXOmHoH cucreMe Ax = b. 3mecs Marpuiia oTpakeHHd
U=E—-2ww*, w* = (Dy,..., I,)] byier yHuTapHOii ¢ COBCTBEHHLIMH 3Ha-
weHnaMu Buga Ay = €Y. (Uepes Z 0603HaveHO KOMILTEKCHOE YHCIO, CONps-
KEeHHOe C Z.)

3axaua 2. Ilepenectst MeTOA OTpaXkeHWUH HA COyUYadl KOMIJIEKCHBIX MATPHIL.

3anaua 3. Mcenenopath METOR OTPaXKEHUWH B CIydae €ro NPUMEHEHHS s
peleHusd CUCTeM YPpaBHEHWH ¢ JCHTOYHOW MAaTpHIECH.

§ 3. MeTtoa mmpocToii nTepanuu

[IpocreitminM NUTEPALHOHHBIM METOAOM pPEIIEHHsi CHCTEM JIMHEHHBIX ypaBHE-
HUit aBnseTcs memod npocmoti umepayuu. CUcTeMa ypaBHEHUR

Ax=Db (1)
npeobpasyercss K BHJIY
x = Bx +c, (2)
W ee perreHHe HAXOAMTCS KAK MPEael MNOCIeI0BATEIbLHOCTH
x"! = Bx" +c. (3)
Beskast cucrema :
x =x—- D(Ax — D) (4)

umeer Buy (2) u mpu det D # 0 sksupasnenTHa cucreme (1). B To xe Bpems
BCakas cucreMa (2), skBuBanenTHas (1), samucbiBaercs B Buze (4) ¢ MaTpu-
ueit D = (E — B)A™L.

Teopema (0 IOCTATOYHOM YCJIOBMM CXODMMOCTH METONA IIPOCTON HTEpALHH).
Ecau |Bl| < 1, mo cucmema ypasnenuii (2) umeem edurcmeenmoe pewenue U
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umepayuounbiti npouece (3) crodumcea K PeuweruI0 CO CKOPOCTLIO 2E0MEMPUe-
Ccx0U mpozpeccul.

Joxasameavcmso. s Besakoro peurenmsi cucreMsl (2) mmeeT Mecto [|x|| <
| Bl lIx]| + llc||, nosTtomy cnpasemuso mepapencrso |x|| (1 — ||B]) < lic]| wm
x| < (1 = ||BI)"Hlcl|. Orcroma cnenyer cyuiecTBOBanMe M eIMHCTBEHHOCTE
pelienust OJHOPOAHON CHCTeMbl X = BX, a cIegoBaTesbHO, H CHCTEMB (2).
[Tycrs X — peIlleHHe CHCTEMBI ( ) W3 (2) u (3) momyuaeMm ypaBHeHHE OTHO-
CHTEeNLHO Imorpemsoct r’* = x"° — Xt

rn—H = Br". (5)

Wz (5) mosydaem paBeHCTBO
no_ B”I‘O. (())

Orciona cienyer, uro ||r”|| < [|B]|*||t°]] — 0. Teopema moxazama.

KadecTBo HTEpalMOHHOrO MpOUecca yao0HO XapaKTCPHU30BATH CKOPOCTHIO
yObIBaEMA OTHOUIEHHWsI TOTPEITHOCTH IIOCjie 70 WUTepanuil K HavYaJIbHOH IIO-
[PEeIHOCTH:

e 1B

= [|B".
wzx I w0 0l

Sp =

MoxKHO rapaHTHPOBATL, YTO BEJMYHHA S, < €, e ||B||" <&, T.e. mpu
n>n.=In(e"")/ (B ). (7)
Ecin cymecTByoT NOCTOAHHBIC Yo, Y4q TaKHE, UTO NP X # 0

Ixllg/Ixlle < 7aps  Ixlla/lIxlls < Vpas

TO HOPMBI |[X||o 7 ||X||g HasbIBaOTCH 2KGUGALEHMMBIMU. VMeem

I ls < Yapllir"lla < YaslIBlla It la < Yap va0ll Bl Ir°ls.

Taxum 06pa3oM, ecjd YCJIOBHE JIOKA3AHHOH TEOPEMbLI BBIIOIHEHO IJis HOPMBL
|| -lla; TO yTBepXKIeHHE CIpaBemJIHBO OTHOCHTENILHO JIIOOOH 3KBHUBAJIEHTHOH eil
HOPMEL.

JIiobrle aBe HOPMBLI B KOHEYHOMEPHOM IIPOCTPAHCTBE SIBJAAKSIC IKBUBA-
aeTHpIMH. B uacrHoctH, HOpmbr x4, ||x||2, ||X|lcc, BBIGHCISEMDIE coOTBeT-
creenHo 10 ¢dopmynam (2), (3), (4), npuBesEHHBIM BO BBEJEHHM K HACTOS-
et Tyrape, SKBUBAJIEHTHLI MEXJIYy COOOM BCIIEICTBHUE CIIPABEIJIMBOCTH IEINOY-
KU HEDABEHCTB

Ixlloo < Ixllz < lIxlh < milx|loo.-

JIemMma. Ilycmov sce cobemeennnbie snavwenus \; mampuyvs B aedxcam 6 xpyeze
Al € ¢, npuvem cobecmsennvim 3HANENUAM, TLO MOOYAIO DABHBLM , COOMEEM-
cmeyom acopdarosv, kaemxu pasmeprocmu 1. Tozda cywecmesyem mampuya
A = D7'BD c¢ nopmoti ||Alleo < ¢.
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Joxazameavemeo. Ilonoxum 7 = q — max |A;|. CoOcTBEHHBIMM 3HAYEHHAMU
IAil<q

maTpunst 7 B 6Gymyr n~l);. Ilpeobpasyem Marpuily n~1B X XOpIaHOBOI

dopme
7' @z 0

D7 (n™'B)D = 0 77 az - |,

rae «j,i+1 ODpuHEMaloT 3Hadenns 0 mmu 1. Ilocne ymHOXeHHA Ha 7) HOLYIAM

Ar o appn 0
A=D'BD=| 0 X  amny

Ecmm |A\;| = ¢, To coracmo ycnosmam JeMwmsl, «; i+ = 0. Orcioma cuenyer,
yro M|+ s it1in] = ¢ Eem [A; < ¢, 10

lAll + |ai,i+1n‘ < max 'All +7=q.
|/\iI<q

Takum obpaszoM, [|Alle = max (I/\Ll + ’ai,i+l77’> < q.

TeopeMa (0 HEOOXOAMMOM M JIOCTATOUHOM YCJIOBHH CXOMMMOCTH METOAA IIPO-
croii uwrepanmn). Ilyems cucmema (2) umeem eduncmeennoe pewenue. Hmepa-
yuonnwti npouece (3) cxodumea x pewenuro cucmemse (2) npu arwbom navanis-
HOM MPUbAUNCEHUL Mo2da U MOALKO mozda, K020a 6ce CODCTNEEHHBIE 3HAMEHUA
Mampuyvs B no modyaio menvwe 1.

Hoxaszameavemeo. Hocmamounocms. BoszbMeM HNpPOU3BOJNBHOE ¢ B TIpeJesiax
max || < ¢ < 1. YcioBHe JIeMMBI BBIIOJIHEHO IO OTHOLIEHHIO K 3TOMY (¢,
2

nosToMy cymecTByer marpuma D Takas, uTo |Alleo < ¢ mpu A = D7!BD.
Iockonexy B = DAD™!, 10

B” = DAD"!D..-D'DAD™! = DA”D!.

Hosromy
I1B™loo < IDllooll D™ loog™ — 0

%" = Xlloo < 1Dfloo D™ floe ¢ l1%° — Xlloo — 0 (8)
mpu n ~ oo. Cnegomarensro, un [|x" — X||;, {|x"* — X|]2 — 0.

Ecnu x; — KOOpAMHATHBIE OPTHL, X = (T1,..., Tm)], TO X = Zzix,'. Hycrs || - || —

i
HEKOTOpasa HOpMa, TOoria

lxll < Dl Ibll < hxlloo Z“Xi“~

1
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IosTomy upm inoboit HopMme || - |} umeem
e = X < (Il 1D oo 1D o g7 52 = Koo = 0. (©)

CooTrommennst (8), (9) 03HAYAIOT TAKIKE, YTO MIOGBIE HOPMBI NOTPEITHOCTH yObIBAOT
bricTpee 11060 reOMETPHIECKOR IPOIPECCHH CO 3HAMeHaTe eM, GonbImM max |, |.
k3

Heobzodumocmo. Ilycts |N| > 1 u e; — cooTBeTcTByIOUMI COBCTBEHHDIH
pexkTop Marpuisl B. Torma mpu mauambnom mpubimxenun XU = X +cel ¢ #
0, uMeem

r'=ce; u r"=A'ce; A0 mpu n— oo.

3apaga 1. Ilycts Bce cobcTBEeHHBIE 3HATEHHSI MATPHUIBI B, 3a MCKIIOYCHHeM
IPOCTOr0 A; = 1, JyekaT BHYTPH €JUHHMYHOIO Kpyra m cucreMma (2) uMeer
pearenne X. Pemenmem cuctemer 6ygyTr Takxke Bce X = X + ce;. /Joxazars,
ITO UTEPAIMOHHBIN Tmporece (3) CXOAMTCST K OMHOMY M3 TaKHX PEIICHHH.

8§ 4. OcobeHHOCTH pealn3aruy MeToJa HPOCTOoi
urTepanuu Ha YBM

Ecmu Bce cobcTBennble 3HaueHUs MATPHUIBI B JieXaT BHYTPU €IUHHTHOTO
Kpyra, TO MOXe€T II0Ka3aThCd, UTO HE BO3HHKAET HHMKAKHMX IIpOOJeM OTHO-
CUTEJBHO MOBEJIEHUS METOJ[a B PEaJBLHEIX YCJIOBHUSX OIPAHUYEHHOCTH IOPSA-
kOB umcen B DBM wm mpucyrcrBus okpyrienuii. B ofocHoBammEe 3TOrO HHO-
IJa IPHBOJAT CHEAYIOUIHH JOBOJ: BO3MYIIEHHS UDPHOJIHXKCHHA B pe3yJbTaTe
OKDYIVIEHHII DAaBHOCHJILHBI BO3MYIIEHHSM HAYAJbHBIX YCIOBHE HTEPAIIHOHHO-
ro mponecca. IJocKOmbKy NpOIECe CXONAIMUHCH, «CAMOMCIPABJISIIOIIUNACT, ITH
BO3MYIIEHHA B KOHIE KOHNOB 3aTYXHYT, B OyJer mojyueHo xopoiuee mpubin-
JKEHHE K DeIIEHUIO HMCXOJHOM 3aJatu.

OnHako NpH PElICHMHM HEKOTOPBIX CHCTEM BO3HHKAJA, CIEAYIOIIas CHTYa-
nusa. Bce cobcrsennbie 3mauenus marpuupl B osexanu B kpyre |A < 1/2,
4 MTEPAIMOHHBIA IPOLECC OCTAHABIMBAJICA IOCIE HEKOTOPOIrO YHEIa HTepa-
LM K3-3a TIeperosiHeHud OpsaikoB uncen B IOBM. B apyrux ciywasx Ta-
KOI'0 MEpeIoJIHeHHsA He IIPOMCXOAHMIJIO, HO BEKTODHI X', HOJIyYaeMble IIPH BbI-
UHCIICHHAX, He CXOHWUINCH K pemrenuio. llocmemumit ciiyuait ocobeHHo omnaceH
no ciexpyiomeil npuumbe. MoXHO HEOOOCHOBAHHO pEINKTh, UTO IIPH YCJIOBHHU
max |A;| € 1/2 kakoe-To omnpejesieHHOe 4MCIO UTepanuit, HanpuMep 100, 3aBe-
JIOMO JIOCTAQTOYHO JJIsI TIONyUeHHs DeleHrs ¢ TpefyeMoM TOUHOCTBIO. 3aTeM
npoussoguM 3tu 100 uTepamuit ¥ paccMaTpHUBAEM MOJYUEHHBIH DE3YyILTAT KaK
Tpebyemerii. IloaTomy Hanmwume MOMOOHBIX ABJIEHHH MMOCIYXUJIO TOTIKOM K 6O-
Jiee JeTaJIbHOMY MCCJIEIOBAHMI0 HTEPAIMOHHBIX HPONECCOoB H (POPMHPOBAHHUIO
HOBBIX NOHATHH B TEOPHH ONEPATOPOB.
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Y106l MOHSATH CYIIHOCTH ABJEHHUHA, IOJE3HO IMOCTPOUTH IIPUMED, TAEe 3TO
SBJIEHHE IPOCIEXXKUBAETCSI B SBHOM BuJe. B kadecTse Mozmenu BwiGepeM HUTe-
PALMOHHBIH [TPOLECC, COOTBETCTBYIOMIME JABYXOHATOHAJIBHOR MaTpHIE

1o 8 0 0

0 0
By = @ P

0 0 0 o

[Ipun Bo3BemeHMH MAaTpuUbl By B cremenb 7, HONYyYaeTCA TPEYrOabHas Ma-
TPHIA

a™ C%arh»lﬁ Cgan—QIBQ
By = (b)) = 0 o Cla'g
C 3JIeMEHTAMM bl(-;l) = 37 qn=U-9gi~1 Eem 1 = (0,...,0, )7, 1o

= BP0 = B, BT et = Zlbfﬁ?

Ilpu n < m nocienHee BBIPAYKEHHE YHPOUIAETCSI:

m

ey =D G e g =

1=1

Z Hal* k161 = Y CEla* 181 = (ol + |61)"
k=0

Paccmorpmam anywait |af < 1, |a|+8] > 1, |8/(1—a)| < 1. Iycrs ¢ =c’ =

(0,...,0,1)T. HemocpescrBeHHO HpOBEpSETCS, YTO IPU TAKOM C pelIeHHEM
paccMaTpHBAEMO# CHCTEMBI OyneT

T
XO__ 1 /3 m—1 1
T ll-al\l-a T l—af

CnpapemymBa oueHka
I1X%01 € w,
rae
1

RG]

0 = ¢% u, cormacuo

. l—«

IIpn mawanbrom npubmmxenmu x° = X0 4+ ¢® umeem r
OPOBOJIWBIIMMCS BbINIE [TOCTPOCHUAM,

ir™fly = (Jef + 18" s n < m.
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Buiepem m TakuM, 4Tobnl wmeno o = [(Ja] +|B8])™ ! — w] /m npesocxo-
OMJIO Tpenessl, momyctumble B DBM. M3 nonydeHHBIX paHee COOTHOIIEHumi
CJIEJIyeT, UTO

™ oo 2 1 /= (™ = %)) /m > o

ITosroMy mocTpoeHHBIH TpHMep oOb6ialJaeT JIEAYIOUMMH CBOMCTBAMH: HOpMa
HaYaJIbHOrO IIpHO/IMKEHUS HEBeJMKa, WTEPAIUOHHBI MPOLECC CXOTUTCS Ipu
OTCYTCTBUM OKPYTJICHHH W OrpaHutieHusl Ha Nopsiku uucesr 8 9BM, no ocra-
HABJIMBAETCS He MO3JHEe YeM TpH N = 1 — 1 u3-332 HEIONYCTHMO OONbIrmx
3HAYEHHH KOMIIOHEHT IIPHUOIMKEeHUI.

O6paTuMCH K PeaJIbHOW CUTYAIHH, KOUAA Ha KAXKIOM UIAre BBIYMCICHUIT
MPOUCXONAT OKpyIryeHusa. PaccMoTpuMm mogpobHee caydail, KOTIa Iepenoiie-
HHEe He OpoucxoauT. Bmecro X" monyuaiorca BeKTOpel X*", CBI3aHHBIE CO-
OTHOIIIEHUSIMHA

x*n+1 = Bx*" +C+pn,

rae p" —cyMMapHOe OKpYIJIeHHe Ha IIare HTEPAIUH.
Orcioma 1 w3 (3.2) monyvaercs ypaBHEHHE OTHOCHTENBHO TIOIPEIHOCTH
o= x* — X
r*n+1 — pn 4 Br*". (1)

Bripaxkag kaxmgoe r*" uepe3 mpenpaynice, ITOJIYyHaeM
= pn~1 + Br*n—l — pn-—l +B(pn——2 + Brxn—Q) —

2
:pn~1 +Bpn—2+'__+Bn—1p0+Bnr0. ( )

Kax Mer Bugesu, nopma ||BE|| npu |af <1, |a|+]|8] > 1 uMeer ciemyronui
XapakTep NOBEAEHMs: IIPA MAJBLIX 7. OHA MMEET TEeHJEHUMIO K BO3PACTAHMIO,
opu OobmMX 7N CTPeMHTCH K Hyso. (MOXHO I110Ka3aTh, 4TO MAKCHMAJIBHOE
snavenue p(By) = max |By|| mocTuraercst nmpH 3HaYEHHM T = Mgy MOPALKA 1M.)

Ilpu TakoMm xapakTepe noBeleHHs HOPM ||B™| MOXeT BOZHHKHYTH CJIeAyIOUas
curyauyus. Bemmumza max ||x*|| e macTonbKo Besnuka, 4TOGH TIPOMCXOTMIO
n

nepenojiHenye u ocranoska OBM; B To xe Bpema ¢(B)27! » R, rne R—
MAaKCHMAaJILHO JONYCTHMAas IIOrPEIHOCT: pemnieHus. [1o3ToMy, Kak nOpaBHIIO,
OPH 1 > ng CPeJH CJIaraeMblX B IIPaBOM 4YacTH (2) IPHCYTCTBYET CIIATaeMO€
B™pn—1-m0 ¢ popmoit, MHOro Gombmeit, veM R. B pesysibraTe ycriHOBJICHHE
npubmuKennit X ¢ OpPHEMJIEMOM TOYHOCTHIO HE HPOHCXOJIHT.

IlonBeseM HEKOTOPHIH HTOr NPOBENEHHBLIX HOCTPOEHMH. MaTpHipl BHICOKOK
pa3MepHOCTH 00JaJal0T CBOWCTBAMH, CYIIECTBEHHO OTJIMYHBIMH OT CBOHCTB
MaTpun MaJiolt pa3mepHocTH. KpoMe coOCTBEHHBIX 3HAYEHMH y TaKMX MaTpPHI
ecTh nowmu cobcmeennsie anavenud, T.e. A rtakume, uro ||Ax — Ax| < elx|]
npu ||x|| # 0 u ovemr MayoM &.

Hanpuwmep, B ciiyuae MaTprust By npu 1060M A,, sexamem B kpyre ja — A| < |8],

MOKHO TIOCTPOMTBH BEKTOD X Takoi, uto ||Boxx — AXya[loo € €rllXalloo, THE €1 =

1BL = a)/B]™.
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IloBenenue crenmeneil Marpuisl B™ npu n nopsaxa 1 onpefendaeTcs BO MHOIOM
TAKUMH <IIOYTH COBCTBEHHBIMH BEKTODAMH» X) M «IIOUYTH COOCTBEHHBIMH 3HAMEHU-

SAMU»  A.

3anaua 2. IlocTpouTh «NOYITH COOCTBEHUBIA BEKTOD» X), COOTBETCTBYIOIIMA
3HAUEHMIO €y, IPUBEINEHHOMY BbIIIE.

n—1
CyMMmapHasi BBIUHCITHTENIbHAS MOTPEITHOCTE P = ZB n=l=j P’ MoMKeT OKazaTHCH
7=0
OOJBIIOH HEe TOJIbKO HU3-3a OONBUION BEITHIMHBI OTACHBbHLIX ClIaraeMbIX, HO H H3-3a
TOTO, YTO HX MHOTO.

Ilycts B -- cummerpuynan marpuua u ||Bll, = max|\y] = M, < 1, e!' —coor-
k3

BETCTBYIOIUE Al HOPMHPOBaHHBIH coGCTBeHHbIR BekTOp. IIpeanonokuM, 410 Ha
KaJJIOM j-M IIare IpoMcXoAnT okpyruemie p/ = pel) rae p mopagka 27¢ Hmeem
PABEHCTEO
n-1
) 1— ()\I )11
— Iv7,.,1 . B 1
Pn =P E (Ag)e =P 7 €
7=0 B

Hockonbky wieao utepauuil 6eperca Taxim, q9to ||B™|] < 1, a ||BY| = (A)", o
MOXKHO CUNTATL, 110 ||pnl| & p/(1 — A}). Takum obpasom, ecam Ay Gimsko x 1,
TO CYMMADHOE BJIMSHHUE OKPYIJICHHH HA IMATaX WHTETPHPOBAHMSA MOXKET OKA3ATHCS
JOBOJLHO OOMBIIHM.

[MokazkeM, YTO BBIYHCIRTENbHAA MOTPEITHOCTE TAKOrO MOPSIIKA, SBASETCH Hen30exK-
uoi. [Ipeanosokum, To BMecTo cucrenMsl (3.2) pemaercs cucrema X = Bx+c+pe;.
Pasnocts X — X peulenuii sTHX cucTeyr ynosaersopseT cooTHomenuo (X — X) =
B(X - X)+pey, orciona X—X = (E—B) " !pe; = (1-A}) " !pe,. Hosromy norperm-
HOCTh Tiopsaka (1 ~ ,\}3)_1,0 SIBJIIETCSI HEYCTPAHUMOM; BO3MyLIenne npubJrirkeuil,
CO3JIaBAEMOE B XOJE HTEPAaUUi, CPABHUMO ¢ HEYCTPAHHMOMN NOIPEIIHOCTHIO.

§ 5. §°-mpolecc MPaKTH4IeCKOH
OlleHKHU MOT'PEHIHOCTH U YCKOPEHHUs CXOAUMOCTHU

Paccmorpum Bonpoc 06 onenke morpemmocTH NPHOGIHKEHHOTO peNICHHs CH-
CreMsbr ypasHeHHH. Econ X* — npubnmxennoe pemenue cucrembr AX = b, a
X —T0ouHOE pelleHHe STOM CHCTEMBI, TO MOKHO HAIIMCATH DABEHCTBO

IX* = X[ = A7/ (AX" ~ b)[| < [A7'[[ [ AX" ~ b,

KOTOpoe peJKo NPHMeHsIeTcs u3-3a CJIoXKHocTH omenku ||A71(|. ITostomy npm
NDAKTHYECKOM aHaJi3e IIOIPeNIHOCTH NPUOIHKEHMH, IOMy4aeMbIX HTEDAlld-
OHHBIMHM METOHAMH, OOBIYHO BMECTO 3TOH OIEHKH HMCHOJL3YeTCA DacCMaTpPH-
BaeMmas Jajilee HecTporas, HO Oojiee mpoCTas OLEHKa IOIPEHIHOCTH, KOTODAas
CTPOMTCA HA OCHOBAHHMM JOTOJIHHTENbHOH MHMOpDMAIlWM, MOJyYaeMOi B IIPO-
lecce BBLIYHCICHUIA.
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IlpumeMm crexyomuit wpumepul pe3yMHOCTRU NPIKTMUNECKOT OUEHKU No-
gpewnocmy: v NPHHUMAETCH 33 MPAKTHIECKYIO MOTPEIIHOCTh HPUOJIHKEHN s
x", crpeMamerocst K X OpH 1 — 00, €C/IH

v — (x™ — X)H/”x" -X|| =0 mpu n — oo. (1)

Scno, wro Torma ||V ~ [[x" — X]|.

PaccmorpuM Meron, mpocroit mrepammn X" = Bx" + c. Jlas KparkocTu
U3JIOXKEHNA OTPAHMYMMCHA CJIy4YaeM, Korja Marpuna B upocToft CIpyXTypor
(r.e. ee xopmamoBa (OpMa AMATOHAJIbHA H MOITOMY OHA OOJAmAeT MONHOR
CHCTEMOH COOCTBEHHBIX BEKTOPOB).

Iycre A, 2 =1,..., m,— cobcTBeHHble 3RAUeHUst MaTpunsl B, 3anymepo-
BaHHEIE B IOpsAke yObBanua |X;|, mpudaem 1 > (A1 > [Ag| 2 [A3] = -+ 2 | A,
a €, |le;]] = 1,— coorBercrByonme CcOGCTBEHHbIE BEKTOPBI, OOPA3yIONIMe MOJI-

uyio cucremy. Pasnoxum Bextop r’ mo Gasumcy e;: r’ = > cie;. Torna

I‘O =x"-X= BnI'O = Z(’lAfLez = ClA?el + O(Mz,n) (2)

3xeck u nanee Boipaxkenue X" = y" 4+ O(e,) UMeeT CleAyIOME CMBICIT:
x" —y™| = 0(en,) mpr n — oco.
Janee B 91oM maparpade ||x|| —aro ||x]2.
Ykaxewm croco6 mocrTpoeHmst NpubiKeHHs K BeKTOpy W' = cjAle; Ha
ocHoBauun HH(QpOpPMAIMKU, Nonydaoueics B xome sbramcaenuil. Cormacno (2)
HMeeM

X" X = w4+ 0(|]),
XX = w0 (|Ael),
x" =X =w"+ O(|A2]").
Borumrast gpyr u3 Japyra CoceIHHe COOTHOIIEHWS, IOJIYIHM
X=X = w1 ATOAT 4+ O,
x" —x" = w1 - AT 4+ O(|h)). y
Orcrona
(6" =% X" = %) = w1 AP+ O (1w el
(M= xR =) = P (1= AT AT+ O (T P,
Momoxkum

ny (xn _ xn—l, X — xn—;l)
- (xn—l _ xn—2’ xn — xn—l) :

X
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Bocnoneayemest coormoumrerusmu (4) B mpeamonoxkeruu ¢ # 0 nopenum

ny . 2 =12y —1,
YUCIUTENh W 3HAMEHATEb B BBIPAXKEHUU /I )\<1 Ha |[Wh{ |1 — AT 1PAT

B pe3yibrare TNONYyTHM
[A2]"
A+ O <-—-—-—n )
1=

(o™
1+0Umw>

TlockoneKy
W™l = led A, (5)

TO

A =2+ 0(Da/ M) (6)

 —1
[Tomenus BrOopoe W3 CcooTHoumeHwi (3) na 1 — ()\gn)) , TIONY9UM

n_ yn—l j i\ _/\(n)
}*—%‘jzwn—*ﬁﬁ)—:—fr@(\)\zln)=Wn+Wn“—1—(77)—l“—+O(|>\2|n)-
1“()‘1 ) 1—()‘1 ) )‘1()‘1 “1)

WUz (5), (6) crenyer ]w”()\l —)\(1")) ] = O(|A2|™); moaromy

x? — xn—l

ST =W” -+ O |)\2|n .

1— ()\gn)) 1 ( )
Orciona u u3 (2) nonyvaem

x" —X =v"+ 0(|A]"),

rme v, = (x" —x""Y/(1 - (Agn))_l). Samerum, wuTo corsacHo (3), (6)
VP = ler] A ™ + O(JA2]™). W3 srux paBeHCTB BBITEKAET, YTO V" yIOBJIe-

TBOpsier Kpurepuio (1), ¥ TOITOMY €ro MOXHO IPHHATH 3a HPAKTUIECKYIO
HOrperHocTy Hpubamxenus X”.

B caygae ¢y = --- =¢ =0, ¢y # 0 n1poBeIeHHBIE PACCYKJIEHUS OCTAHYTCSI
B cuie, eyt |Ay1| > |Ai42]. Bo Bcex cooTHomeHusix crexyer 3aMeHHTH JIMIID
Ai, ¢i, e; mpm i = 1,2 Ha A4y, Clas, €4y ONMCAHHBIE CHOCOD HOMydYeHus
OLIEHKH TNPHOIMXKEHHOIO DPElIeHHs HA3BIBAETCS 02 -NpOyECCOM.

Ecmn nonoxuts y? = x™ — v, 10 y* — X = O(JA2|"), u nostomy y”,
BoOOHIE rOBOpS, ABIAAETCH JIYYMIMM HAMAJILHBIM YCIOBHEM JIJiA IOCIELYIONTHX
HTepanuif nio cpasHeHuio ¢ X". Ilpou3soxst BpemMs OT BpeMeHHW TaKHe yTOdY-
HeHus, WHOrJa yIAeTcs CYMIECTBEHHO YMEHBIIUTEL 06Ilee HHUCIO WTepalui.

II,.HH COpaBeIJITHBOCTH HpH6JII/I)I(eHHOFO PpaBCHCTBa

x"-X v «(7)
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HeoOX0HMO, 9TOOBI B NPABOH aCTH PABEHCTBA

x"-X= g cAYe;
i

OIHO U3 CJIATAEMBIX NPEOBIAIATI0 HAL OCTANBHBIMH. ECIN 3TO Tax, TO BEeKToph
x" —x" L x* L — x" " npuGAM3UTENbHO TPOIOPLHOHAIBHEL I

3

l(xn——l _ )(17,‘27 xn-—l _ xn)l o
“xn—l — xn—:!” Hxnwl _ X’ILH ’

Hn =

Taxum 0bpa3os, yclaoBHe [ & 1 sIBAAETCs1 HEOOXOZUMBIM AJIsL TOro, 4T0bLI IIpo-
BORUBIIHECS PaHee HOCTPpoeHu s OhUIH cnpaBeaauBol. TIosToMy ero MOXKHO IPUHATL
34 YCI0BHE OPAKTHIeCKoi npumenumocts (7).

Hamnpuasep, BO3MOXKHA CIAYIOIWNAS CXEMA METOA HPOCTOH WTEPANUH C IIPHUMEeHe-
HHeM §%-IPOIECCa YCKOPEHHA CXOAMMOCTH. 3aJAIOTCS HEKOTOPLIM 7 B Ipeiesnax
1>9 > 0u manemm 17 > 0. Ecsin o xony urepaumil 0Ka3ajioch, 9T0 f, = 1 — 7,
TO BLIMHCISACTCA V' H BEKTOD Y NPHHHMACTCA 33 HAMAIBHOE NPUOIIMKENHE s
noc/ienyomuxX urepauuii. ¥irepanuonnslil mpouecce IpexpamaeTcsd, eClt f, 2> 1 -1
u [[v*]| < €, rue €-— rpebyeMas TOYHOCTD.

Ecnu 7 ouens Masno, To yciosue p, > 1 — n 6yaer BBIIOJHATHCA TOMLKO TOCITE
OOABIIOrO YWCTA HTEPAIHil, YCKOPEHHE CXOZHMOCTH He Oyuer mMerhL Mecra. Ilpu
BONBIIOM 7) COOTHOUIEHHS, IMONOXKEHABIe B OCHOBY HAIIMX IIOCTPOEHHH, BBIIIOJIHSI-
oTest Tpy60o, MOITOMY HE HCKJKTIEHO, ITO IPHMEHEHHe 6°2-ITPOIecca CXOIHMOCTH
3aMEJITHT HTCPAIMOHHBIN mponecc. KapTuna urepalvil takke OCHOMXKHIeT S HaTH-
HeM TOTPEIIHOCTH OKPYIVIEHWH, TaK UTO ONHCAHHAA BBIIE cxeMa TpebyeT Ipak-
THYECKOH OTPAHOTKY Ha OOJLIIOM YHCAE IIPUMEPOB C IEIbI0 BLIOODE, ONTUMAabLHBIX
7', i ¥ yKa3aHus WM KHEH MpaHuIbl 3HAYCHUH £, TPU KOTOPBIX ANCOPHTM IIPUMEHHM.
Ecmu onHopoaublil uTepanRoHIIbLl IIPOLECe M0JBepPracTes nepecTpoilke (B HAIEM
CIyae npu nepexoge ot X" K y™), To MIOrAa MMOJE3HO MTPOBEPHTDL, He BEJET JIT ITa
nepecTpoiika K yXymmenaio. B kauecTse KpHTEPHUS [eAeCO0OpA3HOCTH IIEPeCTPOIKH
MOYKHO B35ITh HEKOTOPOE COOTHOUIEHHE, CBA3BLIBAIONIEE HOPMBI HEBA3OK i X", ¥y,
HaIpHUMep HePABEHCTIBO BHIA

(E - B)y" —cl| < ql|(E - B)x™ —cf|.

Bameuanve 0 HeOOXOAUMOCTH YKA3aHUS HIJKHEH TDaHU 3HAYCHUH £ BLI3LIBAETCA
cefytomuM obcroaTensertsoM. Ilycts ana onpenenennocr Ay > (). Yke mpu Bbl-
YHCEHHT X TIO 3a0aHHOMY X" ~! IIOrpelnHOCTH OKPYIJIeHH MOTYT BO3MYTHThL D€~
3yJILTAT Ha BeIMUnHY 0x" ¢ HOpMO# nopsaxa p. CleacTBHEeM 3TOro MOYKeT ABAThCHA
BO3MymIeHne dv”, nmeromee Hopmy nopaaxa (1 — A;)~!p. Orciona cnemyer, 4TO B
cnyuae € < (1 — A;)~!p uTepanuoHHEIA TPOIECC MOXKeT HAKOTLAA He 3aKOHYHTHCH.
IIpoBenennpie nOCTPOEHNS TTOKA3HBAIOT, YTO [IPH PEAINZAIUMA METOAA BO3HHUKAET
MHOT'O TAKMX MOMEHTOB, pa3zfop KOTOPbIX TpebyeT cephe3Hoil MareMaTudecKoi noj-
FOTOBKH M TIPOBEAEHUA DONBIIOH CepuH YNC/IEHHBIX 3KCOepumeHToB. [loaromy, He-
CMOTPsi HA <«TIPOCTOTY» METOJa IPOCTOH MTepanud, Oy/eT BIOJIHE OnpaBlaHHBIM
CO3IaHNE CTAHJAPTHON MPOTPAMMBI 3TOTO METOJA.
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§ 6. OnnTuMHU3anusa CKOPOCTU CXOAUMOCTH
UTEePAIOHHBIX MPOIIECCOB

PaccMoTpuM TpOCTEHINNHA HTEPAlMOHHBIA €HoCOO pelleHus CUCTeMbl ypPaBHe-

guit Ax = b:
x"T = x™ — a(Ax™ - b).

MBI BHIENH, 9TO CKOPOCTh CXOAMMOCTH TAKOr0 HTEPAIMOHHOrO TMPONECcca
CYIIECTBEHHO 3aBHCHT OT MAKCHMAJBHOIO MOAYJs COOCTBEHHBIX 3HAUCHHH Ma-
rpunbl B = E — aA. Ecim A, ..., A, —cobcrBeHHble 3HaueHHst MaTpuupl A,
to max |A;(B)| = max |l —aX;|. I3 puc. 6.6.1 BugHO, 4TO IpH AEHCTBUTENH-

) )
HBIX COBCTBEHHBIX 3HAUEHUSX DA3JIHYHLIX 3HAKOB 3TOT MAKCHMyM Oonbmie 1
M WTEPAIMOHHLIA IIPONUECC PACXOMUTCA.

OOpaTuMcst K YaCTO BCTPEYAIONIEMYCS CJIy4alo, Korda Bce A; > 0. 3Haue-
HHAST A; OBIBAIOT M3BECTHHL KpalHe DEAKO, OAHAKO MHOBOJBHO THIHYEH CJIY4Ia,
KOIZla M3BECTHA OLEHKa JJa 3Tux uncesa suia 0 < u < A; < M < 0o upu Beex
7. CKOpPOCTh CXOOUMOCTH HTEDAIMOHHOIO [IPOIECCa MOXKHO XapaKTEPHU30BAThL

BEJIUIHNHON

a) = ax {1 — aAl.
plc) ugiéul al|

PacemorpuM 3amady MunuMusanun p(a) 3a cuer seibopa a.

\A 1-al

-

A0 ~
Puc. 6.6.1 Punc. 6.6.2

Hns Haxoxaenus minp(a) ymo6HO 06paTHTHCA K IeOMETPHUECKOH KADTHHE
o

(puc. 6.6.2). Scuo, aro p(a) =1 npu a < 0. Ipu 0 < o < M~} dynkuus
1 — @)\ HeoTpunmaTenpHa ¥ MOHOTOHHO yOBIBaeT Ha OTDE3Ke [, M], mosromy
pla) =1—au. Ipu M~! < o senmunsa 1—aM OTPHIIATENIPHA, X MOIYJb €€
Pacrer ¢ pocroM . IIpu HEKOTOPOM @ = ¢ HACTYNHT MOMEHT, KOTJA

1-(10/1,:—(1-—(10M), (1)

" rorma p(ap) = |1 — aop|. Eam a < ap, 10 pla) =1 —ap > 1 — aop =
P(ag); ecmun ap < a, T0 pla) > |1 —aM| = Ma—1 > Moy — 1 = p(ap).
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TakuMm 06pa3oM, 3HAUEHHME (¢ = (g SBJISICTCS MCKOMBIM. Pemas ypaBHEHue
(1) orHOCHTENBHO «rp, TONyuIuM g = 2/(M + p). Orciona

plag) = (M = p) /(M + ).
Bamaua 1. JJokasaTh CXOAMMOCTH UTEPAIMOHHOIO TMpouecca mpu c« = |[A[|~1.

Ha npumepe cucrem ¢ marpumeit A > 0 (3mech M Jasiee HepaBeHCTB(
A > 0 osmagaer, uT0o A — CUMMETPHUYHAS IOJOXKHUTEIBHO OIPEIC/ICHHAA Ma-
TpuIa) paccMorpuM bHosee (opmasM30BaHHBIC NMOCTAHOBKH INPOBJIEM ONTHMU-
34IMM CKOPOCTH CXOOMMOCTH HTEPAIMOHHLIX ITPOLECCOB.

Ecm aucimo HeHYIeBBIX 3JIEMEHTOB MATPHUIBI MHOro OGOJBIIE €€ Pa3sMEepHO-
CTH, TO ONEpauds YMHOXKEHHSI MATPHUbI Ha BEKTOp Oojiee TPYIOEMKa, Uem
YMHOXNEHHE TIHCJIA HA BEKTOD WM CJoXKeHHe BeKTOpoB. llosTomy mpu onesn-
KE€ TPYJOEMKOCTH HTEPAIMOHHBIX PONECCOB W ONMTUMM3AIMH ITHUX MPOLECCOB
Jajiee 33 Mepy TPYJOEMKOCTH MLl HESIBHO MPUHHUMAEM UYHACJIO YMHOXKEHHHA Ma-
Tpulbl A Ha BEKTOD.

Beakas cucrema Ax =b ¢ det A # 0, Boobirie ToBOpsI, MOXKET OBITH TpPHBe-
nera (Kak TOBOPST, CUMMEMPUI068GHG) YMHOXKEHHEM obeuX dacTedl ypapHEHHs
wa Mmarpuny A’ K cucreMe ¢ CHMMETPHUYHON IOJIOMKUTEILHO ONpeIeIenHONA
marpuneir. B camom geme, cucrena ATAx = A”b skBuBaseHTHA HCXOIHOI,
matpuna AT A cummerpuumaa, tak xak ATA = (ATA)T, u nomoxwmrensho
onpenenena, 1ak Kak (AT Ax, x) = ||Ax||? > 0 npu x # 0. Io Bo3moxHOCTH
craparorcss u3beraTh CUMMETDH3AIMHK, MOCKOJILKY, KaK MBI yBHIEM Jajiee, OHA
YACTO TPHBOAUT K YXYIIIEHHIO CXOJUMOCTH HTEPAIMOHHBIX I[IPOIECCOB.

PacemorpuM meckosnnko 6Gosee OOIMUI MTEPAIMOHHBIM METOM, IeM MeTOJ,
MpOCTON HMTepanmuu. A MMEHHO, B METOJE TMPOCTON HTEepaIH

xFHl = x¥ — 7(Ax* — b)

OyIeM CUMTATh, YTO MTEPAIMOHHBINA MAPAMETP 7 MOXKET HM3MEHATHCH OT LIAra
k mary. Torga Merom NpUMET BHI

k+1 __ Jk k —

X =x"—-11(Ax"—b), k=0,1,..., (2)
rae x* — HeKOTOpOe HauAJBHOE MPHOIHKEHHE.

BasamuMcs HEKOTOPLIM wLesibiM 1 > 0 ¥ mpousseleM 1 urepaug¥ no ¢op-

mysne (2). Cormacuo (2) morpemmsocrs r¥ = x¥ — X ynosnersopsier cooTHO-
IIEHUIO

Pt =k A = (B — 1 A)rF. 3)

Torma 4epes 7 WIAaroB WTepalMOHHOro Meroga (2) morpemHocTs r' OyneT
BBIDAXKATHLCH Yepe3 MOTPENIHOCTh HAUAJIBHOTO MPUOJHKEHHs Il ClefyIomuM

obpazom:
" = (E -1 Ar" L =... = (BE -1, 4)...(E = A)r’, (4)

rae r? = x% — X — morpemnocTh HaYATIHLHOrO HMPHOIUKEHHS.
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O6osuaanm Qn(A) = (E — mA)...(F — nA). Takum obpasom, omeparop
(matpuna) Qn(A) cBA3BIBAET MOrPENIHOCTH NPHOIMMKEHUS Ha HyJNEBOM H 7-M
[MIaraXx WTepanuoHHOrO uponecca. V3 (4) mmeem

Il < 1Qn(A)lg lir®]2. (5)

(Bciosty jajiee Ha TPOTSYKEHUM 3TOro maparpada 10 3HAKOM HOPMBI -l
6ymem uMeTh B Buay HOpMy ff-|lz.)

PaccMOTpHM CIIEIyIONIYio ONTHMH3AIMOHHYIO 3ajavy. Haiitn Takue wrepa-
[AOHHBIE MAPAMETDPLI 7, ..., Tn—1, IT00bI HOpMa [|Qn(A)|| ObLta MEHEMAIIB-
poii. Tak Kak marpuna A aBigercd CHMMETPHUUHON, 10 Marpuua (J,(A) Tak-
ke Oyder cummerpitroif. OTcloga cienyer, ITO eClH A ABJSIETCH COOCTBEH-
geiM 3HaueHmeM A, To Qn(\) gBasercst cobcreernpiM 3HavenneM (Qn(A). Ta-
KuM 06pa3oM,

HQn(A)H = m;LX 1@71,()‘_7)1 B (6)

roe Aj — cobcrBennnie 3mavenus A. Ilpeamomoxum, uro Aj € [u, M], p > 0.
IMTockonbKy co6cTBeHHbIE 3HAYEHWs B (§) HEHM3BECTHBI, A& W3BECTEH TOJb-
KO MHTEpPBAJ, KOTOPOMY OHU TpHHAIJIEXKAT, TO 3a7ady HAXOKJACHHS HOP-
MBI omeparopa (Qn(A) 3aMeHmM 3ajavedl OUEHKHM HOPMbBI 3TOIO ONEPATOPa
[IpA YCJIOBHH, ITO MbI 3HAEM OTPE30K, KOTOPOMY IPHHAIJIEKUT choexTp A,

e ||Q,(A4)] = max [@n(A)]. Bamerun, aro muOrowren Q,(A\) umeer B
~ ~
@Qrn(A) =1+ ---. Beenem knacc K, MHOTOWIEHOE CTEMEHW HE BBIINE 7, PaB-

HuIX egunune B Touke 0. TakmM oOpasom, Mbl MOXeM IepedpOpMYJIHPOBATH
HCXOMHYIO 3331y oUTHMHU3aLMu cienyomuM obpaszom. Ha kitacce K, Tpeby-
ercs maiiTH muorowmen QO()\) Takoi, uro

0 A . : .

=arg min ||@n( =arg min max |@n(A 7

B4 = arg min [Qu(A)] =arg min max [QN)) (7
3[eCh " arg, Kak OOBIYHO, O3HAUAET APTYMEHT, T.€. MBI HIIeM MHOTOWIeH (J, €
K,, nns xoToporo umMeeT MecTO DaBEHCTBO mm Q. (A)|| = HQ?I(A)H

Ha camom gene, BBoms kmace K, Mbl pacnmpmm KJTac¢ MHOTOWIEHOB,
TIOCKOJIBKY B HCXOIHOM IIOCTAHOBKE 3aJIaUd IIPEANOIATANIOCk, 4To Ha [u, M]
UCKOMBIM MHOTOWJIEH JOJIKEH HMeThb n Kopueil. Tem mHe MeHee, KakK MLI YBH-
AUM JlaJlee, IAHHOe DAaCIIHpeHHe KJACCA He WM3MEHSAeT DEe3YALTAT pelleHust
ONTHMU3AUMOHHOH 34l u.

Jlemma. Cnpasedauso pasencmeo

R M4 p—2X

0 1

=1,

A0 = 47, (MR, ®)
2de T,, — muozouaen Yeboiwesa cmenenu n, at, =T, ( u)

Aoxazameavemso. Tpemmonoxum, 4To YTBEDPXKJACHHE JIEMMbI HEBEPHO, T.e€.
970 cymectsyer MuOTOUWNeH @Qn € K, ¢ Hopmoii, menburei, yem y QO. Tak
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kak [Tp} < 1 Ha [—1, 1], TO MO HPEINOSIOKEHHUI0 HMEET MECTO CTPOroe He-
PaBEHCTBO

. 0 =¢- 1
oI [Qu(Vf < max |Qu(N)| =1, (9)

Pacecmorpum muorowien Sp,(A) = Q2(A) — Qn(A). Ilycts

M+ M — ] .
A = 'Q’_m_ QmCOS%, 7=0,...,n.

Uz pasencrBa Tp,(z) = cos(narccosz) umeeM
Qn(N) = (1)t
Hockonsky M € {4, M|, To, cornacao (9),
|Qn(X)] < 1,

Orciona creayer, aro sign S, (M) = sign QI(MN).

Touxku A%,..., A" pacCHONOXEHH MOHOTOHHO Ha oTpeske [u, M]. Tlockoms-
Ky Sp(A) MeHsileT 3HAK NPH IEPeXone OT KaXJO0W K3 3THX TOUYEK K CIIEAyIo-
meit, To S,(A) ummeer n kopueit Ha [u, M]. Kpome Toro,

Sn(0) = Q5%(0) — Q. (0) =1—1=0.

MBI mostyqusy MHOTOWJIEH CTEIeHW 71, KOTOPBIA uMeeT n + 1 HyJdbL, caeno-

patemsro, S,(\) = 0, Q,(\) = Q(N),

max |Qn(N\)| = ;1.
max |Qn(A)]

Mger mpummin Kk nporupopeudnto ¢ (9). Jlemma nokasana.

3aMeTHM, UYTO HAHHBIA MHOTOYJIEH Q,(,’L pellaeT TaKXKe HCXOAHYI0 ONTHMU-
3AllMOHHYI0 33Jady, TaK KaK IO IIOCTPOEHMIC OH HMeeT Ha OTPe3Ke [u, M)
7 HyJIeH.

OueHnM CKOPOCTBH CXOJUMOCTH IIOJyYIE€HHOTO METONA. Bocmoab3yemcs sB-
HBIM IIpPeICTaBJIEHHEeM MHOrowieHoB YebObnlmena

To(z) = (AT +A3)/2, Mo=z+tVz?-1.

M+p
Illpu z = nMeeM
M-—p
T M \/M+u P (M)’ 10)
e VEsi- gt () - A+ T i)

Beesiem obosnadenue Mg = (VM + /m)/(VM — /m). U3 (10) umeem A =
Ag, Ao = /\61. Tak xak A9 < 1, TO mpu 6oasmIMX N

M+ 1.,
7 (37) 0
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[Mockoneky AT um AL omHOrO 3HaKa, TO
th 2 AL/2 = Aj /2. (11)

Ha ocnose IIPUBEICHHDIX HOCTpOEHHﬁ MOXKHO MNPEAJIOKHUTDL HCCKOJIBKO TH-

[IOB HMTEPAIMOHHBIX IIPOIECCOB.
B omHoMm ciyuae 33Jai0TCA MOCAEHOBATENLHOCTRIO 3HaUMeHu ng =) < n; <

ny -+, UpUOJIMKEeHHa X' OIpelNeNdaIoT 1Mo peKyppeHTHOH dopiyse

X = " = Py (4)(Ax™ = b), (12)

ae ¢ = Nir] — N U P(?jﬁl()\) = A 0.(A) —1). Mneem

P = QU (A, [ < g e,
tae o = |tg,|”!, m B mrore
"0l < ogy - g, [1E°]l2-
Paccmorpum cayuait ¢; = k, T.c. n; = ik. Torma, obosmaums X = y°,

MOXKHO 3aIlHCaTh HTEPAnMOHHBIH mpouece (12) B Buge
y'* =y’ = P (A)(Ay’ - b).

COOTBeTCTByIOI_H,aH OIEIIKa IIOrpeItHOCTH HMEET BUI
ly* = Xz < (a)'lly° — X]J2-

Takoix I/ITCpFlH,I/IOHHI)II'/’I IIPOUECC HAIBIBAIOT ONMUMAADHDLM (HO THCTY HATepa-

IRi) aunethuam k-wazo6vm umepayuonitoim npoyeccom. B UacTHOM Clyuae

k =1, cornmacro (5), BBIIOIHAIOTCA COOTHONICHUS

M—p—2) 9
M—p
P]9(A)=1—AQ8(A)=W#=1—AW,
M-p ’
1 1 M—-pu
NE e T T e
M—p 1 Th

Takum 00pa3oM, onMmumMarvheli AuHelinutl 00HOULAZOGHT UMEDAYUOHHDIT NPO-

Uecc uUMeeT Bu/ 5

i+l i Avi—b
y y M+M(y ),

4 MOTPEIMHOCTH OIECHUBAETCH CIEAYIOIIAM O6pa3oM:

M-y

i) Iy = Xs (13

nf-xm<(

(sToT Meronm Mmmur y?K€ HOCTPOHIH BBIIe B 3TOM naparpade).
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Moxmno mnposepurs, urTo Ko3(pdunmenter muorowrenos PP | (A) 6GsicTpo
pacTyT ¢ pocToM Ak, T03TOMY NpH GOMbIIMX k AJIrOPUTM BBIMHCIEHUS X7, Hc-
nob3yIowui HHGOPMAIUIO 0 3HAYEHHAX ITHX KO3 DHUIMEHTOB, CHILHO Hy-
CTBUTENEH K BLIUHCAHTEILHOM IIOTPEINHOCTH. B CBA3HM € 3TUM JJis BBIYUCIe-
Hust X* ucmomssyror merom (2).

[Mockoneky u3 (4) ciaexyer, 4TO
Qr(A) =1 —7A) ... (L —7A) = QLN),
TO T; ABJIAIOTCS BEJIMUMHAMH, OOPATHBIMH K KOpHsM MHOrowrena QY(A). Ho

~ M4+ p—2X
1

T (12 27
k( M—pu

no jgokazannomy somie Q9(N) = ), T.€. KODHH 3TOr0 MHO-

rowjieHna paBHbI

M+4p M-y (27 - )

Aj = — . =1,..., k.
J 5 g ST ; (14)
Orciona cirenyer, 9T0 3HAYEHWSI 7; HAN0 OPATh M3 COBOKYIHOCTH
2 .
j=1,..., k; (15)

2 —m [
M+p— (M- u)cos(JT)
3a()UKCUPOBAB MOCJIEAOBATEIILHOCTD T| = )\j_ll, ey TR = /\j"kl, MBI UMEEM AJIro-
put™ (2) mas Boumciaenums y'tl mo yt.

Ilpu Gonpimiux k u OPOU3BONIBHOM BLIGOpE ji,...,Jk AJCOPUTM BBIYHCIIE-
uust mo ¢opmynam (2), (15) Tak¥ke HeyCTOHUUB K NOTDEDIHOCTAM OKPYIJe-
nusi. Tak, manpumep, eCiu B34Tb T; = A, ! ro cormacuo (3) ypaBHenme miis
norpemuocTd umeer Buf r' = (E — 7;,A)r'"!. Ilpn Hanmuuum OKpyIyieHH# OHO
3AMUIIETCST B BHJE

rl = (F - A4 pi7L

ITocnenoBareibHO BBbIpaXKast I’ Uepe3 NPENbIAYIIHE, HMEEM PaBEHCTBO

k k—1
N | RRCIS S | g
i=1 =0 i+2<5<k
Bnecs k r’ npumenserca omeparop QY(A) ¢ mopmoit oy = [tF[7! < 1, B TO

BpeMsl KaK OIEepaTophbl, MPUMEHAEMBIE K p;, MOTYT OBITb ¢ OUYE€Hb OOJBIIUMHA
HOpMaMH.

IIpu peanpHBIX BBIMMCIEHHAX I ODECIIEHEHHsI YCTOWYHMBOCTH aJlOPHTMAa K OK-
PYIVIEHHAM OCYLIECTBJISIIOT <IEPEMEIINBAHUEY YHCEN T;. AJITOPUTM II€pEMENIUBa-
HHs B caydae k = 2! sakmodaerca B cienyromeM. IlocienoBarenbHO, IpH § =
1,..., 1 crpourcs «Haubosiee MEpPEMENIaHHAsI» TIEPECTAHOBKA uuces 1,..., 27, Ilpu
j = 1 oHa cocrouT u3 AByx 4mcena 2, 1. Ilycrs y»ke mocTpoena nepeCTaHOBKa
[ ,_1); cefyromas nepecTaHoBka Gepercs B Buge (27 + 1 — pit

27 + 1 - bé l,bé 1,...). Hanpumep, npu [ = 4 3Ta mepecTaHOBKA HUMeeT BHUI
(11, 6, 14, 3, 10, 7, 15, 2, 12, 5, 13, 4, 9, 8, 16, 1). IIpu TakoM anropuT™Me BBHIOODA



§ 6. OnTuMH3AIHA CKODOCTH CXOAHMOCTH 281

HTEPAHOHHBIX IIapaMeTPOB HOPpMa olnepaTopa nepexona BCerga He 6y,ue'r npeBocC-

xomuth 1. 3amasasce k = 2!, crpoum Tabaumy uucen b’l,..., b;, U NPOU3BOIHM
urepanun (2) Npd 3HAYCHUAX
20t — 1
o= 2/(M +p~ (M~ p)cos E(——g—k——)—) . (16)

Kax yKe 0oTMeYasioCh BBINIE, K-IIATOBBI ONTHMAaNBHBIA Npolece obaaiaer
TeEM HEJOCTATKOM, HYTO YHCIO HTepanuil o0da3aTeNbHO MOMKHO OBITL Kpal-
geiM k. B caydae Gompiunoro 3madeHus k (a 9T0 Ha IIPAKTHKE HMeeT MECTO,
TaK KaK TIPM 9TOM YIIyHIIAETCH CKOPOCTH CXOJUMOCTH) 3TO BEJET K AOTOJ-
HWUTENBHLIM 3aTpPAaTaM TIPH PELIeHHH CHCTeMBI.

[TocraprM 33724y TOCTPOCHHS WTEPANMOHHOTO IIPOIECCA, KOTOPHI IIpH
J000M k Jaer TAKyIo Ke OMEHKY JJId TOrPEIlHOCTH, KAK H K-TIAroBBIH OITH-
MaJbHLIE mponecc. Vcxond w3 Tako#l TMOCTAHOBKM 334a4H, TOTpebyeM, TToObI
npu mo6oM k BEKTOD MOTPEIIHOCTH I* YNOBIETBODHAS yPABHEHHIO

=t,T :
r v Tk ( Sy r (17)
BamuuieM coorHomenue (17) mocnenosarenvho mig k=n—1, k=,
k= n+ 1 THomyaum
1 1, (M +p)E—24Y\
r’ = tTL——l n—1 ( W — /Jt r,
, _ M+ p)E—-2A
no_. t 1T ( 0
r I ( Y r, (18)
1 _ -1 (M+p)E-24Y\ ,
r? = n—l—lTn""l ( M — 1 r.
Muorousnennt YebbimeBa cBsi3aHbl PEKYPPEHTHBIM COOTHOIIECHHEM
Tot1(z) — 2T (z) + Th1(x) = 0. (19)
YmuokuMm nepsoe ypasrenue (18) w®a f, 1, Tpetbe—mHa f,y{, a K obemm
] (M +p)E-24
TaCTAM BTOPOTO YpPaBHEHMS NPUMEHUM MATPUIly —2t, i . Cxia-
ABIBAA DE3YJIBTATHI, IOJNIYYHM :
- M+ p)E —2A
tpir” 1 2t,, ( A;L)—_ " ™+ tn+1r"+1 =
(M + p)E —-2A (M+pE-24A
=T T -
{n 1( M5 + Tht1 M (20)

_2(M+,u)E—2ATn((M+,u)E—2A>}rO.

M —pu M-—pu
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Boipaxenne B ¢urypHbix ckobkax B (20) paBro mymo B cmuy (19). Ta-
KHM 00pa30oM, MOUPENIHOCTH I™ HCKOMOI'O HMTEDAIHOHHOTO IPOLECCA JOMMKHL]
YJOBJETBOPATH TPEXWIEHHOMY COOTHOIICHHIO

_ M+ u)E - 24 ,
tpyr" b 2tn( M—_ 4 ' + tn-i—1rn+1 =0. (21)
Tax kax r" = x" — X, To noacrasisiga 510 Bbipaxkenwe B (21), momyumm
M E—-2A ,
tn—-lxn_1 — 2ty (M 1) x" + tzH—lx”-H =
M—p
(M +p)E - 24
= |th_1F — 21, thr1de ) X
( n—1 2 M — 1 + n+1 (22)
Berencrsue (19) m pasencrsa t, = T, (%fﬁ) AMeeM
M+ i
thyl — 2 (m) tn +tn—1 =0, (23)

u coorHolenune (22) moxeT OLITH IEPEIUCAHO B BHJIE
M+
t7z+1x”+1 —9 <

, —t,
t X" 4ty x" T = 4—"(AX" — b). 24
M—,u) n n—1 ]W",U‘( ) ( )

Mbl nomyuna TpebyeMoe peKyppeHTHoe coorHomenne. llpusemem ero
Gonee ynobuomy Bumy. Bereacrsue (23) pasencrso (24) MOXIO mepeumcaTh
B BHJIE

\ e 2 r
tna1X" T = (g1 + tno1) X"+ b X = Y M(fn+1 +ty-1)(Ax" — b)

J5R19%8

= X" v, (x* - x"L) - (1 +wpwn—1)(Ax" —b),  (25)

M+ pu
rjie wy = ty/thy1. Paspenup obe wactm (23) HA 41, TOIyUIHM
M
1-2 + an + wpwp—1 = 0,
OTKYy 2
M +
wnzl/(2M_Z—wn_1> mpu n >0, wy=1ty/t). ,, (26)

Taxum 06pa3soM, MOKHO DPEKyPPEHTHO BBIYHCIATH BENHUUHB w, u3 (26)
u zarem BekTophl X"V! w3 (25). g mosyueHus COBOKYITHOCTH BEKTODOB
x!, ..., x" morpeGyercsi IPOU3BECTH N yMHOXEHMH MaTpuIpl Ha BekTop, O(n)
YMHOXKEHHH BEKTODOB Ha YHCIA, CJIOXKEHHH BEKTODPOB M ONEparyil ¢ YHCIaMH.

IIpu srom mist Bcex k, Benencrsue (5), (9), BHIMOMHAETCH OUEHKA

Ik = Xlo < 7 = Xl (27)
KBajgparHoe ypapHeHUHE
M+ p
2
-2 1=0
w = uw +
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AMeeT JIBa IOJIOXKHUTEJIbHBIX KOPpHHA

__M+,uj: M+u)2_1
T M -p M —pu ’

Haumenpunii U3 3THX KOPHEH, DaBHBIR

M+p (M+;L>2_1_\/M—\/ﬁ_i
M—p M—p VM + i Ao’

obo3HavuUM Uepe3 w.

Wrepanuornsiit mponece (25), (26) HasbBaor onmumasvrnim (0 KOIH-
YeCTBY WTepammit) AuHetdHbM UMEPAUUOHHIM Npoyeccom. [Ipu peanmsarpu
npomecca (25), (26) mnocie smobbIx k npumeneHuil MaTpuuel A MbI TOMY-
qaeM OHNTHMAJBHLIH pe3yjabTaT B CMblcae (6). M3 cxkazaHHOrO BHIAHO, ©ITO HO
CKOPOCTH CXOHMMOCTH HTePanuoHHBIA npouece (25), (26) mpeamoururenshee,
geMm (12). OmHako MHOLZA OT HEro OTKasplBaloTcs B nomsdy (12) us-3za co-
ofpaxeHuif SKOHOMHHU mHamaTa IBM.

IMonyunm 6ornee HATMSAAHYIO OLEHKY CKOPOCTH CXOLMMOCTH HOCTPOEHHBIX
urepannoudbix nporeccos. Comtacao (27) m (11) Ansg ONTHMAIBHOTO HTEpA-
[UOHHOTO TPOLECCA BBINOJIHIETCS OLEHKA

" — Xl < 22575 — X]la.

Hopnma morpemsocTe r” yMEHBIIMTCA 10 KpafiHell Mepe B €' pas, ewin

207" € . Orcioma nojydaeM ONEHKY YUCHA UTepaluii, obeclcumBaIoOminX II0-
0 X ) j8t ) )
JydeHMme peHIeHus ¢ TOYHOCTBIO E£:

n > ny = logy,(2/¢) = (InXg) ™' In(2/e).

s mrorux 3amad amcno M/p okaswbBaerca odvenb Gompmum. IlosTomy

upu M/p — oo umeem Ag =1+ 2y/u/M + O(p/M). Takum obpasom,

InAg ~2vp/M, ng~05VM/pn(2/e).

LI cpaBHeHMs pPacCMOTPUM ONTUMAJBLHLIN JIMHEHHBIH ONHOMIATOBBIH IIPO-
uece, uMeromui, corsiacuo (13), OmeHKy morpentnocTu

M+pu n o
X" =Xl|lp £ | —— x' = X|l2;
I =X < (52) 1 - X
OTCIOfia MOJyJaeM OLEHKY YHMCJIA HTepanmit
M+p\"!
nzny=\|ln———- In —
’ (HM*/J £
Hpa M/p — oo mmeem
M+ M+p  2u 1M, 1
In H fNig~——In-. ‘

M,uM 2pu &
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Takum ob6paszoM, B 3TOM CPABHEHHH OINTHMAJBbHBIM HTEePAaMOHHBIA Mpomece
€T BBIMTPLINI B YHCJIE HTepanuit nmpumepHo B /M/u pas.

3agaua 2. PaccMaTpuBaeTCs UTepPaIUOHHLINR HNPOMECC

xX=x"l - (Ax L =b), i=1,2,....

Ilycts p HedeTHOe M TIPH BCEX K COBOKYNHOCTH Ty, ..., Tpk-1 COBIAJAIOT ¢
COBOKYITHOCTSIMH
. -1
) (2 — 1) , k
fyi_1=2(M+u—(M—p,)cosW— , 1=1,...,p".

I[IpoBepuTh, wTO HNpH BCEX © = p* npubnumkenust X' COBmALAIOT € IpH6IH-
JKEHUSIMH, TTONYIACMBIME 110 ONTHMAJHHOMY JHHEHHOMY HTEPAIMOHHOMY IpO-
meccy.

Bagaua 3. Ilycrs 79 = 2/(M + p), 11 = 1/M, 70 = 1/p u coBokynmrOCTH
Tok+1,. .., Tok+1 IPH KaXIOM k > 1 cOBHAZAIOT € COBOKYITHOCTSIMH BEJIMIHH

2i—1)\ 7! .
Vi=2{M+p—-(M-—pu cosf—(——i——) . oi=1,..., 2%
2k+1

[loka3aTb, 9YTO M TAKOrO HTEpAalHOHHOrO Iporecca mpu Bcex n = 2K+l

CIIPABETHBA,  OIIEHKA

4
[Ix" = Xll2 <

O =A™ (o = Agh

1" = X[la,

T. €.

Ix" = Xlz = O(g ") lIx” = X[2.

PaccMoTpuM THOHYHYIO 33431y MaTeMaTHYeCKON (PU3HKHU, CBOMAULYIOCS K pellie-
HUIO CHCTeMBI ypasHenuil ¢ Gompiuum otHOmenneM M /u. Ilycrs B kBajgpare 0 <
zy, 9 < 1 pemaerca ypapHenue IIyaccona —Au = f mpu Hynepwix yCJIOBHAX HA
rpaHune. 3amasuMcst cetkoil ¢ waramu b = 1/l v HanuieM cucreMy ypaBHEHHH,
ATIPOKCUMHUPYIOMKX AudPepeHnaibiyo 3a0a%y:

Um+1,n — 2Uumn + Um—1,n Um,n+1 — 2Upn + Um,n—1 28)
-— 2 _ 2 - fanL (
h h
npu 0 < m, n < [

14

Upn =0, ecmwm m{l—m)({—n)n=0.

MaTpuua 3T0i CHCTEMBI ABJIAETCS MOJIOKUTEILHO ONpeNeeHHON, ¥ 111 Hee
. 5 . (mh
@ = min \; = 81*sin (7) ~ 272,
wh .
M = max A; = 812 cos (7) ~ 812,

T.e. /M/p ~ 2l/m. Hanpumep, npu mare | = 30 BBHIMIPBEIN B “HCTE UTEPALMH
npumepuo B 20 pas.
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B mawane sToro maparpada OBIIO yNOMAHYTO, YTO NPU CHUMMETDU3AIUU
CHCTEMBI €e CBOHCTBA MOrYT YXyAwaTbcd. JeficTBHTENBHO, MyCTh ITOT IpPO-
mecc TpPHUMEHSETCH K y’Ke CHMMETDHYHON Marpuie A, T.e. mepexomum OT
cucrempl Ax = b kx cucreme A?x = Ab. Ecim y crapoit cucTeMbl OTHOLIEHHE
MAKCAMAJIHLHOIO M MHHAMAJBHOrO COOGCTBEHHBIX 3HaueHMH pasHsutoch M/p,
ro y HOBo#t omo Gymer (M /1t)? M CKOpPOCTb CXOJMMOCTH HTEDAIMOHHBIX HPO-
meccos OynmeT MeHbIUe.

Mpumenanue. Ilpu n — oo mmeem
T M+u
"\M - p VM -~ N

Wy, = — W=
g (Mt VM + /R
n+1 m

TakuM o6pa3oM, npu Gonpinux n urepanyoras dhopmyna (25) 6auska k Gopmysie
2

2 n
(e ~b) (29)

Zﬂ+1 =g" + w‘Z(Zn . Z'n—l) _
Eciu mpu 1 > 1 nepamuu 6y 1y T IPOU3BOIUTHCA TI0 3TOH (DOPMyJIe, TO IPH yCJIOBUAY
20 = %0, z! = y! sror mrepamuoHHBI Hponece TpebyeT NMPUMEPHO CTOILKO YKe
UTepaluii, CKOJbKO HTEpAUMOHHBIE Ipouecce (25).

Bamaga 4. [gs mrepangonHoro mpouecca (29) MDOXYYUTH OIEHKY IOrperl-
HOCTH
[ _ 2+ (0= 1)(1 = A7)

< - AR, 30
T oY 0 (30)

m
Yxasanue. IlpencraBurs morpemHocTs B Buje r = Y z'ey, rae {ex} — mon-
k=1
Hasl OPTOrOHAJNLHAS CHCTeMa CODCTBEHHLIX BeKTopos marpuunl A. Iloacranos-
KOo#t B (29) monyuuTh PA3HOCTHOE ypaBHENHE, CBA3LIBAIONIEE zZ‘l, z}, ZZ+1.
Honyunrs siBHOE BBIpajKemme Ui Z{ W ¢ €ro NOMOIILIO MONYYHTHL Tpedye-

My onenky (30).

3azaua 5. IlokazaTts, uro omenka (30) me Moxer 6bITH yNy4IIeHA HA MHO-
KECTBe MATpHL, yAoBJjerBopaiomux yciosmio S(A) C [u, M].

§ 7. Meron 3eiigens

Ilycrs pemaercss cucrema ypasmemmit Ax = b, Bce IMATOHANBHBIE JeMEH-
ThI KOTOpO#l HeHyneBble. B HTeparuoHHOM Merone 3eiinens HOcienroBaTebHO
YTOYHSIOTCS KOMIIOHEHTB! pelleHMs!, IPU4YeM Kk-s1 KOMIIOHEHTA HAXOMUTCH W3
k-ro ypasmenus. Umenno, ecimm x™ = (z7,..., z%)T, To cnemyromee nmpuCTH-
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JKEeHHe oInpenesjisseTcsa HU3 CHCTEMbl COOTHOIUEHHH

n+1 n P (R
a1 + a9y + -+ apm,y, = by,

aglx?ﬂ + agga?"_H + a23.I,‘5 + o agm.l‘ = by, (1)

n+1 Al
amlzl + ap2To + -+ ammT,, = brp.

Cucremy (1) MOXHO IpEJCTABATH B BUJIC

an—H + Ox" = b, (2)
rae
a1 O O ... 0 0 a1z a3 - aim
B= agy agw 0 e 0 C = 0 0 a3 - A9y
am1 Gm2 Am3 " Omm 0 0 6 --- 0
Orcloma  mosryvdaem
X"t = —B71Cx" + B™'b. (3)

Taxum obpazoMm, MeTo 3eilJiesst SKBUBAJEHTEH HEKOTOPOMY METOLY IIPOCTOR

HATEPAIlH; II0ITOMY JIJISI €ro CXOAHMMOCTH IpH JI0BOM HATaILHOM NpHOIIMKe-

HIM HEobXOMHMMO ¥ JIOCTATOMHO, UTOOHI Bce COOBCTBEHHBIE 3HANEHMS MdTpnubl
B7IC 1o monyno 6bumm Mesbme 1. BegegcTsue pasencrsa

det(—B~'C — AE) = det(-B~1) det(C + B))

cobCTReHHBIC 3HAYeHEa MaTpuupl (—B7!C) gBAAIOTCA KOPHIME ypPADHEHHS
det(C + B))

Takum 0O6pa3oM, HEODXOAMMOEe H JIOCTATOTHOE YCIOBHE CXOLHUMOCTH METO-
na 3eitmenst MOXKHO ¢QOPMYIMPOBATE CICAYIOUIMM 00pa30M: BCe KOPHHM ypaB-
HeHUus

aj A ajs a3 e aim
as A agA ay: a

det 21 22 23 2m =0 (4)
A1 A Ama A A3 e Amm A

JOJKHBI OBITH IO MOIYJIO MeHbIIe 1.

HacTo MOXKHO HpenoKuTh bonee yao0HbIe 115 MPUMEHEHHs JOCTATOYHBIE YCIOBHA
CXOMUMOCTH MeTofa 3eimesns.

3agaga 1. [Iycts upm Beex 1
Z laij| < qlai], g <1
J#i

ITosy4ure orenky
%" = Xlloo < -+ < ¢ I%" = Xloo-
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A A
X, \ X, \

5

X X

Pwuc. 6.7.1 Puc. 6.7.2

IIpobirema peuleHUss CHCTEM JIH-
HEHHLIX YPABHEHHH $BJSIETCA MO-
JIEILHOM OTHOCHTEJIBHO Goiee (JI0¥K-
HBIX 3aJa9 perienus CUCTeM Held-
HEHHBIX YpPaBHEHHUN W MHUHUMU3AIHNA
dyukumit MHOrux nepeMeHHbIX. Jlra
epeHeceHus MeToja Ha Gosee cyrox- L I,
Hple 3aJa4Yd BAXXHO IIOHATHL €0 HAaM- :
Gonee «rpybbIe» KAUCCTBEHHLIE CBOM- X
CTBa, ODECHEYNMBAIONTHE CXOLHAMOCTD. Puc. 6.7.3
C sroii nenpio Haubolee KejaTelb- T

HO IIOJIYYMTh TMEOMETPHUIECKYIO UHTEpIperanuio Meroga. Ob6osHauunm ucpes L;
m

)

IUIOCKOCTD E a;;z; —b; = 0. Ilpn nomyvenun npubiuKeHus (:II?+1, ce a:;l“,
i=1
Ty, Thy) M3 TPHOIMIKCHUS (a7 :E;‘lel, gt an) npoucxour

HepeMenieHne NpUOJIMKEHUsT TAPAJUICBHO OCH Z; JIO HEPECeUeHHs € MIToC-
KocTbio L;. Takum oOpa3oMm, reoMerpuvecKd MeTOJ 3eimesst COCTOUT B IH-
KJIMIECKOM IIEPEMEIEHHM TOYEK, COOTBETCTBYIOIUX MOCIEIOBATEILHO 110y Ia-
€MBIM HOPUOIHKEHHSAM, MaPAJIICTBHO KOOPDAHHATHBIM OCSIM I; JI0 NEePecevueHust
¢ mnockocrsmu L;. Puc. 6.7.1-6.7.3 wurocTpupymoT Ipu m = 2 caydau, KOTAA
Merog, 3eHIenas CXOAUTCH, PACXOAUTCS, MMEET HUKJ (KaK TOBODSAT, <3ALIUKJIN-
Baercsi» ). CpaBHEHHE NEPBBIX JBYX PHCYHKOB IOKa3bIBAET, HUTO CXOAMMOCTH
MeToga 3eiljiensd MOXKET W3MEHHThL XapPAKTED TPH MEPECTAHOBKE YpABHEHUI.

OcoberrHo uHTEPECHAA TEOMETPUYECKAd KAPTHHA BO3HHKAET B CJIyUae, KO-
Ina Marpuna A CHUMMETPUIHAL.

Teopema. ITycmv A — sewecmeentas CUMMEMPUUHAS NOLOHCUMEADHO ONPE-
deaennas mampuya. Tozda memod 3etideas crodumcs.

Horasamesvcmeo. Ilpu cummerpuunoii A umMeem

Ecim A>0, 10 (A(y—X),y—X)>0 upu y # X, nosromy dpyuxuus F(y)
HMeeT MUHHAMYM, ¥ TPUTOM eIHHCTBEHHBIH, mpu y = X. Takum ofpasoM, 3a-
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Java OTBICKAHWHA peleHust cucreMbl AX = b okazasack pasHOCWIBHOU 3amave
OTBICKAHUS ENUHCTBEHHOro MuUHMMyMa Qyukiwmn F(y).

OgauM M3 METONOB MHUHUMH3AIMK (DYHKIIMM MHOTHX NEPEMEHHBIX $IBIISeT-
A Memod noKeOPIUHAMHOZ0 CNYCKA.

[Iycts mmeerca mpubmmxenune (z9,...,2%) K Touxe skcTpemyma bynk-
unn F(21,..., Tm). Pacemorpmm byukumio F(zq, 29,..., 28) xax dymxmmo

NepeMeHHoON ) M HaldeM TOYKY x} ee
xh MHHHMyMa. 3aTeM, HCXOHd M3 Uprbiiu-
xeums (w1, 29,..., 20), myreM nwmp-
musanun byskman F(z1, 22, 23, ..., 29))
N0 IepeMEeHHOR o HAXOAMM  CJelyIo-
mee mpubmmxenue (z1, 3, 23,..., 20).
IIponecc nuxipdeckn nosropsiercst. [lpm
VIOUHEHUH KOMIIOHEHTBI 1L} TPOUCXOIAT
CMEIeHe 10 TPAMOM, IAPAJIIENBLHOR
OCH I, MO TOYKHA ¢ HAUMEHBINHM Ha
9TON mpsMoit 3Hauenuem F(x) = ¢. Hc-

Puc. 6.7.4 HO, YITO 3Ta TOUYKa OyIeT TOYKO# Kaca-

HIST PACCMATPUBAEMON TPAMOH W JIMHUK

ypoBra F(x) = c. Ilostomy B AByMEpHOM ClIydae KapTHHA ITPHOJIAKEHUH
BRIVISIAUT Kak Ha puc. 6.7.4.

IIpuMennum MeTOJ| TOKOOPAMHATHOIO CHYCKA JJid OTHICKAHUS 3KCTPEMyMa
dbyukuun F(y). O6osnaumm F(x) + (AX, X) = (A(x — X), x — X) uepes
Fy(x). Ilpn MUHMMU3aIUU 1O TEPeMEHHOU T IIPOMCXOJUT HEepPEeMENICHHE IIa-
panyensHo ocu zx o ToukH, rae I = 0. CrenosaTesbHo, HOBOE 3HAYCHUE
T} OIpedeNisieTcsl M3 TOTO JKe YPaBHEHus

Xy

Fl"k = 2 Zakj.’lij - bk = 0, (5)
J=1

ITO M B wiydae Meroma 3eiimend. Takum oOpa3on, TpUOJMKEHHsS TOKOOPIH-
HATHOTO cOycka Munumusanud Gbysxuuun F(y) um Meroma 3elimens penieHH:
HCXOJHOU CHCTEMBI COBIAJIAIOT.

Ecmm x™ # X, 10 x0Tt Obl ONHO M3 ypaBHEHHH CHCTEMDLI HE” yIOBJIETBO-
pAeTcs u cooTsercTByiomee 3mauenne F, (x") # 0. BuiGepem cpeam TakuxX
k mammenbmee. Torma npm yToOUHEHWH KOMIOHEHT Zi,..., Lgp—] MBI OCTAEM-
cd B TOUKEe X", & IPHU YTOYHEHHH KOMIIOHEHTBI T I[IPOMCXOIMAT CMEUIeHNE
B CTOPOHY MEHBIIHMX 3HadUeHHH F(X); UpH yTOYHEHUH OCTAJHHBIX KOMIIOHCHT
snauenue F(x) He Bo3pactaeT. Takum 0Opaszom,

F(x"t) < P(x™), Fy(x"*) < Fy(x™);

II03TOMY Fo(xn+1)/F0 (x") <1 (6)
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opu X" # X. Borencrsue (3) umeem pamenctro r*t! = —-B7!Cr", rme r" =

x" — X. Coornomenue (6) MOXHO TepenucaTb B BUJE

(AB~'Cr", B~Cr")

(,O(I‘") = (AI‘”, I‘”) <1 (7)

npu 1" # 0. Ha cdepe |[r”||a = 1 Bemuumna ¢(r") HenpepsiBHA, MOITOMY
oHA JOCTHUTAaeT CBOero HawbOJbINero 3HavYeHHs ¢p. 1ak Kak A > 0, To Bcerma
@o(r™) > 0 m mostomy o > 0. Iomoxum ,/pg = A. Baiencrsue (7) nmeem
A< 1 OvuesuzHo, p(cr™) = @(r") upu mwbom ¢ # 0, mosromy (r") =
o(r™/llr|l2) < A? mpm smoGom r". Orciofa NOTyuaeM HEPABEHCTBO

Fo(x™)/Fp(x™) < X2, (8)

1, TakuMm 00pasom, ‘
Fy(x™) < X" Fy(x").

Wz (3.8), (3.9) wienyioT HepaBeHCTBA
min Ay ly — X3 < Fo(y) < max Ny [ly—X][3.

OTciona moJiyuaeM OIeHK CKOPOCTH CXOOHMMOCTH
y

" — Xl < B yn X (9)

min A Y

Teopema nmokazaHna.

W3 puc. 6.7.5 MOXKHO yCMOTpeThb, UTO MeTOA 3eifens CXOOUTCS OpicTpee,
ECIM HaIpaBJeHHEe OCel SJUIMICOUAOB OJH3KO K HAIIPABIEHHIO KOODAMHATHBLIX
ocedt, T.e. marpuna A OJIHM3KA K JHATOHATBHOH.

B cnyuae, uszobpaxenHom Ha puc. 6.7.4, DowiegoBaTespbHbIC IIPUOIHKE-
HHsL CMeraioTcs Bce BpeMsi MOHOTOHHO BJieBO W BHu3. Takas xapTuHa —
MOHOTOHHOE CMEIEeHHe OTACIbHBLIX KOM-

IIOHEHT Bce BpeMsT B OJHOM HU TOM zA
)K€ HaNpaBJIEHHHU — XapaKTepHa 1A pd- 0
Aa KJjaccop Marpuil. llpu aToM noBosib-
HO wacTO0 MOHOTOHHOE cMemieHHe HabIo-
MAETC MMEHHO y KOMIIOHEHT DelIeHHs, @V
CKOpOCTL CXOAMMOCTH KOTOPBHIX Haubosiee

Ioxast. B arux ciayvwasx myis yckopeHms
CxomumocTn mpuberaior Kk memody peaak-
CaYuy, KOTOPBIH 3aKJIIOYAeTCH B CJIeJIy1o-
Wem. [locne yrounenus xaxxaoh Koop/u-
HaTel mo Mmeromy 3eiinmens HpOM3BOIMTCS x
CMeleHne B TOM JKe HANDABJIEHMH Ha D-
0 yacTL sToro cmemenus. Takum o0bpa-

Puc. 6.7.5

10--903
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30M, HpI/I6JII/I)KeHI/ISI OTBICKHBAKTCA H3 COOTHOLIECHHS:

xn—H + pxn

Cx" =
T5p )+ x" =bh, (10)

(B—-D)x"t' +D (

D — gumaronasibHass MATPHIA € JEMEHTAMH Qi U0 AuaroHanu. Kak nokazaa,
OpaKTHKA BBIUHCIeHHH, npa A > 0 mesnecoobpa3Ho OpaTh moKasaTenb pejax-
caupu p B mnpexmenax —1 < p < 1; B cayqae 0 < p < 1 meronm penaxca-
uuM OOBIMHO HA3BIBAIOT Mmemodom ceeprpesaxcayuy (WIH MemodoMm 6eprwed
peaakcayuu). Ha puc. 6.7.4 uzobpakeHbl CHMBOJAMH © HDHOJIMXKEHUS METO-
na 3eigens, * —merola BepxHeld penakcanuu npu p = 1/4. Haupumep, mia
YMEHBUIEHHST MOIPENIHOCTH B £ 1 pa3 mpu pemeHAH cucrembl (6.28) mero-
goM 3edigens Tpebyerca mnopsaka ch™2In(e™!) wmrepammit. Ecnu npumenuts
MeToJ, BepxHeil pesakcanuu npn p =1 —wh, w > 0, To norpebyercst mopsz-
ka c(w)h~tin(e™!) mrepammit. onbop napamerpa w B 3TOH 3amade Tpebyer
JETATBHOr0 PACCMOTPEHHMs. 13 YacTHOCTH, BO MHOIHX CJIy4asX OITHMAJLHOE
3HAYEHWE TAPAMETPA PEeNAKCAIMH p OUPEIETIeTCs SKCIEPUMEHTATLHO. VHOrma
napaMerp peJjakCallHd p BBIOMpAIOT 3aBUCANIUM OT 1 W 1.

Jns ciygas A > 0 eme pa3 obpaTuMCsi K T€OMETPHYECKOH KapTHHE (CM.
puc. 6.7.4). Tlocse yToduHeHHMs] KOMIIOHEHTHI Z] MO METOAY PENaKCAlMH IIpH
—1 < p <1 MBI ONaJaeM B TOUKY, JIEXKAIIYIO BHYTPH HJIM HA TDAHUIE ILJIH-
ncouna F(x) = F(x). Paccyxnaa Tak e, Kak Ipu 060CHOBAHHMH CXOIHMOCTH
MeTofa 3eiiaens, 3akyodaem, uro npu —1 < p < 1 Beerma Fo(x" 1) < Fy(x"),
ecn X" # X.

Sagaua 2. [Jokasarb, uro npu yciaosud |p,| < ¢ < 1 Merom pesakcanpu
CXOIMTCA CO CKOPOCTHIO I'€OMETPHYECKOH ITPOTPECCHH.

8§ 8. MeTon Hauckopeiilero rpagueHTHOro CIIyCKa

PacnpocrparernbsiM MeTOI0M MHHHUMH3ATIEH DYHKIUHE GONbIIOrO YuCiIa Iepe-
MEHHBIX SABJISETC Memod zpaduenmuozo cnycka. Iocnenyromee npubiankeHnie
MoJyvaeTcsd U3 MPEeNbLIUYIIEro CMENIEHHEM B HallpaBJICHHH, IIPOTHBOIOJIOX-
HOM rpaamenty dyukuuu F(x). Kaxpoe wiegymomee npubimkevne HIIETCA

B BHIE
x"t = x™ — §, grad F(x"). (1)

IIpuBenennoe onucanme HE ONPENENSET AJTOPHUTM OJHO3HAYMHO, MOCKOJBKY
HHYETO HE CKa3aHO O BeIOOpe mnapamerpa &,. Hampumep, ero MoxHO omnpe-
AEJNATh W3 YCJIOBHST MHHUMYMA BEJHIHAHBI

F (x" — &, grad F(x")) . (2)

B 3ToM cnyyae paccMaTpUBACMBIM METON HA3LIBAIOT Memodom Hauckopeuuwezo
2paduenmHO20 CNYCKE WIH HPOCTO Memodom HAUCKoPeliulezo CnycKa.
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Hna dbyskumau F(x) = (4x, x) — Z(b X), COOTBETCTBYIOIIEH CHCTEME JIH-
HeWHBIX ypaBHEHMi ¢ marpuned A = AT > 0, 3amava HAXOXJEHHS] MUHHMYMa,
pelIaeTcs B SBHOM BHJE. B 5TOM KOHKpeTHOM cirydae

grad F = 2(Ax — b)

x" = x" — 26,(Ax" — b).
O6ozgaauM 20, yepes A,, T.e. MOJIOXKUM
x*H=x" — A, (Ax" ~ b). (3)
Oycrs ¢(A,) = F(x"*1). Benomunaa, wro A = AT, swumenum ¢/(A,).
Nmeem
o(Dp) = F(x") — 2A,(Ax" — b, Ax" — b) + (A(Ax" — b), AX" —Db)A,, —
— (Ax™ — b, AX" — b)) =0,
OTKY/Ia
(Ax™ — b, Ax" — b)
(A(Ax™ — b), Ax™ — b)’

A, =

Ha puc. 6.8.1 u30bpakeHbl NOCJIENO-
BaTeNbHbie UPUOIMKEHUS METOH HAH-
CKOpeHIriero CcIycka ¥ JWHHH YDPOBHA
dbyukuun  F. HWrepanyounniit uponecc
(3), (4) naszwpBalOT Memodom HaucKopel-
wezo cnycka pelleHHsl PaCCMATPUBAEMO ’
CHCTEMB! JIMHEHHBIX ypaBHEHWI.

ITycty cobcTBeHHBIE 3HAYEHUA MAaTPH-
mpi A pacnonoxxensl Ha (g, M], Te.

SA C [lua M]
Teopema. ITpubausicenus memoda Hau- Puc. 6.8.1
CrKopetiuiezo cnycka YoIOBALMBOPAIOM CO-
omuouseHur0
M
Rty < () RGO, R = (A%, x-%). 9

Aoxazamenvcmeo. Tpu y™ = x" IDOH3BEJIEM OJHY WTEPAINIO OITHMAJILHOTO
OZHOLIATOBOrO HTEPALMOHHOIO PONECCa,

2
=yt — Ay™ —b). 6
y y M+#(y ) (6)

Horpemnoctu urepamuii r” = y” — X BS3aHB COOTHOIIEHHEM

2
n+1 )
r = (E — M A) r.
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IlycTts ej,... — OPTOHOPMHPOBAHHAS CHCTeMa COOCTBEHHBIX BEKTODOB Ma-
Tpunpl A: Ae; = Aje;, (e, e;) = (53. Ilockosbky p < A; < M, TO npu Beex
1 BBIIOJHSIOTCSI COOTHOIIEHUS

M — 2 M —u
- Pgi- i < =
M+ p M+pu M+p

M, TaKHM 00pa3om,

2 M—-pu
- —— N < .
’ M+p ™| T M+p ™
IIycts r" = > c¢;e;. CropaBesiuBbl COOTHOUICHHS
(Ar", ") = (Zci)\iei: Zﬁ‘ez) = Z/\ic?,

2)

= "he;, e b= (1 - W) Cis
1

. 2% \? .
+1 .ntl 22 1 i 2
(Ar™", ") < E Aiby = E Ai (1 M+#> c;.
C yuerom (7) momyuaem

2
Apntl ntly - M~/L Ar™.
ety < (R aen, e,

[Tockonbky Fy(y™) = (Ar™, r), 10 310 0O3HAYAET, 4UTO

, M—pu 2 , M—yp 2 ,
F n+1 < F ny — F ny.
o) < (s ) B = (3752 ) R

[Ipubnuxenue y"+t! moxmo samucars B Bugme (1)
y'Hl =x" —agrad F(x"), a=(M+p)~ L

Tax xak ma X"T! pocruraerca mumumym F(X) cpenu Bcex npuOIMIKeHHi
suma (1), To F(x"t1) < F(y™*!). Orciona creayer ouenka

M—pu\?
N) FO(xn)7

F xn+1 < F, n-+1 <<
) < By < (37

a THOSTOMy ¥ CIPABEIJIMBOCTL YTBEPXKJAEHHH Teopembl. Amnamormuno (7.9)
MOXHO IIOJYyYUTh HEPABEHCTBO

) | 1 - Xl

uﬂ—xm<< :

Xorsh Ha KaXKIOM IIare MeTOAa HAWCKOPEHIIEero CIyCcKa yMeHLIIEHHEe Be-
auauHsl Fy(x) 3aBeIOMO He MEHbIlE, YeM Yy HTEPALHOHHOIO IIPOLEcca (6),
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Mbl HOIYUHIY IPUMEPHO OJMHAKOBBLIE OINECHKHM CKOPOCTH CXOMUMOCTH. OJHAKO
eCTh IPHHIMIMAJIBHOE PA3/IMUIHe B 3THX MeTOJax. Jlas Hanucanus umepayuon-
nozo npoyecca (6) mpebyemca ungopmayus o epanuyar cnexmpa p, M. B cayuae
memoda (3), (4), maxot undopmayuu ne mpebyemca.

OTMeTuM TaKXe TO BaXKHOe OOCTOATEIHLCTBO, WTO METOJ HAHUCKOPEHIero
CTyCKa SIBISIETCS HeAunelinvim HTEPAVOHHBIM METOAOM; MapaMeTPBl MeTola
Ha KAXKIOM Iare BBIOMPAIOTCS B 3aBHCHUMOCTH OT IIOJyIeHHOrO IIPHOJIHIKe-

HHSA.

¥ Merona Hanckopeiimero cioycka (3), (4), oaHaKO, €CTh CeAYIOUIHI HEIOCTATOK HO
CpaBHEHHIO ¢ ITpocTeimnM 1poreccoM (6). IIpu HAXO0MKIEHIN KK IO0TO CIEIYIOMEro
mpuOIMIKeHUsi OH Tpedyer He ONHOH, a NByX TPYAOEMKHX ONEpAIMil YMHOMKEHHs!
MAaTPHUIBI HA BEKTOP.

JIBYKpaTHOTO YMHOXKEHHS MATPHIIBI HA BEKTOD IPH KAXKJOW MTEPAlMH MOXHO H3-
fexkarh CaenyromuM obpasoM. Oboswaunm w' = Ax™ — b u nepenmnrem (3) B BHIe

xn+1 = x" — Aan. (8)

BexTop W™ Ha3bIBAETCS GEKMOPOM HEBA3KU. Y MHOXKAS (&) cneBa ua A M BBIYHTAS]

b, noxyuum
nt
with = wh — AL AW 9
n

Dopuyiny (4) ans onpenenenna A, MOXKIHO 3AIMCATH B BHJIE

B (W", wn)
= (Awn, wh)

A, (10)
B mporecce UTepanyy 3aII0MHHAIOTC BEKTOPLL X, W™ i Ha KayKI0M LIAre IOCen0-
BaTeNbHO BRMHCATiores Aw?, A,, x"7! w't!l B ucxonHoM Merome HAHCKOpEi-
iero cnycka (3), (4) MOTPeIHOCTb Ha TIAre HTepalll PaBHOCHILHA BO3MYIICHHIO
HAYATBHOTO MPUOIUYKEHNS U, TIOCKOJIBKY IPOEcC CXOMAMIIMIACS, ee BIHAHME TOIK-
HO MMETb TEHEHIIMIO K 3aTYXAHHIO.

B urepanuonsom nponecce (8)—(10) maxoiuieHne BBIMHCIUTENLHON [IOIPELUHOCTH
HocHT 6oJee CIIOAKHBIN XapakTep.

3azaya 1. IlodywHTb ONEHKY CKOPOCTH CXOAUMOCTH MeTOJa HAHCKOPEHIIero
CIIyCKa
%" ~ Xfle < (1 = p/M)*|[x° ~ X[la.

Peanbubiii Br60p HTEPANMOHHOIO HpOLECCA JOMXKEH IPOH3BOJUTHC C yve-
ToM mmerometicas HHGOPMATMHY O TPAHHIE CIEKTPa, 00beMe H CTPYKType Ia-
Mary 9BM. Hamnpumep, npm pemeHuy CeTOYHBLIX yDPABHEHHMi, ANNPOKCHMH-
Pyomux mudrdepennuanbHble ypaBHeHHS B YACTHBIX MPOM3BOAHBIX, HHOLIA
HAyT mo cmeaymomemy nyTd. PaccmarpuBas 3anady Ha 6osiee KPYyIIHOH CETKe,
HpoBogAT BCIIOMOTATEILHYIO paboOTy IO BO3MOXKHO 060jee TOYHOMY OIpeJie-
JIeHNI0 3Havenmil g u M, cooTrBercTByIOIMX 6oJlee MeNKOH CeTKe, a 3aTeM
IPUMEHSIOT ONTHMANbHBIA JIMHEHHLIH HTEPAIMOHHBIN IIPOILECC.
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ObparuM BHHMAaHHE HAa WHTEPECHOe obGcrosTenscTBo. VI3 reomerpuyueckoi
KapTUHBI urepauuit Meroma 3elfens BHIHO, YTO CKOPOCTH CXOTHMOCTH METO-
Ia He MeHAeTCS IPU YMHOXKEHHH YPABHEHHH CHCTEMBI Ha MHOMXHTEIH H H3Me-
HEHHHM MacmTaboB 1O KOODAMHATHBIM OCSM, PABHOCHJIBHOM 3aMeHe T; = k;y;.

Wuage ofcromT Jeno B ciydae Meroga HaucKopeitmero cmycka. ITycrs,
Hanpumep, A = F —eIuHuvYHasi MAaTpuna. lTorma

m m
F(x) = (Ax, x) = 2(b, x) = Y 2} —2) bz,
=1 =1

M MeTOJ HAMCKODEHINEro CIlyCKa CXOAUTCH 3a OJHY HTepamuio (JoKa3aTs!).
IIpousBemem zameny wmacmrabo z; = k;y;, k; > 0. MarTpunma cucrembr A B
OAHHOM CJiydvae GyAeT JHATOHAJBHOH C JIEeMEeHTAMH Ha OHATOHAJH, PaBHBIMU
k;. Torma MuHMUMH3HpYeTCH (HYHKIHOHAI

m m
F(y) = (Ay,y) —2(b,y) = > ki —2> by
=1 =1

IIpn Gospmiom pasbpoce k; nuuusMua ypoBHs dyuakmuu F OyayT cuns-
HO BBITSIHYTHIE 3JUITHIICOMBI M CKOPOCTH CXOAMMOCTH METOHa HAMCKODPEMIIEro
crycka OyIer oueHb MeIJIeHHOM.

€ 9. MeToa CONpPSA>KEHHBIX I'PAJUEHTOB

Meron conpsiKeHHBIX TIpPajHEHTOB IPEIHA3HAYMEH JJis PEIICHHS CHCTEM JIH-
HEeWHBIX aJireOpandecKux ypaBHEHHUH

Ax=b (1)

C CHMMETPHUYHOM IIOJIOXKUTEJNBHO ONpeNejeHHol Marpumeir A.

[IpeamonoxmuM, UTO MBI HMEEM HEKOTOpOEe HAYAJIBHOE NpHOIIXKEHHE X .
O6oznauum uepes r’ = A(x? — X) neBasky HAvaJbHOTO NpPHOIMIKEHHS; 37€Ch
X —rounoe pemenue cuctembl (1). Ilocrasum ciemyomyio 3amady — HoCTPO-
uth MHOrowien P,()\) crememu n, ynosnersopsitomuit yciosuio P, (0) = 1,
Tako#, uTo 3Hawenue ¢ynkumoHasa F(x") = (Ax", x") — 2(b, x*), roe X"
HAXOJHUTCSI U3 COOTHOIIEHHUSA

" = P,(A)r’, (2)

OyieT MPHPMMAJILHBIM.
Tak Kak

F(y) = (Ay, y) —2(b, y) = lly - X[l - X% = Il 4y - bl%-1 — X%,

TO JaHHaA 330349 MOXeT ObiTh nepedOpMYyJIHPOBAaHa, JieAYOIIUM 0OpPa3oM.
Tpebyercst maittu Pn()), P,(0) = 1 Takoit, uro HOpMa HeBsi3kH ||[r"|| 4-1 6ymeT
MHUHUMAaJIBHOA.
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IlokaxeM, YTO 3Ta 33Jada BCErIa PA3pENTuMa EIMHCTBEHHBIM OOpPa3oM.

Th
ITyc .

= Zcfcn)/\k, c(()”) =1 " r’ = Zriei, (3)
k=0

=1

rme 7 #0, i =1,..., g, a € — COBCTBEeHHBIE BEKTOPHI A, COOTBETCTBYIOIUHE
pasauunoim cobcTBeHHBIM 3HaueHuaM A. Ilpencrasienue (3) Bcerma BO3MOX-
HO, TaK KakK MaTpuI@a A CHMMETpPHYHA M HeBBIpOXKJeHa. Bektop r" umeer
BIJL

n

n q
= P,(A)r’ = Zcin)Ak’ r? = Z Z n)A’“ e; = Z'r,,; Zci"))\f €;

k=0 =1 =1 k=0

U
q 7 (n) n (n)
2 _ ~1l.n _ny __ 2 n)yk—1 n)yi |
I = (A7 0 =D 2 D gt A ¢GoN | =
i=1 k=0 =0
7 ) ( q
- Z (n) .(n) Z ktj=1, 2
= C € A T3
k,3=0 i=1

(n)

Mbl mmeM MMHHMYM 9TOrO BEIPAXKEHMS OTHOCHTENILHO KOI(D(UIHEHTOB C;
IlpupaBuuBasi YacTHBIE UPOWIBOAHBIE HYJIO, [OIYIUM

2 g Il = 2y V| PN ) =
G 3=0 i=0 ,

= 22 Z g T1Al_ — 2(1,77,, Al—lro) — 0’ | = ]_,' ey N

=0 \j=0
Taknum o6pasoM, B TOUKe MHHMMYyMA [NOIKHBI BBINOJHSITHCS PABEHCTBA
n 1.0
(r*, A'r’)=0, (=0,...,n—1. (4)

Iycts n # q — 1. U3 xypca snHeitHONH aire6pbl HM3BECTHO, YUTO BEKTO-
por r0 Ar0 . A¢-1p0 00pa3yoT JIMHEHHO HE3ABUCHMYIO cHCTeMy (mpo-
Crpanctso Kproinosa). IeficTBuTeNnbHO, MONyCTHM IIpOoTHBHOe. Torma cymme-
CTBYIOT HOCTOAIHHBIE Cp,..., Cq—1, HE PABHBIE HYJIO OJHOBPEMEHHO, TaKHe, UTO
g-1

2 : 400
cA'r” = 0. Tloncrasnas Bmecro r’ ero pasyoxenme u3 (3), momyamm
=0

q-1

q—1 q q—-1 q q g—1
ZCiAiI‘O = ZCiAiZTjej = ZC,;Z’I‘]')\;-e]‘ = Z'rjej ch)\; = (.
j=1 =0

i=0 i=0 j=1 i=0  j=1
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Takum oOpasom, Tak KakK 7; # 0, TO JOJIKHBI BBINONHATHCH PABEHCTBA
q—1
E : i J o=
)‘jci—O) J—'lu"'a(b (5)
=0

T.e. K03(pUUMEHTHI ¢; JOJKHBI YIOBJETBOPATH CHCTeMe ypapHeHui (5).
Onpenenuresb MaTpHIBI CHCTEMBl (5) COBIaJaeT ¢ onpenenureneM BaHuep-
MOHIA H OTJIHYEeH OT HyJsd, MOCKONBKY BCE Aj Pa3iHYHBI 110 IIPEAIOIOXe-

0. OTcioma cielyer, 4To paBeHCTBa (5) MOIYT BBIIONHSITHCA TOJLKO IIPH

cp = -+ = ¢q—1 = 0. Takum o0bpaszom, BEKTODH! r Ar® ..., A0 jeicren-
TeIbHO 06pa3yloT JHHERHO HEe3aBHCHMYIO CHCTEMY.
Muorowren P, ()\) uMeer n HemspecTHbIX Ko3(ddunuenros (P,(0) = 1);

TAK KAK CHCTeMa JIMHEHHBIX anreOpadtdecKux ypaBHeHHN (4) HEeBBIpOXKIEHa,

’
O3Ha4daeT, 49TO IOCTaBJIEHHAsd 3aJayda BCerjia uMeeT CJIHHCTBCHHOC pCIIeHHE.

(n)

[Toce naxoxpenus kodpduumentos ¢ ', k = 1,..., n, 3navenne X" wus
(2) maxomurcs cremyromum obpasom. Vmeem

n
TO KO3 PUITHEHTHI c}c) k = 1,...,n HaxomsTcd U3 Hee OJHO3HAYHO. IDTO

AT =x" - X = P (A)(x° - X) = > VAR’ - X) =
k=0

i n
= 3P A0 = X) - X =X - XY AR (A ),
k=1 P
OTKYyOa CJIeyeT
n
e S ),
k=1
O6osnavum wepes Lp smmeiinyio ofomouky Bekrtopos r’, Ar ... AFrl.

W3 mocTpoenust BumHO, 4UTO

r/ = Pj(A)’ € Ly, j<k.

TMokaxem, uro r0, rl ..., r" obpasyior 6asuc B L,. JIOKA3ATENBCTBO IIPO-
BemeM uHEayknued mo n. Hns n = 0 yrsepxuenwe oveBuIHO, [Ipemmoso-
X)uM, 4TO g n = k BekrTopel r’, r! ..., rf obpasyior 6asuc B L; (4,
KaK (JIEICTBUE, SIBJISIOTCS JIMHEHHO He3aBHCHMBIMH). [lokaxeM, 4UTO CHCTE-
ma % rl ..., r¥*! rakxe smmefino mesaBmcuma. Ilpenmmonaras ITPOTHBHOE,
[IOJTY YHM

k k
o= "yrt, mme Y AF #0.
=0

=0

Torma r*+! € L. C apyroit cropomsr, B cuay (4), sekrop r*+! oprorona-
nen Bextopam r’, Arl ..., A*r® o6pasyommm 6asnc B Lg, a 3HAUHT U BCEM
BekTOpaM m3 Lj;. Tak Kax 1o IpeanoioKeHuio r*+l € Ly, To 3T0 BO3MOXHO
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qums mpa rftl = 0, uTo mpoTMBOpeUUT MCXOMHOME NOCHUIKE O JIMHEHHOH 3aBu-

camoctr ) rl, .. . r*¥*tl. Tlonyuyennoe nmporupopedme JOKA3BIBACT JIHHEHHYIO
phtl
HESABMCUMOCTE rl rl,... *
Tak kak r° Ar , Ant 0 obpazyior 6aszuc B L,_1, TO COOTHOIMEHU:H

(4) o3HAYANT, €TO BeKTop r’” OpTOroHAJIEH BCEMY MOANPOCTPAHCTBY L1,
qTO B CBOIO OYepeh MOXKeT ObITh (0 JOKA3AHHOMY BLIIE) 3AIMCAHO B BHJIE

n .l
(r",r')=0, 1=0,...,n—1. (6)
[Tokaxem, 4To BeKTOpbl T, r' ..., r" 1 Ar"! makxke obpasyor 6a3mc B
Ln. Bexrop r""! mo moxazannomy umeer Bup
n—1
— n— n—1
r Z ( Ak 07 CE) ) =1,
u 3toT BekTop oproromanen pekropam r’, Arl ... A"72r0 Kosddurment
- . n—1
"1 e pasen mymo. JeiicTBurensio, 1 eJirnosiaras c(_ ) =0, monyanu
n—1 p y ’ n—1 3 .
- n—2
el E : n-— 1)Ak 0 _ E :("— Ak 0
k=0 k=0
n-—-2
n— n—1 n—2
Torga Mo MOCTPOEHHIO g ( D gk = P,_5(A), orryua ci, ) = cgc ), k=
k=0
0,...,n—2, u r*!=r""2 «uro HpoTHBOPEUYNUT OPTOTOHAIHLHOCTH BEKTOPOB
rn——l u rn—2.
[Ipexnonoxum, aro sekTophr r’, rl, ..., r»1 Ar"~! ne obpasyor sjunei-

HO HezaBucuMylo cuctemy. Torma Ar"! € L, ;. C apyroit cropossi,

n—1

Zc(n I)Ak+1 0 Z ,E,"_I)Ak+1r0 +C7(1”:11)Anr0-

k=0
Ho mo ,aoxasaHHOMy soine sexkropet r', Ar® ..., A"r® numeitHo HesaBHCHMDI
n—1
Hpnn<q—1nr )¢0 T. €. Ar”1§ZL,,_
[osyuennoe mporuBopeune mokasbiBaer, uro Bekropw 1rl, ri ... r?~ L

Ar"~! neiictBuTensHO obpasylor 6azuc B L. Torma BekTop r" € L, Moxer
ObiTe pasnoxkenm Mo 3TOH cHMCTeMe eJUHCTBEHHBLIM O6PA3OM

n—1
no— Z'ykrk + Y Ar® L (7)
k=0
Tak KaK II0 IOCTPOEHHIO I’ OPTOrOHAJIeH v/ mpu j = 0,...,n—1 u
(Ar"—1 rd) (r" 1 Ard) = 0 mpu j = 0,...,n —3, 10 w3 (7) cremyer,
9o v, =0, £ =0,...,n —3. Torma (7) umeer BuUj

no__ 'Yn—lrn—l 4 7n_2rn—2 + ,YnArn—l_ (8)
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N3 paznoxenuit
mn
r/ =1+ E:c(j)A’c 0 j=n-2,n-1, Arnl = ZpkAkrO
u yonosua (Ar" ! r%) =0, n > 2, nonyuaem py = 0. Torma us (8) mmeem
= (-1 + Ya—2)t’ + ZC(” AFr® = P, (A)°.

Ho P,(0) = 1, orkysa yn—1 + Yn—2 = 1, u ypaBHenne (8) moxer 6BITL Ire-
PENHCAHO B BUJE

= ,Yn—lrn—d + (1 _ ’Yn——l)rn—2 + 'YnArn_l-

Bomsa obosmadeHus y,-1 — 1 = ap_1, Yn = On—1, NOIYIHM OKOHUYATEJILHOE
COOTHOUIEHUE, CBA3BIBAIONIEE HEBI3KH HA TPEX COCETHHX CIOAX

r’ = r'n——l + an_1 (rn—l _ rn—2) 4 ﬁn—lArn_l- (9)

Honcrasnsis B (9) BMecro r/ ero Boipaxkenune Ax’ —b u npumenss k obeum
wacTAM paBeHcTBa omneparop A1, momyuum

X" =x"" o, (X x4+ B (AT —b). (10)

Mo nokaszanHOoMy Bbimre, meron, (10) sKBHBajeHTEH HCXOOHOMY Meronmy (2),
KOTODBI ompefenen onHo3HauHo. OTciona ciaeayer, 4YTO KO3 (HUIHEHTHI
On—1, Pn—1 HaxomaTcs w3 ycjaoBHi (6) OPTOrOHATLHOCTH HEBA30K €JWHCTBEH-
HBIM 00pa30M; CHCTEMA yDPAaBHEHMHA /Il ONPENEJIEHHS 3THX KOI(P(PHIHMEHTOB
AMEET BHJ,

1+ ) Ie" M2 + Bl G = 0,

(11)
- an—l”rn_2”2 + ﬁn—l(Arn_la rn—2) =0.

Ha mepsom mare, xorja H3BeCTHO 3HAUYECHHE x% wu HAJA0 HAUTH x! uz
YCIIOBHSt MHUHHMYyMa (pyHKUmoHAIA F (xl), nostydaeMm GopmyJty Zeronqa Hau-
CKOpeHmero rpaJueHTHOrO CIycKa
0“2

r
- l!llr"tli Ar® (12)
AW, YTO TO XK€ Ccamoe,
1_ 0 _ =) Ax" — b) (13)
S TR
[l

T.e. g = 0 = — .
0 =05 =0
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ITokaxkeM KOHEYHOCTh HTepanuoHHOr0 mponecca (10), T.e. 4ro 3a KoHEdY-

HOE 4HCJIO MTEPalMi IIPH OTCYTCTBHH OIMUOOK OKPYIJIEHHS MBI MOJYYHM TOY-
q

goe pemrenme ucxopuoil cucremsl (1). IlycTs, kax u panee, r’ = Zriei, rie

=1
e; — COOCTBEHHBIE BEKTOPbI A, OTBEYAIONIHEe PAa3JIMYHBIM COOCTBEHHBIM 3HA-
vyenuaM. OOo3zHauuM uepes L, | JMHeHHYI0O 000JOUKY BEKTOPOB €i,..., €.
Tak kak Bce r¥ k=0,...,q— 1, naxogarca u3s coornomenuit (9), (12), To
r¥ € Ly_1 n obpadyior B HeM opToroHampHbIl Gasuc. Bekrop r? € L, n
0 JOKA3aHHOMY BbIme OpToroHaseH Bexropam rY ..., r?7~l. Dro Bo3aMOXKHO
Tonbko B ciaydae r? = 0.

TakuMm o6pa3oM, mpousBoast ¢ urepauumii no dopmynam (13), (9), Mbr mo-
JIyYMM TOYHOE pEeHIeHHE CHCTeMbl ypasieHuit (1) mpH yCaoBHHM OTCyTCTBHS
omubOK OKPYIJIEHHUSI.

OueHHUM CKOPOCTH CXOAMMOCTH MeToHa. [lJisl 9TOro NpUMEHHM HpHEM, KO-
TOPBI y»Ke yHoTpebsascs LUPH OLEHKE (,KOpOCTI/I CXOOMMOCTH METQJIA HAUCKO-
peitmero rpaguentnoro cmycka. Ilyers y' = x® u y/ — npubnmkenns, mosmy-
yaeMble IIpH peleHuH ypaBHeHus (1) JUHEHHLIM ONTHMAJIBLHLIM MPOIECCOM.
Torma mo gokazawmHoMy B § 6 mnorpemnoctd W' = y" — X yI0BIE€TBOPAIOT
COOTHOIIEHHIO

w? = Q (AW’  Q,(0) =1, (14)
U HMeeT MECTO OIEHKa

2 VM + /i
e A= =

Orcroma, B 4YACTHOCTH, CJIEAyeT, 9TO

VM + /i
VM — /i
Iony«urM oOueHKY CKOPOCTM CXOZMMOCTH JIMHEHHOrO ONTHMAJILHOTO po-
q
necca B Apyrux Hopmax. Ilyers w® = g wie;. (Herpymsno sumern, |To
=1

[Qn (Al <

(WOl

W] <2

w; = r;/A;.) Torma
q q
W' = Qu(AwW’ =Y wiQn(A)e; =Y wiQn(N)e;
=1 =1

4

o™l = (Aw", w") szw A) < max Q2(A); wf =

9 2
= 1QuAIE w1 < (5= Il
0 0
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2 0

Tak Kak

”W"||,24 = (A(yn -X),y" - X) = (A_l(Ay" —b), Ay™ — b) — Hznlﬁrl,

rme z" = Aw™, to u3 (15) ciaemyer oneHka

2
n 0
l2"la-1 € =z lIz"lla-1 (16)
)\0 + )\ n .
[Tpumensst k obenum wacrsnm (14) marpuiyy A, HONyIMM ypaBHEHHE, CBA3BI-
BAIOee HEBA3KM HA 7-M ¥ HYyJEBOM IaraxX JAHEHHOTO ONTHMAJLHOTO IIpo-

"= Qn(A)z’ = Qn(A)r". (17)

ITo moctpoennio sexkTop r" MmunmMmmsupyeT &yuxiumotan ||y|l4-1 cpeau
BeKTOpOB BuAa (2) mium, 49ro TO XKe camoe, X" munumusmpyer F(y) cpe-
¥ BEKTOPOB y Takux, 410 r =y — X umeer suy (2). Torma F(x") < F(y™"),
OTKY 12

ecca

2 2

Il a-1 < llz"fla- < N ooh 12”41 EEYESYC ) a1
Ho Tak xak [[r"|4-1 = |[x" —X]||.4, TO H3 mOWIEAHErO COOTHOWICHUS MOSYTACM
OLIEHKY CKOPOCTH CXOAUMOCTH METOJA COHPSKEHHBIX TPAJUECHTOB
"~ X4 € ey [0~ X (18)
AY+ A

3amevanue. Mbl He 0BCYRTAIM BOUPOC TMCICHHOH YCTOHUHMBOCTH HAXOMKJIE-
HHSl IapaMeTPOB ¢y, On, IOCKOJBbKY OH TpeDyeT CHelUabHOrO PacCMOTPEHH.

§ 10. ITepannoHHbIe METOALI C MCIOJb30BaHUEM
CIIEKTPAJIbHO-3KBUBAJICHTHBIX ONEpPaTOpPOB

Kpome MeTomoB UpPOCTOH HTEPAlUH BHIA

n+l = x" — o(Ax" — b) (1)

X
YACTO NMPHUMEHSIOTCA HTEPAIHOHHBIE METOJBI
Bx™t! = Bx" — a(Ax™ — b), (2)

rae marpuna B # E TakoBa, UTO CcUCTeMa ypaBHEHHH By = ¢ JIeTKO MOKeT
6brTh pemmena. Ecmm coorHomenme (2) yMmMHOXHTL Ha BT, To momywuTcs

x"! = x" — aB71(Ax™ — b).
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TakuMm 06pa3oM, WTEPAUMOHHBIN mponece (2) PaBHOCHIEH METOHY IIPOCTOM
yrepamun ¢ Marpuneii E — aB7A.

PaccmorpuMm ciyuaii, korma A > 0 um ormomeHue MakcuMaJabHOro M u
MUHUMAJBHOTO 1 U3 coBcTBeHHBIX 3Havenuil marpunbl A menuko. Torma pac-
CMATPHUBABINUECT DaHee HTEPAIMOHHBIC MPOLECCH cxXogdarcsa MemaenHo. Ilycrs

(A%, x)

B >0mn (A )
X, X . .
MmN Bx sy MR (Bxx) @

IIpeanonoxumM, UTO CHCTEMa ypaBHEHHH ¢ MaTpHuell B nerxko pemaerca
u M/ < M/p.

B ciyuae, korga orHormeHue M /1 He OYEHB BENIMKO, UTEPAIMOHMHBIE Me-
TOALI THIIA DPACCMATPHBAEMBIX B HACTOAILEeM Maparpadye OPHHATO YCIOBHO
HA3LIBATH UMEPAUUOHHDIMU MEMOOAMY € UCNOADIOBAHUEM CTLEKTNPAALGHO-IKEU-
sanenmumz onepamopos (JI. B. Kawroposuu, E.I. [dbskonos). B macrosmee
BpEMS ITH UTEPAIMOHIBIE METOHLI HA3BIBAIOT Memodamiu ¢ Nepeodycaasausa-
nuem, a Marpuily (omeparop) B nepeobycaaeausamenem. TTokaxkem, 10 1pH
yaaguoMm nogbope Mmarpuipl B merox mrepanuit (2) obsmagaer sydmied cxo-
JUMOCTBIO IO CPABHEHMIO ¢ mHpocrefiurmM meromom (1).

Tounoe pemenune X yAOBIETBOPIET PABEHCTBY

BX = BX — a(Ax — b);
BHIUKTAs €ro u3 (2), MOIy4YMM yPaBHEHHE OTHOCHTENBHO MOIPENIHOCTH
Br"t! = Br" — aAr". (4)

IIpuBesem marpuily B npu moMouy OpTOrOHAJIBLHOIO NPEOOpa30OBaHMS K mHA-
ronaneioMy Bumy. Ilyere B = UTAU, rae

0 A
U — oproronanpias MaTpHua. 3aMeTHM, UTO BCE A; > 0.
Yepes VB mpunaro 0603HAYATL MAaTPHILYy BHIA

+vVA1 0
uT U.
0 +vAm

Ouesugno, vB > 0, (\/E)T =B, VBVB = B. Yuuoxum obe uacTu ypas-
Hennsa (4) cnesa wa (VB)~! u momoxmm vBr" = v". [onyunm paBeHCTBO

vn+1 . ann, (5)

e C = (VB) 'A(VB)™ L.
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Benencrsue coornomennit A = AT, (VB) = (VB)T, marpuna C cumme-
TpHYHA. PaccMOTpuUM BhIpaskKeHHe

w(z) = (Cx, x)/(x, x).
Honoxus (VB)™'x =y, MOXeM HAIHCATH DAaBEHCTBO
w(z) = w(VBy) = (4y, y)/(By, y)-

Cornacuo (3) mmeem w(z) € [p1, Mi], mosromy Bce cOGCTBEHHBIE 3HAYMEHH:
marpuipt C TaKKe TPUHAJIENKAT OTPe3Ky [ui, M)

IIpu o =2/(M; + p1) cobcrseHuble 3Ha4YeHHst MaTpuipl £ — aC no momy-
a0 He npesocxomsT senumuuubl (My — py)/(My + p1). Hosromy ||E — aClly <
(My — py)/ (M7 + p1) u amajormuso (6.13) umeem

n M, /“>n 0
\ < | —— viila.

HanomuumMm, uro

[v*la = \/(VBr», VBrt) = /(Br®, t).
Ecmn 0 < p2 < (By, y)/(y, y) < My npu Bcex y, To u3 (6) cinemyer onenka
Wl (M)’ ¥l (2 " [
VB2 \Mi+m Viz o\ M+

Takx xak ¢yHKIUSA

e[|z <

M—p 11— (u/M)
M+ 14 (p/M)

MOHOTOHHO YyObIBaeT ¢ yMeHbuienpem M/, TO CKOPOCTH CXOOUMOCTH HOBOTO
HTEPAIMOHHOr0 mponecca Opicrpee, uem y (1).

IIpu oxonwameavrom pewenuu sonpoca 0 neperode om umepayut no Hopmy-
aam (1) x umepayusam no gopmyaram (2) caedyem yuecmv Koaunecmso apugpme-
MUYCCKUT ONEPauil, BWUNOAHACMBET G0 8pEMA IMUL umepavyut. Eeau umepayuu
no gopmysam (2) mpebyrom cyuecmeerino GoALULEZ0 KOAUNCCTEA ONepayudl, Mo
maxot neperod MOHCem 0KaA3AMbCA HEUCLACCOOOPAIHHIM.

Bagaga 1. Ilycre T'(A) — xomudecTso apudMeTHUYECKHX OIepPaLil, BBIIOIH-
eMBIX BO Bpemsi onuoil urepamuu no Gopmyne (1), T(B) — xonuuecTso apud-
MEeTHYECKHX ONepaI@ii, BBIMOJHIEMBIX BO BpeMsi OmHOH umTepamuu mo Ghopmy-
ne (2). IlpuBectn coobpakeHHsi B 1IOJAB3y TOTO, UTO HEPEXOJ K HTEPAIHsIM
o dopmyne (2) menecoobpaseH, ecau

M1+/11)—1 ( M+u>"1
7B) (mZL24)Y) o p4) (1n .
( )( My S Vi

Ilo ananoruum ¢ Tem, Kak IO uTepanuoHHOMy Mertomy (1) ObL1 HOCTpOEH
MeTox, (2), MOKHO TIOCTPOUTh AHAJIOr JIODOr0 M3 pPacCMAaTPUBABIIHXCA B §§ 8-
10 mMeTomos.
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TIycTs MMEETCS] UTepalMOHHBIA IIPOLECE, [Ae IOrPEITHOCTH TOCHIeTYIOIHX IIPHOIIH-
JKEHHH CBSA3AHBI PaBEHCTBOM

k
r71--}-1 — (E _ E a,-A’) .
i=1
HanunieMm paBeHCTBO

k
vl = <E _ Zaici> v, (7)
i=1

re C = (VB) ' A(VB)™!, nonoxum v"* = v/Br" u ymuoxum (7) ciesa na v/ B.
[Tonygum ypaBHeHue

k
Brn+l — Br" — § ai(ABul)L——lArn.
i=1
Taxkoe ypaBHeHnue Jisg IMOTrPEHIHOCTHA COOTBETCTBYET HTEPATMOHHOMY IIpOLecCy

k
Bx"t! = Bx" — Z a;i(AB71)H(Ax™ —-b). (8)
i=1
Ecnu npoussecTH ONTHMH3AIMIO MAPAMETPOB (v TAK, 9TOGBLI OIEHKA OTHOMICHHS
uopm ||[v*t||a/||v™||2 6bina nammy«meit, To Tak Xxe, Kak B § 6, MOTyIUTCA HAMITY 4-
mHil UTEPANMOHHLIA MeTon Buia (8).
AHanoroM ONTUMAILHOIO JMHEHHOrO HTEpPalMOHHOTrO Meroga (6.25), (6.26) Oymer
UTEPAIIMOHHBINA IIPOLECC
. - 2 o
By""! = By" + 0,0, 1 B(y" —y" ) = ———(14 @n@n_1)(Ay™ — b),
My +m
rue W, crpoarcs mo M) u pp Tak Xe, Kak wp mo M u p (cm. (6.26)).

Ob6benunenneM MeToga (2) ¢ METOIOM HAaMCKOPEeHIIero CIycKa ABISETCS CleLyio-
muii Merod. Ilpubamxenne x™! umercs u3 cooTHONIENUSA

Bx"t! = Bx™ - a,,(Ax™ — b). (9)
IIpu s3ToM xo3pdunMenT «;,, ONpenenaTcsa U3 yCJI0BHsI MUHUMYMa (pyHKIHOHATIA
F(xn+1) — (Axn+1 xn+1) _ 2(b xn+1).

U3 (9) nony4aem

dxn+1 "
B do = ~(Ax"™ — b).
ITockonbky
—-———-———dF(xn+1) =92 Ax"*! - b, dx"t? =
day, doy,

= 2(A(x™ — anB~}(Ax" — b)) — b, ~B~}(4x" — b)),

TO ycnosue dF(x™ 1! /da,, = 0 snserca THHEMHBIM ypaBHEHHEM OTHOCUTEIBHO Q.

Ananor urepaumonnoro nponecca (9.10) umeer Buz

Bx™*! = Bx"™ + a,(Bx" — Bx""!) + 8,(Ax™ — b).
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MeTonsl, pacCMOTpeHHBIE B 3TOM naparpade, MOOMy9IHIU UIMPOKOE [TpH-
MEHEHHWE [IPH PEIIeHHH CHCTeM ypaBHeHHH Ax = b ¢ BonpmiuM pa3bpocon
cOBCTBEHHBIX 3HayeHui Marpuusl A > (.

§ 11. IlorpenrHocth NpubINKEHHOTO peIleHuns:
CHCTEeMBbI YPaBHEeHU 1 0D0YCJIOBJIEHHOCTh MATPUIL.
Perynsapuszaus

HPSAHOHO}KI/IM, UITO MATpHLIa W IpaBasd “aCThb CHCTEMblI 3aJaHbl HETOYHO u
BMECTO Hpe}]"bﬂBJIeHHOfI K PCEIIeHHuI0 CHCTEMBI

Ax =Db (1)
B ﬂeﬁCTBI/ITeJIbHOCTI/I JOJI2KHAa 61)1.713.. penraTbCd HEKOTOpadA cucreMa
Aix=by, Ai=A+A, b;i=b+n (2)

Ilycte wu3BectHbl oueHku ||A|l u ||n|]. 3afiMemca OIEHKO# nOrpemiHOCTH pe-
LICHMUS].

CHauasa BBIAENHMM IVIABHBIM YJIEH TOTPENIHOCTH. Byaem o0603HaYaThL pe-
merust (1) n (2) wepes X u X* m passocrs X* — X —uepes r. IloactaBus
BoIpaxkeuus A, by u X* B (2), Gynem umern

(A+AYX+r)=b+n1.
Borumrasi u3 sroro papencrsa (1), momyumm

Ar + AX + Ar =y,

OTKY 3
Ar =7 — AX — Ar
r=A"(n - AX — Ar). (3)

Ecm ||Al| u |n|] maner, To cienyer oxunmars u manocru |r|l. Torma crmarae-
Moe Ar umeer Gosiee BBICOKHH IIOPSIZIOK MAJIOCTH; OTOPACHIBASA *TO CJIATAEMOE,

OJIY Yae€M
r=~ A7 (n - AX).

Otrciofa cieyerT OIIEHKA INOrPENIHOCTH
lell < o = A7 (linll + g 1)) ()

Crporasi OLeHKa IOrPENIHOCTH TOJNydaeTcs ceayiomuM obpasoM. Bcemen-
crere (3) BBIONHSETCS HEPABEHCTBO

el < HATHH il + FATHHIATIXN + HATHAL e
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[Ipennonoxum, uro ||A~L||[|A]} < 1. Ilepenecsa mocnenHee ciaraeMoe B JIEBYIO
4acTh W INOJENIHB HepaBeHCTBO Ha ko3douument npu ||r|, nonyusmm onesxy

P TCIEINIBI)

L ETIN (5)

JTOBOJILHO PACIPOCTPAHEH CJIyai, KOIJA HMOIPEIIHOCTh MATPHIBI CUCTEMDI
CYLIECTBEHHO MEHBbIIE IOTPEIHOCTH NpaBoil UacT. B KadecTse Monesnu 9Toit
caryaiuu 6yjieM PacCMATPHUBATE CIyTail TOUHOIO 33JIaHHUS MATPUIBI CHCTEMBI.
Torpa, monaras B (5) A = 0, umeem

Irlf < 1A~ il

Jisi KavecTBEHHOM XapaKTEePHCTHKH CBSISH MeXX1y IOTPEMIHOCTAMH IIPABOH
YaCTH ¥ PElIeHHs] BBOJASATCH IOHATHSA OOYCAOBAECHHOCIIU CUCTIEMb. U 00YcA0-
GACHHOCTIU MAMPUYDBL cucmemsi. ABCOMOTHBIE IIOTPEIIHOCTH TPABOH YACTH U
pelieHns CUCTEeMBI 3aBHCAT OT MACIITAOOB, KOTOPBIMH HU3MepPsIOTCst KO3 du-
mueHTsl cucreMbl. [losroMy ynobHee xapakTepW30BATH CBOMCTBA CHCTEMBI We-
pe3 CBA3b MEXKJY OTHOCHUTEJBLHBIMH IIOTPELIHOCTAMH IIPABOM YaCTH M perre-
HUA.

CoOTBETCTBEHHO 3TOMY B KAUECTBE MePul 00YCAOBACHHOCTIN CUCTEMDS TTPU-

HUMAETCSI YHCII0 - el ‘lb_”_su M
0 <uxn nbu> xS

Orcioga monyvaeM ONEHKY OTHOCHTENLHONM MOTPENIHOCTH PElIeHHs tuepe3 Mepy
0BYCJIOBIIEHHOCTH CHCTEMBI W OTHOCHTEILHYIO IMOTPEIIHOCTL NPABOM YaCTH:

dell (6)

PIRMTI
Tak xax r = A~ !y, 10
||rH -1
up =47l
_ Ibj

Unorpa ypobuee mmern 6Gomee rpy6yio XapaKTEPHCTHKY CBOMCTB CHCTEMBI
TONMBKO 4epe3 cpoiicTBa Marpuipl A. DTy xapakTtepuctuky v(A) =sup7 Ha-
b

3bIBAIOT Mepoti (MM wucaom) obycaosaennocrnu mampuuyst A. CormacHo 3TO-
My ompenenenmio u (6), MMeeM OIEHKY

el Il
xS @iy
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CBSI3BIBAIOIIYIO OTHOCHTEJIbHBIE IIOTPEITHOCTH IIPABOI YACTH M PEUIEHHS TOJb-
KO 4Yepe3 CBOMCTBA MATPUIBI cucreMbl. Tak Kak

bl jAx]
sup — = sup —— = || 4],
WP R] TSP g A
TO

v(A) = [lA] A7,

IMockonbKy Jofas HOpMA MATPHIBI HE MEHBIIE ee HaubOIbINero Mo MOMIYIIIO
cobcTeennoro 3Hadenws, o [[A|l > max|A4|; mockonbky coGerBeHHBIE 3Have-
mus matpunm, A u A7 BamMHO OfpaTHBI, TO

1 1
[A4]  min|Aal

AT > max

Takum obpaszom,
v(A) > max|/\A|/111in|/\A| > 1L

B uactmoctn, npu A = AT umeem ||Alj; = max|A4] m

My = max 1 = L
1Az = Aa]  min|Aal

CaoemoBarenbHO, B Clyuae HODPMBI || - ||2
v(A) = max|/\A|/min|/\A|.

PaccMOTpHM BOIPOC O MOTPEHIHOCTH PENIEHHUS BCICACTBHE OKDYIJIEHHS B
9BM mpasoit yactu. Ilycrs, xak 0GBIUHO, t— ABOMYHAA PA3PAJHOCTL “IHCE]
B IBM. Kaxnapri sjeMedT b; OpaBoifi 1aCcTH OKDPYIVIIETCA C OTHOCHTEJIBHOM
norpemuoctbio O(27%), . e. ¢ abcomoTHo# morpemuocTrio, pasuoit O(|b;|27Y),
HO3TOMY '

_ ~t =02
Il =o(ibliz™) = Inll /bl = 027,
CrnepoBaTtenbHo,
—t
Izl /I < v(4) 027,
,
IIpu mpaxTudeckoii paboTe BOIPOC O CTPOTOH OIEHKE MOrPEIIHOCTH HOIY-
YEHHOr0 NPMOJIMIKEHHOTO peIleHHs CHUCTEMBl JIMHEHHBIX yPaBHEHHH C [TOMO-
MIbI0 TOJYYEHHBIX HEPABEHCTB HJIM KAKHUM-THOO0 HHBIM CIOCOBOM BO3HHKAET
peaxo. Ongmako wuH(pOPMAIMA O MOPAAKE MOTPEMIHOCTH PEUIeHHd YacTO II0-
JIE3HA JJIS IONMYyYeHHs] KA9eCTBEHHBIX BHIBOJOB O TOM, € KAaKOH TOYHOCTBIO
pasyMHO pemath 3amaay. CoorHomenusa (4), (5) OIEHHBAIOT CBepXy IOrpel-
HOCTH PelllcHUdA, SABJIAIOIIYIOCA CJIeICTBHEM IIOTPEIIHOCTH HCXOAHBIX JAHHBIX.
W3 paBencrBa (3) Bummo, wyro oueHku (4), (5) JOBOJIBHO TOYHEI, NOITOMY
OBBIYHO HE HMEET CMBICJIA CTPEMHThCS MOJIY4YaTh pEIIeHHe 33J39d C MOrperl-
HOCTBLIO, CYHIECTBEHHO MEHBIICH 4YeM o.
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CucreMbl ypaBHeHHii M MATpPULBl C OONBIIMMHM 3HAUEHHSIMH Mep 06yciio-
BJICHHOCTH IPHHATO HAa3BbIBATh NMAOTO O0YCAOSAEHHBIMU, & C MAJIBIMU — TOPO-
wo obycaoeaernmmy. Eciu npasad wacts (4), OLEHMBAiOHmAsi IOTPENIHOCTD
pellleHysl ¥epe3 MOTPEmIHOCTh MCXOIHEIX INAHHBIX, WM OLEHKA BBIMUCIMTENb-
HO#i TOrPEeITHOCTH HENOMYCTHMO BEIHMKH, TO IOJe3HO HPHHSITH BO BHHUMAaHHE
KAKYIO-TO JIOTMOTHHUTENbHYI0 HH(OPMALMIO O PELIeHMH DPacCMATPHUBAEMOH 3a-
pagu. liogxon K PpelmIeHWIo Tako# 3alaiy JOJKEH OBITH TAaKHUM XK€, KaK B
CIydae HEKOPPEKMHUET 3000,

PaccMoTpEM  IPOCTEHINUH  caydait, Korja A -— CHEMMeTpuYHash MATPHIA.

IMycts Al,..., A # 0—ee cobcrsennple 3HAYEHHUd, YNOPAIOUEHHBIC B IOPSI-
ke yObIBaHHS |\;|; COOTBETCTBYIOIIYIO OPTOHOPMHPOBAHHYIO CHCTEMY COOCTBEH-
HEIX BEKTOpOB O0OO3HAUYHM uepe3 €j,..., €,. Pemenmem cucremnl Ax = b

ABJISETC BEKTOD

m
b. e
X=Zciei, C; = -(——:\—Pl—)
i=1 t

IIpn peanbHO 33JIaHHON TpPaBOM YACTH b=b + 1 pemennem Hyner

v _ < (bv ei) + (7’7 ei)
X = Z /\i €;.

=1

Kospdbumment (7, €;)/A; Moxer 0OKazaThCss OYeHb GONBIIUM IOPH MaJbIX A,

4TO Bellel K CHJIBbHOMY HMCKaXKeHHWIO peleHusi. VIHorma 3apamee u3BeCTHO, 4TO
m

B PAa3JIOKeHHW HCKOMOI'O PeIlenus 3aarIn Zciei KO3hPHIMEHTRI ¢;, COOT-
i=1
BETCTBYIONIAE MAJIBIM IO MOAYJIO A;, MaJibl. B 3TOM ciiyuae (leiyeT IPHHATL
KaKnie-TO Mepbl ¢ TeM, ITOOBl «OT(HILTPOBATLY 3TH COCTABILIONINE PEIIeHHS.
ITpu Hebosmpmux 7 [NJis pelleHus: 3TOM 3aJadl HHOTHA HPHMEHAETCS Clle-
Ayiomuil cmocob: 3aJaioTcd HEKOTOpbiM ¢ > 0, HaxomaT Bce A\, H €; IOpH
i < ¢ ¥ [OJaramoT

X =~

i

q T .
(b, &) e

1

q creayer mogoOpaTh HCXOAS W3 MOMOJHUTENLHON HH(MOPMAIHH O 33Iate.
Hpyrue npa cmocoba NpOMNMIOCTPEPYEM Ha, IIpUMEpe MATPHI, LOe BCE
A > 0.

ITepserlit cioco6. 3amapas mekoTopoe « > (), HAXODUM peLIeHHE X CH-
CTEMBI

(aE + A)x® = b.

Ono samucrsaerca B BHue
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Tak Kak
1 1 «

- — = ,
by Ao )\1()\7 + Oé)

TO HAJUYME MAJIOTO NapaMeTpa « HEeCYIIeCTBEHHO W3MEHHT CJIaraeMble, COOT-

BeTcTByIone GombimaM A;. B 1o ke Bpema upu A; € o mmMeeM

(B, ei) (5» ei)
A+ < i

910 O3HavaeT, WUTO BBeJleHHe IlapaMerpa « MNPUBOAMT K CyHIECTBEHHOMY
YMEHBIIIEHHI0 POJIH CJIATAEMBbIX, COOTBETCTByIONMX MasbiM A;. [lombop omru-
MAaJILHOI'O 3HAYeHHWs (¢ OOBIYHO OCYIECTBJISIOT SKCIEPUMEHTAJLHO, CDABHUBAS
pe3yJIbTATBl pacYeTOB IIPH DA3JUYHBIX (.

Bropoii cmocob zaxumiouaerca B cienylomeMmM. Bynem pemiath cucremy
yPaBHEHHI KakKUM-JIub0 MTepaluoHHbIM crocobom. PacemorpmM ciyyailt ure-
panuil wo dopmye

X"l = x" — o(Ax™ — b) (7)

OpH HEKOTOPOM HAavanbHOM npubsimkenun x°.

m m
o no__ n
= E pie;, x" = E Z; €
=1 i=1

[Mogcrasum aTu Bolpakenud B (7) u, upupasHuBag Koa(DDHIMEHTH IIpU €;,
[OJIyUMM COOTHOIUIEHHUS

ITycrs

2 = af + (1 - alg) 2t

HOCJIe,ZLOB'd.TeJIbHO BbIpaXad KarKJoe Zz}-c

2t =af +(1— a)\i)zzn_l =af; + (1 —aX){af; + (1 — a)\i)z?—‘z) = ..

2

yepe3 NpenbIaylline, HMeeM

n—1

=afy (1—ar)* + (1 —aX)"4

k=0
Ecm |1 —a)| < 1, To upu n — o©
n—1

1
Z(l—a)\ —)Z(l——a)\ = (1 —=aX)™ —0,

AA{

nostomy 2z — f;/Ai. Ilyers o =~ (max);)~!, T.e. orHOcHTesnHO Maso. IIpu
Gonpiinx 3HaYeHHAX A; BeaumdmHa (1 — a);)” OBICTPO CTPEMHUTCH K HYJIIO C
pocToM n U z' GUM3KO K CBOEMy NpeNesbHOMY 3HaueHHIo [3;/);. B To xe
BpeMsd HHOTOA yhaercd mnodobpaTh HaganbHOE NPUOJIMKEHHe, IS KOTOpOIo
BEJIMYUHEI 2] OTHOCHTEJIBHO MAJbl MPH MaibIX ;. Torga mpu HEGOIBIIOM 7
Koa(b(bnuneHTm z', COOTBETCTBYIOLMEe TAKUM J\;, eme He OyayT HeaomyCTHMO
OOJIBIIIME H IOJYyYaeMOe IPHUOIHIKEHHE MOMKET OKA3aThCA IPHEMIIEMBIM.
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B Apyrux Cllyuasx pelleHHe 3aJadH HaXOJST, MHHUMHU3UPYsL HEKOTOPbIH
yBxuuonal, Gnuskuil x F(x) = (Ax, x) — 2(b, x), HanpuMep QyHKIMOHAIT
F(x) + a(x, x) ¢ maneM « > 0.

VYCIIemHoCTh TPUMEHEHHs] ONMCAHHBIX IPUEMOB B CIy4Yae HECHMMETPHIHBIX
maTpull A B CyIIECTBEHHOH CTeNeHM 3aBHCHUT OT CTPYKTYDBI KOPJAHOBOR
¢OpMBI H OT PsJa CBOHCTB MAaTPHIIBL 3/ech YaCTO pPeHIeHHe HAXOAAT, MH-
HHMAZHDPYS (PYHKIHOHAI

(Ax — b, Ax — b) + a(x, x)
mpu MaJbix « > 0; 3HaUeHHe (¢ OHATH-TAKM HOAOMPAETCs IKCHEPHMEHTATLHO
¥3 CPABHEHMS PE3YJbTATOB DPACUETOB IIPH Pa3THIHBIX .

Jlpyrag TpyNIa MeTOJOB OCHOBAHA Ha HPEJCTABICHMH MATPHIBI CHCTEMBbI

A B BHIE

A =GAP,
rme G m P —oOpTOroHanbHble MaTpUUbL, a A — IBYX/[MaroHaJbHAS MATPHILA,
y KOTOPOH MOTyT OBITH OTIHYHBIMHM OT HyJs 9JIEMEHTBl A;; IPH j = 1 H

j=1ti+ L
BonpmmHCTBO U3 ONHCAHHBIX MCTOAOB pelllenuda CHCTeM ypaBHeHI/Iﬁ C IJIO-
X0 ODYCJIOBJIEHHO#M MATpHUUER OTHOCHTCS K MeMmodam Peysipusayu.

Bagaua 1. IIycrs A = [ag‘] ~- MQTPHUIA, PAZMEPHOCTH M X 17, C 3JIEMEHTAMU
P upu  j =1,
a;; =< ¢ opu  j=1+1,
0 opu  j # i1+ 1.

1. Boramomrs marpuny (AU™)~! u poxasare yrsepsuenme: npu |g| < |p|
marpunsr A B HEKOTOPOM CMBICTE XOpomIo OBYCIOBIEHBI, a IpH |q| > Ip|
H m OOoJbIUAX ILUIOXO OOYCIIOBJIEHEL.

2. Brmmcars sBHO peurenme cucrembl AMx =b qepe3 IIPaBYI0 TACTH.

3. BrlnmcaTb sIBHO uepe3 NPABYI) YaCTh D BEKTOP X,, MUHHMHU3HPYIOMIHi
- byaxnmonan
(A™x — b, A™x — b) + a(x, x).

4. TlonpTaThCsl KaueCTBEHHO onmcaTh 3deKT, JOCTHTaeMbl 3a CUeT IpH-
MeneHnusi TaKOH peryJIdapu3alu.

ObbsicHuM eme ofHy NPHYMHY, IO KOTOPOH CTAPAIOTCS H3GEraTbh CHMMe-
TPu3anuu MmaTpul, mpeayoxeHuodt B § 6. CHavama 1IOCMOTpPEM, YTO HpOHC-
XOmuT, Korjia OIepanysi CAMMETPH3AUAM NPHMEHSeTCT (POPMAJIBHO B CIydae
CuMmeTpuunoii Marpunsl. Torma A = AT u AT A = A2, TIpu BossemeHum Ma-
TPuubr B KBaApaT COGCTBEHHBIE 3HAYMEHUS BO3BOAATCI B KBAJAPAT, IIOSTOMY
Tpu |[A] = ||All2 wmeem

max [Agz]| (max |A4])? _

v(4%) = min Az | (min)al)? (v(A4))*
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Ecmu v(A) =1, To max| 4| = min|A4| u Bce cobCcTBeHHBIE 3HAUEHUS] MATPH-
npl A paBHLI MeXIy coboii mo Momymio, T.e. A = const-E. 3a HcKIoueHHENM
310ro wacrHoro cayuas v(A) > 1, nostromy v(A?) > v(A). Takum obpasom,
B (Iy4ae CHMMMETPHYHOM MATPHILI IIPUMEHEHHE CHMMETPHU3AIMHU YBEJIHMIHNBa-
eT YuwIo 00yciaoBaeHHOCTH. UHCIO0 OOYCJIOBJIEHHOCTH SIBJISIETCS HENPEPBIBHON
dbyHsKIpei OT MATPHIEI, IOITOMY [UId MATPHI, OJHM3KMX K CHMMETPUYHEIM,
NPUMEHEHHE CUMMETDHU3AIMHM TAKXKE YBEJIMUHBAECT YUCIO ODYCIOBIEHHOCTH Ma-
tpun. Takum 06pa3oM, MMeeTCA HENmyCTOH KJacC HeCMMMETPUYHBIX MATpHII,
0O OTHOIIEHHMIO K KOTOPBIM AJITOPUTM CHMMMETDHU3ALHN YBEJIMIHBAET UHCIIO
00yCJIOBJIEGHHOCTH.

3amaqa 2. CymeCTByIOT JIA HECUMMETDUUHbIE MATpHUIibl, JJId KOTOPEIX
v(A?) = (v(A))?7?

PaccMoTpuM eilie OJfMH METOJ, PEIieHUs IIJIOX0 ODYCIIOBEHHBIX CHCTEM JIN-
HeWHBIX anrebpandecKux ypasHenui. I[lycThb

Ax = b. (8)

OtHocurenbHo A Gymem cuMTaTh, YTO B CIEKTpe Marpuilbtl A*A ecTh Kak
cobCTBeHHBIe uMcsa A; mopsaka 1, Tak U cob6CTBEHHDbIE uuCla, Oim3kue (Mim
JajKe paBHBIE) K HYJNIO. JTO KaK pa3 M O3HAYAET, YTO MaTpuma A ILIOXo
obyCIIOBIIEHA.

3amMeTuM, UTO B CHJIY HAIIMX HPEATIONOKEHUH OTHOCHUTENBHO COOCTBEHHBIX
3HadeHH# Marpuibl A*A, wacThb M3 HHX MOXKerT OBITH paBHa Hymo. Takum
obpasoM, ypasuenue (8), Boobie rosopd, MOXKeT HE MMETh PElICHHS B KJAc-
CHYIECKOM CMBICTIE.

Hazosem pemennem X ypabuenus (8) BEKTOp, KOTOPBIA MHUHHMH3HDYET
¢GhYHKITMOHAJI HEBA3KH, a WMEHHO,

X = argmin||Ay — bl}; (9)
y

3mech M Jajiee B ITOM mnaparpade mog HOPMOUW MbI OygeM HOOHMMAaTb €B-
KJIMJOBY HOPMY BEKTOPa. BLINNCHLIBast ypaBHEHHE Jiijiepa ajid (DYHKIHOHAIA
®(y) = ||Ay — b))%, mer momyumm

[

A*Ax = A*D. (10)

Ypasrenue (10), B otnmuue or (8), Bcerma umeer pemeHwme. JlefcTBUTEH
HO, HETIOCPEJACTBEHHOH IIpOBepKolt ybexxmaemcsa, 4ro ker A*A = ker A. Heob-
XOJIAMBIM ¥ JOCTATOYUHBIM YCJIOBHEM CYINECTBOBAHMS PEINEHWS JHMHEHHOH CH-
creMbl ypapHenwii (10) ABnseTca OPTOrOHANBHOCTL NPABOH YaCTH SAIpy Ma-
TPULBI CHCTEMbI, T.e. BeKTOp A*b momxen 6bThL oproromanes sapy ker A*A4,
KOTOpOe, KaK MbI OTMETHJIM BhbIllie, coBHamaeT ¢ anpom ker A. Ho uz BuIa
NpaBoil YaCTM BHIHO, UTO OHA JEHCTBHTEeJIBHO opToroHanbna aapy A. Ta-
kuM obpaszoM, cucrtema (10) Bcerma wmeer pemenue. B obimem ciydae TaKHX
pemteHu#t MOxkeT OBITH HECKOJIBKO.
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ONHUCLIBAEMBIH HUXKe MeToJl 3aKJIOYaeTcs B MHUHHMH3AIUK (DYHKIHAOHAJA
d(y) memodom onmumanbrozo NOKOOPOUHAMHO20 CNYCKA; Ha KAXKIOM IIare
pLIOUPAETCH KOODAMHATA, CHYCK IO KOTOpPOH OyJeT ONTHMAJbHBIM B CMBICIIE
vuauvmsanun @(y). B xadecrse xoopuHaTHEIX (6a3HCHBIX) BEKTOPOB MOXKHO
BHIOPATH JIO0YI0 OPTOHODMHPOBAHHYIO CHCTEMY.

IIycts Wi,..., Wq — OPTOHOPDMHDOBAHHAS CHCTeMa BEKTOpoB B R, (me
obsizaTenbuo 6asuc) u Aw; # 0 mo KpaliHeil Mepe JJIsi OJHOTO H3 BEKTO-
pos. OBosnadum uepes W smuelinyr0 0GOMOKY BEKTOPOB Wi, ..., W,. Bynem
HCKATh BEKTOP, MHHHUMHU3HDYIOIUH (yHKumonan HeBssku P(y) wa mommpo-
crpanctee W. Jlna 9TOro paccMOTPHM CIEAYIOIIHMH MTEPAIMOHHBIN MeTOoN.
TTonoxumM -

x =0.

k¥ yxe maitmeno, To cenyiomee mpubiuxenne x5! Oy-

b+l = xb + Cywy,, Ck = const, rue

Ecam mpubnmkerue X
JleM HCKAThb B BHIE X

Jk = arg min (nclin <I>(xk+1)>. (11)
7 'k

Hapsiny ¢ mpubamxenusimp x* BBegeM HeBs3KH

¢F = AxF - b. (12)
Boimumem ycnoBus MUHAMyMa (hyHKIIMOHAJIA, <I>(xk+1) mo C}. Umeem
B(x") = ||CrAw; + Ax® — bl* = Cl|Aw,||? + 2Ck(Aw;, ) + |I€¥]2. (13)

Bamerum, uTo mpu moucke mmHmmyma P(xFt1) nocrarouno paccmarpm-
BATh TOJILKO T€ Wj, JJifg KOTOPHIX ||Aw;|| # 0, Tak Kax B DPOTHBHOM CiIydae
3HaveHne (hYHKIHOHAJIA He MeHdercs. PyHKuus <I>(xk+1), KaK yHKIUS 1me-
pemerHoit Cj, sBJIAETCH MHOTOWIEHOM BTOPOH CTemeHH, mpuuyeM KO3 (pHUIH-
eHT TpH C,g HOJIOXKHUTEJIEH B CHIy 3aMeuanus Beime. OTCIOOa ciefyer, 4uTo
murEMyM $(x%+1) mo C) npu (PUKCHPOBAHHOM j CYIIECTBYeT M eJUHCTBEH,
ecmn ||Aw;|| # 0. Takum obpasoM, u3 (13) cieayer, uro Cjp ymoBjieTBOpseT
YDABHEHHIO

0P (xk+1) ,
—‘—a—ak— = 2Ck~”AWj“2 + 2(Aw;, \fk) =0,
OTKy 113,
(ij7 ék)
Cp=——-L>-
ET T Aw
Ilpu rTaxom BpIGOpPe Cj)
. Aw;, £k)?
Dk 1) = g2 = kg7 - (AW &)
=10 = s e
n
(Aw;, £F)
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CyMMEpysT BBIIIECKA3AHHOE, TOIYYaeM CIEAYIOIIHN AJrOPUTM:

1) Boruuciasem BekTopst Aw;, j =1,...,q, u ux Hopmbl ||Aw,|; B mans-
HellleM paccMaTPHBAEM TOJIBKO T€ BEKTOPHI Wj, Jjist KOTopeix Aw; # 0. He
yMeHbmasg OOIIHOCTH, OyZeM CYMTaTh, YTO YHUCIO TAKMX BEKTOPOB DPAaBHO q.

2) BuiGupaem x° ma ocHOBe anpuopHOR HHGPODMAIMH; B YACTHOCTH, MOXK-

HO B3sTh X' = O.
3) Ecn x* wmaiimen, o jp u Cp BelupcigeM 1o hOpMyJam
o _(Aw;, €9)]
Jk = argmax —————,
i [Aw
k (14)
il Aw, |I?

4) Cuenyomee npubmmkenne x*T! ppramersem mo dopmyiie
xFL = x* + Ckwjk (15)

Haiinem tpymoeMkocts Merofa. jst sTOro omeHuM 4ueio apudmeruue-
CKHX omepaunuii Ha mare. IIpexae Bcero 3aMeTHM, YTO NPEIBAPUTEJbHBIE
omepanum (stan 1) Tpebyior B obmem ciyuae O(m?q) omepaimii.

Oran 3 uTepanEoHHOro Meronma Tpebyer (O(mg), a stan 4 -—O(m) apud-
METHYECKUX ONepalyi.

Takum ofpasom, obmiast TpyJoeMKocTh Meroma coctabiger O(m? + mql)
apudMeTHUECKHUX OIlepanyi, rjae | — YHCI0 [IArOB HTEPAIMOHHOTO MPOIECCa.

Ormerum Takxke, 9T0 ji u3 (14) maxomurcss B obImeM ciyuae HEOTHO3HAM-
HO (TAKHMX MHIEKCOB MOXET ObITh HECKONIBKO). B 3TOM wiIydae B KauecTse jg
MOXHO OpaTh, HAIIPEMED, HAMMEHBIIUH.

Uccnenyem cxoauMOCTh HMTEpAlMOHHOrO Meroma. Vmeer mecTo

Jlemma. Ilycmo g1, ..., g — NPou3eoavHbl HAOOP AURETHO HE3ABUCUMBIT €OU-
HUYHWT gexmopos u3 Ry, u L — aunetnas obosouxa smux eexmopos. Tozda cy-
wecmeyem vy, 0 < v < 1, maxoe, wmo das mobozo x € L cnpasedauso nepa-

BEHCTNBO
Ix — (x, gr)gell < IIx],

k = argmax |(x, g;)|. "
7

Loxasameavcmeo. llonoxum

p(x) = ||x = (x, gr)g|| %,

k = arg max |(x, gj)|-
¥

Ioxkaxxem, uro dbyHKImEOHAN 1)(X) HempepsiBeH. JljIst 3TOr0 AOCTATOYHO IO~
Ka3aTh HENPEPLIBHOCTH (PyHKIHMOHANA (X, gk), rae k onpeaeneno poime. Pac-
CMOTDHM Pa3HOCTh I(x, gk)|—|(y, gi)l, rie MHIEKC k OIpeaejieH BHINIE, & & —
HHIEKC, ONpEeAeNsieMblii aHAJIOTMYHLIM 00pa3soM JJisa Y.
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IlycTs UIst OIpeeIeHHOCTH }(x7 gk)l > |(y, gz)| Torna cnpasefiusBa ne-
[oYKa HEpPaBEHCTB

[, g0l | = (s gl | < 1x, g0l | = |I(y, g0)l] <
<|(x -y, g)| < mJaXI(x—y, gi)|,

OTKyJa W CIeJyeT HeNpephIBHOCTh PACCMATPUBAEMOTO (DyHKIHOHATIA.
[IpeosoXuM, 9TO yTBepXKJeHue JeMMbl HesepHo. Torja cymecreyer mo-

CIIe/IOBATENILHOCTE {X;} Takad, uTo ||x;fl =1 u 9¥(x;) > 1—¢;, rue €; — 0 mnpu
i — oo. Tax Kak B KOHeYHOMepHOM IpocrpancTBe chepa S = {x: |x| = 1}
KOMIIAKTHA, TO CyUIECTBYET CXOIAINASCH TOJIOCIEI0BATENBLHOCT. st mpo-
CTOTHI W3JIOKEHHST TPEIIIONOKHM, UTO CXOJAUTCH CaMa IOCIE/[OBATEILHOCTD

x" = lim x,.

11— 00

B cwiy menpepeiBHOCTH dyHKIMoHaNA P umeeM ¢Y(x*) = 1 u ||x*|| = 1.
CnejioBatesbHO, pu Ak = arg max [(x*, g;)| HMeem

j

By = [ — (", el = 2 — 20, ) + (", g0)’ il =
= [x"[2 — (x", g1)” = 1

Orcrona ariegyer, uto (x*, gx) = 0. Tax xax |(x*, gk)| = |(x*, g;)| nus mobo-
roj=1,...,q, to (x*,g;) =0 npu seex j=1,..., ¢. Tak kax x* mpunaj-
JIEXKUT JurefiHON 000JI01UKe BEKTOPOB g1, ..., &, TO MOCIe/Hee PABEHCTBO MO-
KeT BBIMONHATHCH JUINb Opu X* = 0, 410 mporuBopednT ycioeuio ||x*| = 1.
Jlemma nokaszama.

Teopema. Ilocaedosamenvrocme npubaudsicenuii X¥, noayvaeman 6 rode ume-
payuonozo memoda (14), (15), aeanemea Pyndamenmanvrol u czodumea x He-
KOMOpOMY 6€KMOPY, MURUMUSUPYIOUEMY PYHKYUOHAA He8AdKY 1 (X) Ha nodnpo-
cmpancmee W, co cxopocmuvio zeomempuueckoti npozpeccuu. A umenno, cyue-
cmeyemn q < 1 maxoe, wmo

IxF —x®|| < C¢*, x*° = lim x*.
k—o0

Hocmosnmnas q npu smom 3asucum om ewbopa 6asuca {w;} u onepamopa A.

Hoxasameavcmeo. Tax kak Awj, # 0, To cymectByer mocrogEHas d > 0
Takad, 4TO

| Avy, | > 6 V. (16)

Us (14), (15) cmemyer, uaro memssku & = Ax* — b ynosnersopsior co-
OTHOIIEHHIO
k
k+1 _ k_ (Awg, & )A ,
A ()
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IHonoxum g; = Aw;/||Aw;|l. Torna (17) npumer Bun
R N G-
Tlockonbky Cj Beibupasoch w3 ycmous muummyMa ||E5FY|, To
ji = arg max ‘(5’“, gj)i

¥ Mbl HAXONUMCSI B YCJIOBHUSX Ipeaplayiedl jgeMMbl. Torna m3 yCIOBHE JEMMES
craenyeT OIeHKa

NEFH <y lER)), v < 1 (18)
W3 (14) u (15) umeem

ko Aw,
xk—(—l — Xk (§ ) Jk)ij,v

| Aw;, [
OTKyJia, yuuThiBas (16), momydaeMm OIEHKY
; ; k
I =M< B/l Awg, | < 11€5)/0.
Ilpumensss K IoOIyUYeHHOMY HepaBeHCTBY oreHky (18), umeem
5 = x5 <A Ibll/6,

OTKYJJa CIENyeT IeN0YKA COOTHOIIEHHI

“xkﬂi — xk|| < Ig‘j ”xz‘+1 _ xLH < Zp: ki Pl < 7’“I|r°l| Vp € N

Takum ofpazom, mHocienOBaTeNLHOCTL {XK)} aBNAeTca byHmaMenTasbHOMN
u umeeT mpenen Xx°. B cuny mocrpoenmns, Xx°° MUHHUMH3MPYET (PyHKIIMOHAJ
®(y) ma momupocrpancrse W. Teopema noka3zana.

Onucanurpiif BBINIIE METOJ[ PENIEHHs CHCTEM YpaBHEHMH ¢ Iuioxo obycio-
BIEHHBIMH MaTpHIaMu ocobenno 3¢d@dekTuBeH B Ciydae, KOria anpHop-
Hasl WHQOpPMAIMS MPeJCTaBIeHA B BHJE KAKHX-JIHOO CBeAeIHMIl O CTPYKTYD-
HBIX OCODEHHOCTSIX HCKOMOI'O pEIleHMs; HAPUMEP, KOTIA H3BECTHLI 0a3uCHBIE
GyHKIMEM W;, M pelreHHe IpPEJCTAaBUMO B BHJE DA3JIOXKEHHs IO HeDOIBINO-
My umciay 3Tux (QPyHKImE., Takasg cATyallus 4acTo HMMeeT MeCTO B 3aIadax
uudporoit 0OpabOTKH CHUTHAJIOB.

Ocobenno 3¢ dpekTABeH JAHHBIN METON B CjIy4dae, KOTJA ¢ JOCTATOYHO Ma-
jio. Jpyrumu ciopamu, jis 3¢ EKTHBHOTO MpHMeHeHHs JAHHOTO MeToja Ha-
J0 HMMETh Da3yMHYIO I1apaMeTPH3AIMI0 HMCXOMHOH 3ajaud. JI0BOJIBHO YaCTO
3TO MOXKHO CHEJIATH HA OCHOBe ANpHOPHOM MH(pOpManuu o pemenun. Hanpw-
Mep, eI M3BEeCTHO, YTO PpeIlleHHe MPeJCcTaBisgeT coboii HeKOTOpbIfi Komeba-
TeNBbHBIA Mpolece ¢ HeDOJMBIIMM YHCIOM TAPMOHHK, HOMepa KOTOpBIX, BooOmie
rOBOPs, HEW3BECTHDI.
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W3noKeHHBIH Bbllle MeTOH MOXKeT ObITh OOOCHOBAH TaK)Ke M B CJIyUAae,
KOTJIa CHYCK OCYINECTBJISIETCS. HE IO ONHOMEDHBLIM MOJNPOCTPAHCTBAM, COOT-
BETCTBYIOIIMM KOODJMHATHBIM OCAM B Gasuce {W;}, a IO IHIEPIUIOCKOCTSIM.
[IpH 3TOM, €CTECTBEHHO, CKOPOCTH CXOIUMOCTH 06pIaHO OBIBAET BBINIE, OXHAKO
qucao apudMeTHUECKHX ONEepal|il Ha IIare NOPOIECca BO3PACTAET.

§ 12. IIpobsiema cobcTBEHHBIX 3HAYEHUN

B pas/MuHbIX CJIy4asgX BO3HHKAIOT PasHble Tpebopanms K MHQOpManuu O €od-
CTBEHHBIX 3HAYEHHSIX H COOCTBEHHBIX BEKTOPAX MATPHI, H ITO IOPOXKIAET
muoroobpasde mpobsieM W IPHEMOB DeUleHHs 3TOH 3alatiu.

1. Jns pemeHus psiAa 33729 MEXaHWKH, DU3MKH, XUMAKM Tpebyercs momy-
yeHMe BCeX COOCTBEHHBIX 3HAUEHHH, 4 HMHOIZA M BCEX CODCTBEHHEIX BEKTOPOB
HEKOTOPBIX MATPHIL. DTy 3aJatdy HA3HBAIOT NMOAHOU NPobaemot cOOCMEEHHbIL
aHaveHut.

2. B pane wiyuaeB Tpebyercs HAWTH JHIIE MaKCUMAaJbHOE WJH MHHU-
MaJbHOE 0 MOAYII0 COOCTBEHHOE 3HaueHwne MAaTpHILI. IIpobsembl momobHOTO
COPTa BO3HMKAIOT, B YACTHOCTH, [PH DEIICHUHA HEKOTOPBHIX 341aM SIIEPHOH
¢u3uku. 3mech NPUXOAUTCS PELIATh 33Ja49M, SKBHBAJICHTHBIE 337a4aM OTBIC-
KaHWs COBCTBEHHBIX 3HAUEHHH MATpHI, pasMepHocTd mopszka 103-10% wmm
Jake CyIIECTBEHHO GoubImedt. IIpM MaJiblX pPa3MEPHOCTAX MATDHIL IS perre-
HAd 3THX 3a7a4 Yalle MPUMEHAIT HTEPALMOHHBIE METOMBI, NPH OOJIBLITHX —
BEPOSITHOCTHBIC.

3. Ilpm mccnemoBanmm KosebaTeIbHBIX HPOIECCOB HMHOTIA Tpebyercs HaTu
JABa MAKCHMAJbHBIX 0O MOJAYJII0 COOCTBEHHBIX 3HAUEHWUS MATPHUILI, NUPHUEM
MeHbIIIee U3 HUX OOBIYHO HOCTATOYHO OINPEIEIMTh C MEHBIIEH TOYHOCTHIO.

4. TaMm Ke BO3HMKAET 3a/Jaya OTBHICKAHHS COOCTBEHHOI'O 3HAYEHHS MATDH-
upl, Haubomee 6im3Koro kK 3amaHHOMY eIy A, MM OTBICKAHHS pPacCTOSHHS
or 3ajamnoro wucna A’ 70 coekTpa MATpPHIEL

PopMasbHO paccyxkad, MOXKHO OblI0 ObI CKa3aTh, UTO ITH 33JaYd, Ha-
SBIBAEMBIE 4ACTMUMHbLMU NPOGAEMAMU COBCMEEHHHT SHAYEHUT], ABASIOTCI IaCT-
HBIM citydaeM obOmieli mpo6iieMbl COBCTBEHHBIX 3HAYEHHH M JOCTATOYHO OI'pa-
HHYMTBCH PACCMOTPEHHEM MeTOJ0B pemneHus obmeit npobisembl. Opnako Ta-
KOH 1moxxon IPHBEIET K HEONPABIAHHO OOJLIIOMY OO6BEMYy BLIYACICHUIA.
Ilpu obcyxeHnn MOCTAHOBOK KOHKDETHBIX 331ad, CBSI3AHHBIX C OTHICKAHH-
€M COOCTBEHHBIX 3HAYECHMI MATPHI, 3aYaCTYIO 3HAUATE]bHBIE YCHUJIMsS TPATAT-
€1 HMEHHO Ha YCTAHOBJIEHHE€ MHHHMAJILHOIO 06beMa HH(MOPMAIHMH O CIEKTpPE
MaTpHIB], KOTOPLIM MOXXHO OTPAHHYUTLCH.

Pemenne 3amau 2-4 06BIYHO CBOMAT K OTHICKAHHIO MAKCHMAJILHOTO [O MO-
Aymo cobCTBEHHOro 3HAUEHHsI HEKOTOpo# MaTpumbl B = g(A) Takoii, 4Tto 3TO
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cobCTBEHHOE 3HAYEHHE COOTBETCTBYET OTBHICKHBAEMOMY COGCTBEHHOMY 3HAUe-
HHIO MaTpHUbL A.

PaccMoTpuM ciry4aii, KOrZa Bce COOCTBEHHBIE 3HAYMEHHS MATPHIB! A Bere-
crBennbl. Ecim Tpebyercss HANTH MAKCHMAJIbHOE WM MUHMMAJLHOE 3HAMEHHe
marpunsl A, To crenyer B3aTh g(A) = A+ cE. OueBugHo, 4TO npu gocra-
TOYHO GOJBIIUX TIOJOKUTEILHBIX (OTPHIATEIBHBIX) 3HAYMEHHAX ¢ MAKCHMAJIL-
HOMYy II0 MOJYJIIO COOCTBEHHOMY 3HaueHHI0 Marpuuel A 4+ c£ coorsercrsyer
MakCHMaJbHOe (MuUHHMasbHOe) coberBennoe 3HaveHne MaTpunbl A. B wrywae
33394 4 IpUd HEKOTOPOM ¢ MAKCHMAJbHOE IO MOAYAID CODCTBEHHOE 3Hate-
aue mMarpunpt E — c(A— AE)? coorpercTByer orbickuBaemomy CO6CTBEHHOMY
sHauenno Marpunnl A. MHorma B kauecTBe Takoil marpunsl g(A) Moxker wpc-
nonezoBareest marpuna (A — A°E)~L Tlpu stom marpuma (A — AYE)"! ge
BLIIACHIBAETCS B ABHOM BHJIE, 4 HEOOXOJMMDIC 110 XOJAy BBIUHCIEHHH BEKTO-
per (A — X'E)"'y maxomsar, pemas cucremy ypasrenuit (A — A'E)x =y.

PaccMOTpHM THOMYHYIO 33J1a4y OTHICKAHUS JBYX MAKCHMAJILHBIX 110 MO-
JYJII0 COOCTBEHHBIX 3Ha4UeHHH martpunbl A. g IpocTOThI IpeiioiaraéM Ha-
JIMYMie TIONHOH CHCTeMBbI COOCTBEHHBIX BEKTODOB €;:

Aej = Ajej, (M >|Ao] > |As) = - = Al

O n OyaeM TOCHIEeIOBATENLHO BBIUHCIITh

m

3aJauMCsT HEKOTOPBIM BEKTOPOM X

sexTopbl X" = Ax™. IIpegcrasum x° B BuIe x’ = E c;€;; MMeeM

=1
m m

x" = E ciA"ei: E ci/\l’»‘ei.

i=1 i=1
Orciona cJIeyI0T COOTHOILIEHHUS
x" =c1ATe; + O(|A2|"),
(x",x") = (c1Ater + O(1A2["), ctATer +O(1X]™)) = ler P " + O (I ™ Ael™),
(x" T x") = (AT er + O ("), crATer + O(| Ao ™)) =
=Aled P+ O (A" o).

IHonoxum v
A = (xm x) /(%7 x™).

W3 pocrenuux coorHomenuft mpu ¢; # 0 nomytaem

M{1+0| &1 "
AW = ALEAL + O Do) 1< (”f A1 =M+0 ( 22 )
AT O(M I el . (1 A ") ' A
+0(5 |2
‘i 1)

3anauga 1. /lokazaTh, YTO B ClOy4ae CHMMETPHYHOM MATDHIBI /\gn) = A1 +
O(|A2/ M [*).
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Kpome (1) umeem

el = e+ O(Dal),
m

Zci)\?ei
(n) - X =1

I el al + O(e]™)

)\
7 el+0(_2 )
AT A
|C | — upne O(

o) )

aneck @n = arg {c; AT}, Takum 06pa3oM, B Xome 9TOFO HTEPALHOHHOIO IIPO-
ecca TAKXKe IMoJIydaeM CODCTBEHHBIH BEKTOP, COOTBETCTBYIOMIMH .

MozkeT cIyuuThLesd, w10 y Marpunbt A AMeoTes JBa MaKCHMAJbHBIX MO
MOIYJII0 COBCTBEHHBIX 3HadeHWs Ap # Ay, [A1] = Aol > |A3] = ... B arom cay-

n

A2
A

n
yge BEJIMIHUHA )\g ) 6yaeT yCTAaHABIWBATLCS TOJNBKO B YaCTHOM CJIydae, KOTAA
€] UIU ¢y paBHO uHymo. Eciu 3apaHee U3BECTHO, YTO TAKWX COOCTBEHHBIX
3HAYEHUH JBa, TO UX U COOTBETCTBYIOMME WM COOCTBEHHBIE BEKTOPBL MOXKHO

el™.

TaKXKe OIpPeAeTATh, AHAJIH3UDPYS [MOBEICHUE )\gn) "
PaccMoTpuM THOMYHBIN CIy9alf, korma 4, A, Az, x° Bemecrsennsie, A; > 0, A =
~Xy. Toruma

x™ = ¢ ATer + ca(=A1)"es + O(JAs|™),
Xn—’_2 = Cl/\1l+2el + C2(~/\1)”+292 + O(I/\g'n) =

A(e1der + ea(=A1)"e2) + O(|As|™).

Orcioga nony4daeM, 9ro
A = (x"F2) x™)/(x™, x™) = AT + O(| Az /™).
Mpu A™ > 0 nonaraem /\E"Z) = £/A(™, Umeem

2 = x4 AR = 2¢ AT ey + O(| ™),
II03TOMY
e™ =271 |lzpt || = er + O(As /M |™).
Touno Tak ke

n+1

zp T = x4 /\.g”)x(") =200 ey + O(|As]™)

ef = ™ Jlla5 | = e2 + O(Dha/ M),

Ecm A; —cobersenubie 3uavenuss MaTpunpl A, TO y CONpPSKEHHOH Ma-
Tpuip A* cobCTBeHHLIM 3HadeHHeM OymeT J);; npu sroM ecmn Ae; = \e;,
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A*gi = \igj, \i # Aj, 10 (€4, g5) = 0. Iosromy mpu [Aq] > [Ag] > |As] = ...
Od HaXOXKJIeHud COOCTBEHHOr0 3HAUEHHS Az MOXKHO nocrynars Tak. llomygms
npubnurkeHne € = €|, aHAJOIMYIHO OIpejessieM NPHOIMKeHHE g1 K BEKTOpy
g1 ¥ HOPMHMpyeM ero ycioBHeM (€, g) = 1. Janee Bemem urepanuu no dop-
mysgam y"tl = Ay™; a8 MCKIIOUEHHS KOMIIOHEHTDI, IIPONOPIHMOHAILHOL e,
BpeMSl OT BPEMEHH BEeKTOPBI Yy ODPTOrOHAJM3HUPYEM IO OTHOMICHHUIO K BEKTODY
g1, T.e. HAYAJILHBIM JUIs TOCJIEAYIOIINX HTepanuii BMecTo Y™ 6epeM BekToOp

Yn=Yn— (Ym gl)él-

ECTeCTBeHHO, ITO CXOAHUMOCTL HTEPAIMOHHOI'O IIPpOIEeCCa Jy'uIle, €GN B
m

HAUYAJILHOM HPHOIVIKEHHU y(J = Zdie,; craraeMoe  dpey TPeobiasiaeT  Han
1=1

OCTAJIFHBIMU (JIaraeMbIMH. B0O3bMeM H3 OIMCAHHOIO BBIIIE HWTEPAIHOHHOTO

IpOIECCA OTBICKAHUA A7 M €] HEKOTOpoe IpHOJIHKeHue x!. Bekrop y° =

x! — (x!, g)8) npumem 3a Hauanenoe mpubsmkenue. He ciegyer Gparth |

CJIMIIKOM MAJIBIM, HMHAYE KOMIIOHEHTBI cj-)\é-ej npu j > 2 me OyIyT MaJibl 10

CPAaBHEHUIO C cQ)\l2e2; B TO e BpeMmd He cieiyer 6parb | ouenb Gosblinm,
IOCKOIBKY B 3TOM CJIydae KOMIIOHENTa cyAbes Oymer Mausoif mo cpabHeHmIo
¢ BBIYHGIHTEIBHOH MOrPENIHOCTHIO.

HacTo MOXKHO BCTPETHTL CJEAYIONIee BLICKA3bIBaHUE: eCyiH ¢; = (), TO ONMCAHHDI
HUTEPaIHOHHbBIA PONECC, Ka3ajoch Obl, He NOJIXKEH JaBaTh NPHOIMIKEHUs1, CXOMs-
IUecsi K MAKCUMAJIBHOMY 110 MOJIYJIIO CODCTBEHHOMY 3HAMEHUIO; OHAKO B JICHCTBH-
TENbHOCTH H3-38 NPUCYTCTBUsS OKPYTJICHHH B MPOIECCE UTEPAlil MOXKET NOIBUTHCH
KOMIIOHEHTA, POIIOPIHOHAJILHAS €, U BCICACTBHE 3TOT0 TpebyeMblif pe3yJIbTAT BCe
paBHO OyJeT Mojy4eH.

PeasibHO IIpH HCIOIL30BAHUH COBPeMeHHbIX 9BM ¢ 60abIIOI pa3psHOCTLIO MOXKET

CIYIUTHCH, YTO 10CTIE HEKOTOPOTO YHCIa HTEPAIUil BIUSHUE BBITUCIHNTENBHOH 10-
m

CPENTHOCTH ere He OyIeT CYyIIECTBEHHO, B TO BPEMSI KAK BEJIMUUHA Zc,-/\_i"ei 6yner
i=3

MaJla IO CpaBHEHHIO ¢ ca Ay es. Torna Ax" &~ const X™ u MOXHO caesaTbh HEBEPHLIHA

BBIBOJI, YITO MCKOMOE mepBoe cobCcTBeHHOe 3HaYeHe HalineHo. [losroMy B Tex cayda-

X, KOLa HET YBEPEHHOCTH B NPABHJLHOCTH HAHAEHHOro cOOCTBEHHOrO 3HAYEHH,

CleyeT MpOBECTH elle OAUH WJIH HECKOJIBKO PACUETOB ¢ APYRIMH 3Ha4YeHHsMH yO.

B pane caydaer nosABiieHHE COCTABIAIONIEH, NPONOPLUUOHAJILHON €1, He ABJIAETCA
Heu3beXKHbIM JaxkKe B JIy4ae MPUCYTCTBUA OKpyrienuit. Ilpu perenuun upobie-
MBI CODCTBEHHBIX 3HaveHuil aas auddepeHIHATbHBIX i UHTErPAJBHBIX OIEPaTO-
POB HHOI/Ia BO3HUKAIOT MaTpulbl A co cnenuduyeckumu cBolicrBamu. Hanpumep,
YACTO BCTPEYAELTCS Cydail, KOTAa IPH BCEX %, j BBIIOJHSIETCS PABEHCTBO

@ij = Gm4l—i,m+1—j- (2)

715 onpeneneHHoCTH pacCMOTPHM cTydaii yeTHoro m. HasopeMm YETHBEIMH BEKTOPDE
X, KOMIIOHEHTBl KOTOPHIX CBSI33HBI PDABEHCTBOM X; = Zpy41—4, ¢ = 1,..., m, H He-
YETHBIMH — PABEHCTBOM T = —Tm41—i- 1IpH ycrmopuu (2) BexTop Ax uereH, ecnu X
9eTEH, H HEeUEeTeH, €CJId X HevereH. [[0aTOMy 1oanpoCcTpaHCTBa Y€THBLIX U HEYETHBIX
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BEKTOPOB ABJISIIOTCst cOBCTBEHHBIME 11t oneparopa A. ClenoBaTesbHO, CYIIECTBY-
eT MOJIHASI CHCTeMa COOCTBEHHBIX BEKTODPOB, NPUHAJIEKAIINX ITHM HOANPOCTPaH-
CTBaM, T. €. SIBJISIONIMXCS MJIM YeTHBIMHU, HJIA HEUETHLIMU. DTO 00CTOATENBCTBO MO-
ke BbITb CYIIECTBEHHO UCIIOMB30BAHO: €CITH BEKTOP X° ETeH UM HEeETeH, TO STUM
2Ke CBOHCTBOM OBJIaAAIOT BCE BEKTOPHI X', TIO3TOMY MPHU OTBICKAHHH KAXKIOr0 MOCIIe-
ZIYIOWIErO BEKTOPA X' CleAyeT OrPaHM-IUThLCS Onpe/ejeHreM NepBOi IOJOBUHBI €r0
KOMOOHeHT. Kpome 3roro, MoxHo 06beuHuTh KO3 (HHUIUEHTHI, COOTBETCTBYIOIINE
KOMITOHEHTAM I U Tyt1—i. HapuMep, Ipy 4eTHOM X° BBIMHCJIEHHS KOMIIOHEHT X'

MOYKHO NMPOU3BOIUTE 1O (PopMynam

m/2
n+1 __ n
ait =Y (g + agmei—j)T
=t
B cayvae urepanuii TAKOro BHIA MBI HE BBIXOJAUM 34 [IPeJIEJIbl [IO/HIPOCTPAHCTE eT-
HBIX HJIM HEYEeTHBLIX BEKTOPOB cooTReTcTBenHo. [loaTomy ecmu x° u e) mpuHagiexar
Pa3NMYHbIM [IOANPOCTPAHCTBAM, COCTABIIAIONAA, IPONOPIMOHAIbHAL €1, TAK H HE
[IOABHUTCS.
Kpome HenocpeiCTBEHHOTO yMEHbIIeHHs BLIYUCICHHE NPH OTHICKAHUH KAXKIOTO
BEKTOpA X", UCIIOML30BAHME CBOIICTBA (2) MOME3HO TaKIKe MO CJIEAYIOMEH NpUuIHHE.
JIOBOJILHO THITHYEH CITy4ail, KOraa COGCTBEHHBIE BEKTOPLI ¢ HeGOIbIIMMHA HEYETHbI-
MM HOMEDAMH SIBJISIOTCS YETHBIMH, & C HEOONbUIMMHU YETHBIME HOMEDAMH — HEYET-
HBIMH; IIPEIIONOKUM, 4TO |A1] > |A2| > |A3] > ... Torna npu x" werHOM Beerja

= Cl/\?el + C3/\73Le3 + = /\T'el + O(l/\3|n),
C.He,D;OBaTe.TIbHO,
A = 0(As/A)™) mpr A = (x™) x)/(x™, x).
0

HEYEeTHOM HMeeM

P =cpAber + O(IAf™)

CoOTBETCTBEHHO TIPU X

A =g = 0/ Rel™) mpr AP = (xMF x7)/(xP, X7,

IIpu 5TOM He BOSHHKAET HHKaKOH MpobIeMbl TOAABJIEHUST COCTABISIOMEH, MpONop-
IUOHANLHONR €.

Ecm (Al > 1, To [|x"|| - oo mpu nm — 00, NO3TOMYy IpH JOCTATOY-
HO OOJIBIIOM 7. NPOM3OHJIET NEPEIOIHEHUE Pa3pAJIHOCTH YHUCET W OCTAHOBKA
9BM. Ewm |A1| <1, To ||x"|| = 0, u BCIenCcTBHE KOHEYHOCTH MOPSIKOB H-
CeJl B MalllMHE MOXKET CJIyYUThCSl, YTO, HAYMHAS C HEKOToporo 7, X" = 0.
Yrober u3bexkaThb >THX SIBJIeHI/II/I, TONIESHO BPEMA OT BPEMEHE HOPMHDOBATE
BeKTOp X", urobm |x"| =

Hois npaKanecxon OLIEHKM IIOrPEIIHOCTH M YCKOPEHHUS CXOJUMOCTH HTE-
PaIMOHHAIX IIPOLECCOB MOXKET GBITh TPUMEHeH J2-IpoLecc M Jpyrue IpHEMB,
AHAJIOTHUYHBIC METOJAaM YCKOPEHWsI CXOAMMOCTHM IIPH PENIEHWH CHCTEM JIMHEN-
HBIX ypaBHeHuidt. Hanpumep, MOryT npuMeHsTbcsa wuTeparuu Buaa x't! =
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gk(A)x™ cO crenMaNbHBLIM NOAOOPOM B 3ABHCHMOCTH OT M3BECTHOH HHQDOp-
Manuu o0 cuekTpe marpuusl A muorouwnena gx(A).

Ilockonbky
(Ax, x)

(:[’ :[)

?
x (X, X)
mpu A = AT, To HekoTOpBIE IpHMEMBI OTBICKAHUS MAKCHMAJIBLHOIO W MHUHU-
MaJILHOTO CODCTBEHHBIX 3HAYEHHH MATpHUIBl A OCHOBBIBAIOTCH HA HAEE OTHIC-
KaHHs CTAUMOHApUBIX Touek dyukiponara P(x) = (A4x, x)/(x, x).

min Xy = inf
x

Bagaua 2. Ilycte Ay =5, 1 < A\ <3 npn ¢ = 2,..., m. Iloctpouts wurepa-
[IMOHHBIH IIPOIECC BHUIA x”+1 (A+cE)x" ana nonyueHus A ¢ HAWIydInen
npu JaHHOH HHQOPMAIME CKOPOCTHIO CXOJUMOCTH.

Coenmars To Xe camoe, ecad Ay =1, 2< ;<3 pu 1 =2,..., m.

§ 13. Pemienue mostHo# npobjsieMbl COOCTBEHHBIX
3HaueHuil npu nomoutu QR-anropurma

CymecTByeT psiji, TIATENHHO OTPabOTAHHLIX AJITOPHTMOB M TIPOTPAMM pelIe-
HUsT TONHOHM mnpobjiembl coOCTBeHHBIX 3HaveHuil. [losTomy B Cilydae, Korma
BOZHUKAET TaKasl npobiemMa, B OepBYID 0Uepesh PEKOMEHIyeTCsT WCIOIL30BATS
CTAHAPTHBIE [IPOTPAMMBI PEIIeHHsT TAKHX 3axad. Haubonee cosepiieHHbie u3
HUX OCHOBaHBI Ha pas3iaudbbix Moxuduraumsax QR-anropurma, obimas cxema
KOTOPOTO TPHUBOIMTCI HUXKE.

Ilycts A — upounsponbHas BemecTsBeHHas Marpuia. Corjacuo nemme u3 § 2
ee MOXHO mpencrasuth B suge A = U’ A,_;, rne U — oprorouansgas, a
Ap_1 —1paBasi TpeyrojbHas MATPHUIBL. 3alHiIEM TO PABEHCTBO B BUJE

A=Q Ry, (1)

rae () —oproroHanbHasi, R; —mnpasas TpeyrosnbHad marpunsl. M3 (1) umeeM
Ry = Ql”lA, nostoMy Marpuna A; = Ry = QflAQl nonobua martpuue A.

ITocTpouM NOCTIEZOBATENRHOCTL MATpHIl A, T0 cieaylomeMy npasmry. Ma-
Tpuiy A, pa3jlaraeM Ha MpOH3BEIEHHE OPTOTOHAJIBLHOM H IPABOH TpPeyroib-
HOH MAaTpPHI] B Bn,qe An = Qui1Rpy1 v momaraeM A, = Rup1Qnyr. Ho-
CKOMBKY Ani1 = Q) +1A,1Qn+1, TO BCe MATpuUIBl A, monobHEI Mexay coboi
¥ nmomobHBI HCXOMHOH MaTpuile A.

Ipencrasum mcxopuyio marpuny A B Bume A = QAQ™Y, tme A — npasad
kaHoHnueckas (popma 2Kopnana, T.e. A =0 mpu j <i u j>i+1, Ay = Ai—
cobcTBeHHbIe 3HAYeHMs MATpUuBl A, \; j+1 paBHBl Hymo wiu 1. Beerpa mox-
HO momobparh MaTpuly ( Tak, YTOOBI [UATOHAJBHBIE JEMEHTH Marpuibl A
ObLTM YyNMOpPAAOYEHBI B HOPSJIKE HEBO3PACTAHUA MOIYJSA

Pl == > Pyl = =Pl > > Pl == A ]

Teopema (6e3 mokasarenncrsa). [Iycmd 6 pasaoocenuu mampuuyst A sce dua-
20HAALHBE MUHOPH. Mampuubt Q He ewposicdenst. Tozda nocaedosamesvbHoCmd



§ 13. Pemenne nomHol npo6iempl COBCTBEHHBIX 3HAYCHUH 321

mampuy Ap npu n — 0o cTodUMCA MO HOpME K KAETNONHOMY NPASOMY Mpe-

y20AHOMY eudy A.

VMeercss B BHJy, UTO MOCJIEe HEKOTOPOH IEePEeCTAHOBKH CTPOK M OZHOBpeE-
MEHHO TAKOH JXK€ IIeDeCTAHOBKH CTONOIOB MaTpuiel A GyAyT BBIIOTHATHC
cooTHomeHus: ecmu lp < ¢ < lgyp, J <@ mwmm Iy < j, k= 1,...,8, T0
ag.‘) — 0.

[Ipu peajH3alMH ONMCAHHOIO AaJITOPHTMA MOCTpPOeHHs MarTpun, A, Ha
MpAKTHKE MBI YBHIMM, UTO HEKOTODHIE 3JEMEHThl MarpHl A, OKasblBaIOT-
¢ MaJbIMH. lIpUpaBHAB HMX HYJIIO, MBI HOMYYHM KJETOTHYIO NPAaBYIO Tpe-
yrONbHYIO MATpHUIly. XapaKTEePUCTHYECKHH MHOTOUIEH ITOH MATPHIBI PaBeH
[POM3BEICHAI0 XaPAKTEPUCTHYICCKHX MHOTOWIEHOB €€ AMArOHAJBHBIX KJIETOK.

Eciu TpebyeTcsi HaiiTH He TONBKO CODCTBEHHDBIE 3HAYMEHWST MATPUIBI A,
HO U ee CcOOCTBEHHLIE M IPUCOEHUHEHHBIE BEKTODPBI, TO B NPOIECCe IO-
CTPOEHUsI NOCTIEAOBATENBHOCTH MaTpull Ay, cieJlyeT 3allOMHHATL OPTOrOHAJIb-
mpre marpuinsl P, = () ...Q,, BHUMCISgEMble IO DPeKypPPeHTHOH ¢opMyie
P = PnQrH—l-

Samaua 1. lokazarp, utro kKaxapiii mar QR-ajmroputma tpebyer N~
10m3/3 apudmeruteckux oneparuii.

Ha npakTuke mpuferaloT K pasJWYHBIM CHOCODAM YCKOPEHHUS CXONMMOCTH.
Opun u3 atux coocofoB 3akimouaercs B ciaeayomeMm. Marpuna A npeasa-
pUTeNnbHO npeoOpalyeTcsi B SKBUBAJIEHTHYIO efl IpaByl0 MOUTH TPEYroNbHYIO
MaTpHILy.

Marpuua A HasbpIBaeTCsl npasoti nowmu mpeyzoavHol, ecin a; = 0 opu
J<i-—-1

AnroputMm mnpeoGpazoBaHus MaTpuipl A B NPAByK IOYTH TPEYTOIbHYIO
MaTpHIy 3aKJII0YaeTcs B IOCAEAOBATENLHOM MOCTPOCHHUH MATPHI, A; TAKHX,
49T0 mepsble [ cTONGIOB MaTpuubl A; ¥MMeOT BHZ 0epBBIX ! cTONOIOB mpaBoii
NIOYTH TPeyroNbHOM MaTpuubl, T.e. a;; =0, ectn j < ¢—1 u j <I. Ilo anemen-
TaM (l41)-ro cronbua marpuus A; mocTpoum marpumy orpaxenus Uiy, (cm.
§ 2) Tak, urobpr B MaTpuue B = Ui41A; amemenTs by y41,.-., b 141 6l Te
Xe, 4T0 y Marpumpl A;, a daeMeHTh! i3 i41,..., Uy, 141 OBUIM HyJIeBBHIMH.
Momoxxum Ais1 = U1 AU 1. YMHOXeHME cnpaBa Ha MaTPUILY Ul’il HEe Me-
HieT nepsbix [+ 1 cronbuos Marpuiusl B, nostroMy marpuua A;iq ABIsercs
MaTpuneit Tpebyemoro suzma. Ilowie nomyuenwms mpapod IOYTH TPEyroNbHOR
MaTpunpr A,,_; npumensior QR-aJropuT™ B ero nepBOHAYAJBHOHR ¢opMe.

Sagaua 2. JokazaTh, 4TO B 3TOM Ciydyae Kakapii mar QR-airopmTMma Tpe-
Oyer N ~ 6m? apudMETHIECKUX ONEPALIMIA.

dna eme Gosmbimero ycKOpeHHS CXOZUMOCTH npuMensierca BapuanT QR-
AIropuT™Ma €O CABHrOM. A HMMEHHO, CTPOMTCA TOCIEAO0BATENLHOCTH OPTOro-
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HaJIBHBIX MaTpPHUIL Ql U NpaBbiX TPEYTOJbHLIX MaTPHIL Rl 110 PEKYPPEHTHLIM

dopMmysam
A—-vE=QR;, A =RQ +nE,

Ay —nE=QR, A =RQ +uykE.

Marpunst A; monobubl Mmarpuile A; 3a CYeT BBEJAEHHT <«CIBUIOB» 1] yoa-
ercd JOOHTHCA YCKOpeHHS cXomuMocTH. Bompoc o mambosiee 11e51€C000pa3HOM
BBIOOPE HMApaMETPOB Iy MBI PACCMATpHUBATL He Oylem.

B srToi1 rnae 6bLI0, B UACTHOCTH, HPHUBENEHO OOJILINIOE KOJIUYECTBO Me-
TOZOB PelIeHrsA JIMHEHHBIX CHCTeM ypasHeHwil. Kakoit ke u3 armx MeTonos
BCe-TaKM CTOUT BbIOpaTh, pemasd 3ajady’

Ecmu mopamok crcreMbl HEOONBLIIOR T MO 3aTPaTaM MAINIAHHOTO BPEMeHH
gueno apuMETHUECKHX OIepaluii mOpamKa 13, TIe m — HOpIoK CHCTEMEI,
dBJIAeTCA IPHEMJEMBIM, TO IHPOIE BCEro OOPATHTBLCI K CTAHAAPTHBIM MPO-
rpaMMaM MeToJa oTpaxkeHmii (amciio apudmernueckux geiicrsuit N = 2m3/3)
MM MeTofa BpamieHni (dueio apudmerwueckux geifcremit N = 4m3/3, HO
MEHBIIIE HAKOILIEHHE BBIYUCAUTEHHOR NOTPEIIHOCTH).

Koneuno, npa »TOM HaJ0 MMETh B BHJY, ITO TOUHBIE METOALI THIIA METO-
JOB OTPakeHHI HJHM Bpameduil njs MarTpuibl 0bmero Buia TpedyioT OxHO-
BPEMEHHOro XpaHenus B HaMard DBM nopanka m? uncen. Ewm takoe xonn-
9eCTBO YMCEJ HE IOMEeINaeTcd B onepaTusHol namara DBM, a obmen unudgop-
Manmel MeXy OHEpPATHBHONH M BHEMIHEH HAMITBLIO HPOUCXOIHT HEIOCTATOTHO
OBICTPO WM HM3-34 CTPYKTYPHI HMPOTPaMMLI, HWIH H3-32 BO3MoOKHocTeir IBM,
TO TIPUMEHEHHE ITHUX MPOTPAMM MOXKET OKa3aThCA HEIEJIeCOODPA3HBIM.

B cioywae, korma mpHMeHeHHE 3THX METOIOB Hellejecoobpas3mo, uMeeT
CMBICJI TIPOAHAJIM3NPOBATH BO3MOYKHOCTH [PHMEHEHUH MPOCTEHIIMNX [0 CBO-
el CTPYKTYPe UTEPAIHOHHBIX METOJOB: [IPOCTOH HTEPAIMH, 3eHaess, CBepX-
penakcanuy, HAHCKOPEHINero Ciycka. Eciad peimaercs oTAenbHad 3ajada, TO
BCJIENCTBHE MPOCTOTHL COOTBETCTBYIOIIMX IPOTPAMM HpPHUMEHEHHE 3THX MeTO-
JIOB MOXKeT ObITh BHOJHE IejecoobpasnbiM. Ecim npuMeHeHHe 3TUX METONOB
TpebyeT OONLIIMX 3aTPAT MAIIMHHOTO BPEMEHH, TO CIeIyeT IIPOAHATH3INPO-
BaTh BO3MOXKHOCTH HpHUMEHEHHs 0O0jiee CJIOXKHLIX II0 CBOEH CTPYKType MeTOo-
JIOB: OITMMAJILHOTO JIMHERAHOr0 HMTEPAIUOHHOTO MpoIecta, MeTOAa ¢ HCIOIb30-
BaHMeM KOpHe# MHorowrena YeOblmepa, MeTOJa CONPSXKEHHBIX I'DAJUEHTOB,
HTEPAIHOHHBIX METOJ0B, HCIOJIB3yIONIMX CIEKTPAJTbHO SKBUBAJEHTHBIE OIEpPa-
TOPBI.

Ecnu pa3aMepHOCTH 331a9M CTORD BEJMKA, UTO CaMO peIleHHue 331auu, T.€-
BeKTOp X, HEe MHOMEIAeTcs B omeparuBHON namaru IBM, To ubHorma mnpH-
MEHSIIOTCA BEpOATHOCTHBIE METOIbl pelIeHHs CHCTeM JIHHEeHHbIX ypapHeHui,
KOTOpBIE OCTAJUCh BHE HAIIETO PACCMOTPEHUS.
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Frmasa 7

PelueHne cncrem HenMHeMHbIX
ypaBHeHWM M 3apa4 onTUMU3aLK
v

Pemenne 3amau ontummsammn, Gymp TO onTEMusanms IPOU3BOACTBEHHBIX
WM 3KOHOMHYECKHX IPONECCOB, ONTHMH3ALMS KOHCTPYKIHH HJIM ONTHMH3A-
OUsT MHCJIEHHBIX AJTOPUTMOB, CBOJAMTCH B MATEMATHYECKOH (DOPMYJNHPOBKE HC-
cenyeMoil 334a9H K OTBICKAHHIO 3SKCTpeMyMa (PYHKIHMOHANIOB. B Hambosee
TANHIHBIX CJIyYasX BO3HHMKAET 33294 MUHHMH3AIXHA (DYyHKUHH OOJBLIIOrO 4m-
cla mepeMeHHBIX B obsmactu ), 3amaBaeMOM GOJBIIAM YHCIOM OTpPAHHYEHU
TUIIA HEPABEHCTB MJIM DPABEHCTB: HIIETCS

inf ®(zq,..., z,)
Zlyer, T
IpH YCJIOBHUAX
(Pi(a;h---amm)ZO» Z:]-vvlv

Yi(z1,. .., zm) =0, i=1,...,q.

3agaua MHHHMH3AIMH (QYHKOHE OOJBIIOrO UM INEPEMEHHBIX BO3HHKAET

TaKXKe B (JIyuya€ NMPUMEHEHWs] BAPHAIMOHULIX METONOB K DPEIIeHHIO 3aja9 Ma-

TEeMATUYeCKOM (DHU3HKM H B JAPYILHX Pa3felax OPHKIAIHON MATEMATHKH.
CucreMbl ypaBHEHWMIA

filz1,. .., 2m) =0, i=1,...,m,
KOTOpBbIE MBI OyJeM Takxke oDO3HavaTh

F(x) =0,
L
BO3HHKAIOT B CIy4Yae MHOFHX 33/Ja4¥ YKA3AHHBIX BBIIIE THIOB;, HANDHMED, B
wi. 10 6ymer waATH peub O MOMOOHBIX CHCTEMaX, BO3HHUKAIOIIUX IPH DPelIeHHH
KPaeBhIX 3aJad.
3anaun MuHAMU3auMKE QYHKIMA M PENICHAS CHCTEMBl YPABHEHH CBOOATCI

apyr x jgpyry. Ecm ¥(y,..., yn) > 0 npu
(y1,...,ym)7é(0,...,0), ‘I’(O,,O)ZO,

To pemenne cucTeMbl F(x) = 0 paBHOCHIPHO MHHUMH3AUUH (PYHKIHH

\Il(fl(ml,...,mm),...,fm(ml,...,mm)).
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C npyroi#t cTopoHBI, IYCTh ixGlf ®(z1,..., T,,) JAocTHraeTCss B TOuUKe X, BHY-

rpenHelt no orHowenuio K G, u ¢yskmma ¢ nuddepennupyema B 3TOH TOU-
ke. Torma TOYKAa MHHHMYyMa SIBJISIETCS DeIIeHHeM CHCTeMbl ypPaBHEHMi

o =0, i=1,..,m

BoO3MOXHOCTL CBEJCHHMS ONHOM W3 3THX 33434 K JAPYrod He 03HATAET, UTO
JOCTATOYHO OTPAHMYHTBLCS DPACCMOTPEHMEM TOJIBLKO OJHOH M3 HHX; POACTBO
3THX 33J1ad CKOpee IOJINEePKHBAeT, YTO OHU OJWHAKOBO TPyIHbI. O TpyIHOCTH
3THX 33Jad CBHAETENLCTBYET TO, UTO HE CYIIECTBYET YHHBEPCAJLHBIX aJIro-
PHTMOB pelleHHs, NPAKTHYECKH NMPUTOMHBIX yXKe He IPU OYeHbh OOIBLIUX 1M;
OTCYTCTBHE TAKHX AJITOPUTMOB BBI3BAHO CYIIIECTBOM JEJIa.

B 10 ke Bpems u npu 60aBLIAX T CYHIECTBYIOT 3hGheKTUBHbIE ANTOPHUT-
MBI PeIieHusi 33Ja4, OOJIAJAIONMX OIpPEeJIeleHHOW BHYTpEeHHEH CTpyKTypoit (B
JaCTHOCTH 34J1aY, BO3HHKAMIMX IIPH PEIIEHUH KPAEBBIX 3321 MaTeMaTHUe-
cKOH (PU3HKH BAPHAITMOHHLIMH METOIAMH). -

Ilpu pemenuu 3a7a% KaXXI0ro THUIHIHONO B NPHUJIOKEHUIX KJIACCA TPHUXO-
JATCS 3aHUMAThCA TEOPETHYECKOH M IKCIEPHMEHTAJIbHOHN «IOBOJKOM» MeTo-
JOB TMPUMEHUTENILHO K 3TOMY Kiaccy 3aaad. CBeneHue 3aJauu MHHHMM3AIUH
(YHKIUH K CHCTeMe HeJIMHEHHLIX yDaBHEHWH MM HAOOODOT IIPOM3BOAMTCS HA
NMpaKTHUKE C IENbI0 CHUXKEHUS TPYJAOEMKOCTH PEIIeHH.

Hanpumep, npu pemieHHH CHCTEM HENWHEHHLIX YPABHEHHMH HHOLJAA IOCTY-
malT ciegyomuM obpazoMm. CrpouTcs (PYHKIHOHAJ, MUHHUMYM KOTOPOTO M0-
CTUraeTCs Ha PENIeHHH CHCTEMDBI. 3aTeM, 33JaBIIHCh HAYANBHBLIM NPHOJIHKE-
HHEM K TOYKe MHHHMYMa, IIPOBOAAT HTEPAIMH KaKHM-THO0O M3 METOHOB CITyc-
Ka (cM. § 3) ¥ TakuM MyTeM IMOMy4YalOT Y/A0BJIETBOPUTEILHOE NPUOIHKEHHE
K pemenuio cucrtembl. Mlcxomst u3 3TOro mpub/IMIKEHHST TPOU3BOLAT YTOUHE-
HHf TPH TOMOIM KAKOTO-JTHOO HTEPAIMOHBHOIO METOMA, CHENU(PUYIECKOTO MIJIs
337a"1 pelIeHMs] CHCTeMbl ypaBHeHHH, mampumep meroma Heiotoma (em. § 2).

IosickuM npHYMHBI, BHI3BIBAIOMIME TAKOE KOMOWHMDOBAHHOE IPHMEHEHHE
MeTonoB. Hasosem obaacmvio crodumocmu memoda MHOMXKECTBA HAYAIBLHBIX
YUIOBMH, IpPH KOTOPBIX HTEPAlMU IO JAHHOMY METOLY CXOOATCA K perie-
HUIO 3amauu. [lpuMeHeHwe MeTOMOB CIIyCKAa HA NEePBOHAYAJILHOM 3Talle Bbl-
3BAHO TeM, YTO OOBIMHO OHHM HMEIOT Ooyiee IMHPOKYIO 06JACTh CXOMUMOCTH,
YeM MeTonpl, crenupuUecKHe Mg 3aJaYM pPelIeHus CUCTeMBl ypapHeHHi. B
TO K€ BpeMs IOCJIEeJHHEe MEeTOMbI 00BIMHO O6JamAIOT JIYUINed CKOPOCTBIO CXO-
AMMOCTH IIDM HAJIMIHHU JOCTATOUYHO XOPOIIETO HAYAJIHHOTO MPUOJINMKEHHS; 3TO
1 00yclIaB/IMBaeT MX NPHMEHEHHEe HA 3aKTIOYHTEJHHOM 3TAlle HTEPAIHii.

Ha npumepe pemenusi cucreMbl JTHHEHHBIX ypaBHEHHH GBLIO TakiKe BHIHO,
ITO CBeJieHME 3TOH 3aJa4yM K 33Jave HAXOXKIAEHUS MHHUMYyMa (PYHKIMOHAJIA,
IPMBONMT K KOHCTPDYHPOBAHHIO HOBBIX METOAOB PpeIIEHUs HCXOMHOH 3aJadH.
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8§ 1. Metoa npocToi nrepanuu u
CMe>KHBbIe BOIIPOCHI

Tak e Kak B CJIydae JIHHEHHLIX YDABHEHHH, HATHEM H3YUYEHHE HUTCPAIMOH-
HBIX METOHOB € MEmModa NPocmnoil umepats.
DTOT MeTo) COCTOMT B CJIEAYyIOIEeM: CHCTEMa ypaBHEHHI mpeobpasyercs
K BHJIY
x = g(x), (1)
HHaye,
T = gil{T1,..., ), t=1,...,m,

W HTEpPAIMH TPOBOAATCS 1O hopmysie

X+ = g(x"), )

HHa4ve
) n+l . ron 77,) =1 .
€T, ”‘gz(-ﬂl,---,l'm, 1=1,...,m.

TlomoitmeM K HM3YYEHHIO »TOro Merona ¢ 0Oomee obnux mosunmit. Ilycrs
H — nonHoe MeTpHYECKOEe MNPOCTPAHCTBO, 4 omeparop y = g(x) orobpaxkaer
H B cebs. PaccMOTpMM WTEpPalMOHHEI IPOIECC

x" = g(x") (3)
pellleHUs ypaBHeHUS

x = g(x). (4)
Ecim npu mekoropom ¢ < 1 orobpaxenne y = g(X) yAOBIETBOPSET YCIOBHUIO
p(g(x1), 8(x2)) < qp(x1, x2) (5)

IPH BCEX X[, X2, TO TaKOe OTOOpa’KEHWE HAZBIBAIT CHCUMAOULLM.

Teopema. Ecau omobpasicenuey = g(x) cocumarowee, mo ypasnenue X = g(x)
umeem eduncmeennoe pewenue X u

p(X, x") <

7

qga
l-gq

adecv a = p(x!, xY), p(x, y) — paccmoanue mesicdy ¥ u'y.

Aoxazameavcmeo. Cormacuo (5) uMeem

p(x"1, x") = p(g(x"), g(x"71)) < gp(x", X7V,

nostomy p(x"t1 x™) < ¢"p(x!, x%) = ¢"a. TIpu | > n mMeeM memouky He-
PaBEHCTB
p(x!, x™) < p(x, X' 71 -+ p(x™H, x) <

q"a (6)
1-q

(o0}
< ql—la_'_-__ +qna< q’ﬂaqu —
=0
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CornacHo kKputepuio Koilu MOCIEI0BATECALHOCTE X' HMeET NCKOTODBLIH IIpe-
gen X. Ilepexons x unpeleny B (6) mpu I — oo, moiyvaem

p(X, x") < =
1-q
CripaBe/yiuBa, IEI0UKa, COOTHOIEHH
p(X, 8(X)) < p(X, 1) + p(x™, g(X)) = o(X. x*1) + p(g(x"). g(X))
qn+1
< p(X, XM +gp(x”, X) <27
-q
IMockonbky n mpoumssoibHoe, 10 p(X, g(X)) = 0, u, cuemosarenpro, X =

g(X). IHpemnonoxkum, wro ypasuenue (4) umeer jgpa pemremmst X; u Xy,
Torma p(Xi1,X2) = p(9(X1),9(X2)) < gp(X1,Xs) < p(X1,X2). Me npumom
k mporusopednto. Teopema nokasana.

Bamenanue. Ilpu n =0 u3 (6) crenyer, uro p(x', x°) < Takum obpa-

30M, BCe NPHOJIMXKEHHS NPHHAIICKAT 0bjacTH
Q" R): p(x, x)<h, h=a/(1—7q).

IIpu jmoKazaTesbCTBE TEOPEMBI OTOOparkeHHe g(X) MPHMEHAETCs JIUIb K 3J1e-
MenTaM MuoxecTsa 2(x®, h) H ycIoBHE CXHMAEMOCTH HPUMEHSIETCS JIALIb OT-
HOCHTETILHO Taphi asementos u3 §U(x%, h). ITosromy B dOpMYyIHPOBKE TeOpe-
MBI JIOCTATOYMHO MPEANIAraTh JIHIIb, UTO oTOOpaskeHue g(X) OMpEIeSeHo Ha
anementax u3 (x°, h) u ymosaersopser yeiormo (5) mpu X;, Xp € Q(x0, h).

1-9q

Eciiu pemaercss OHO CKaJIsIDHOE YPAaBHEHHE, TO METOJ, IIPOCTOH uTepa-
MY HMeeT MPOCTYI) TEOMETPHYECKYI0 HHTepnpeTamuio. llocrpouM Ha moc-
koctu (z,y) rpaduku y = ¢g(z) u y = z. Toukum mnepecewenus ITUX -
HHUH{ COOTBETCTBYIOT HMCKOMOMY pelieHdIo. Ecin Ha depTeske HMeeTcss TOUKA
(z", z"*1) = (2", g(z")), To, mpoBens wUepes mee mpamyo y = z"t! 1o me-
peceuenuss ¢ TpaMo#t ¥y = z, a 3aTeM mpamyw = = z"t! g0 mepeceuenus ¢
KpuBoil y = g(z), Ml momyuum Touxy (z"t1) z"*+?). Ha puc. 7.1.1 uzobpaxe-
HO MOBEJICHHE IIOCIEI0BATENbHBIX npn6aneHHﬁ B aryvaax: a) 0 < ¢'(z) < 1
6) -1 < g'(z) <0, 6) 1 <g'(z), 2) ¢(z) < —1. Monorosroe moBemesue I’
npu ¢'(z) > 0 u konebarenvuoe npu ¢'(z) < 0 HETPYIHO YCMOTPETH TAKKE
U3 COOTHOUIEHUSI

2"t — X = g(a") — 9(X) ~ ¢'(X)(z" — X).

B cnyuae cucrempr menumueilinbix ypasaenuit F(x) = 0 amanorom meToma
3efiesa ABNfETCA WTEPAIHOHHBIA TIPOHECC, I/ KOMIIOHGHTHI TPHOIKEHHI
OIpeJeNIHIoTCs U3 COOTHOINEHUH

f@t o, ah) =

yeees Im) = U,
falzPt, 2yt ) =0, ™
f (:L'?'H ;l—H, ,:1:"+1)—0
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yA yA
y
0 x° x! x*x? x 0 x° x? x® x! ?
a) 6)
v yA

/

RY

0 Xoxlx? x? ; 0 ol x0%?
8) 2)
Puc. 7.1.1

+1

HaxoxJieHHe Ka)xJOro HOBOro 3HadeHMst z, ' Tpebyer pelreHust, BooOiie ro-

BODsl, HEJIHMHEHHOro ypaBHEHHHA

fn+1 n+l _n+tl n ny _
file?™ o e, 2wl 2) =0

C OIJHHM HEH3BECTHBLIM.

ITpoMexyTOUHOE MECTO MEXIy MTEePAlHOHHBIMH MeTomaMu (2) m (7) 3aHH-
MaeT MeTOJ|, IZie KOMIIOHEHTHI IPUOJIMKEeHHHA ONpPeUessIoTcsT U3 COOTHOLIeHMH

n+l __ n n

T "'gl(xla"'7 xm)v .
n+1 __ n+1 7 n

.'L'Q —gQ(.Tl ,.’L‘2,..., .'L'm), (8)
n+1 __ n+1 n+1 n

Ty =g (@], T, X))

Merogst (7) m (8) 0coGEHHO IIMPOKO HCHONB30BAINCH B DA3JIUYHBIX MOAE-
JUPYIOWMX yCTPOMCTBaX, TAK KaK OHH TpebyioT Mayioro obbeMa maMaTH H
HIPOCTHl B pEAIH3AIHH.

B mocTaToyHO MAaJIoff OKPECTHOCTH pemeHHss X CHCTeMBI I mpubJInkKe-
HHHM METONOM IIPOCTOH HTEPAIlMH HMEEM

X"t X = g(x™) — g(X) = B(x" — X), (9)
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B = [agi:l

0z

TakuMm oOpa3oM, NPU NPUOIHAKEHAAX, HAXOOAIIMXCA B MaJIOH OKPECTHOCTH

pellieHys], TTOTPEUIHOCTH NPHOIMKEHNH HTEPAIHOHHOTO IPOIecta (2) (a Takxe

# npoueccoB (7) ¥ (8)) MONMMHSIOTCS NPEMEPHO TeM K€ 3aKOHAM, 9ITO M IO-

[PEITHOCTH HMTEPAIMOHHBIX METOJOB DelieHHs CHCTeM JIMHEHHBIX ypaBHEHHIL.

Hasmmune cooTHOmeHus (9) NO3BOJISIET NPOU3BOIUTH YCKODEHHE CXOOMMOCTH
ATEPALMOHHBIX POIECCOB.

PaccmorpuM ciIyua#i m = 1 u mocrpoum aHajor §2-mpomecca. IIpum mmero-
memcst pubmkennn 7 obosraumm ™ = g(z™), z™% = g(z™!). Cornacuo (9)

e

X

2 - X g (X)(&" ~ X),
™ — X = ¢'(X) (™ - X).

W3 3THX COOTHOWIEHHMH IIOJLy'aeM

n2 nl
A — T
’ ~
g (X) ~ nl n ?
x — T
xnz _ xnl
n2 nl
—_ ————1T
x $n2 _ gI(X)IL‘nl T S mn2mn . ($n1)2
1 — g’(X) ) :L.n2 _ $n1 "2 — 9pnl + n’
- :L.'nl —

3a crmepymomee nocte z" NpuOIMKEHHE NPAMEM

i _ 2 @2 aele(e™) — (a(em))? w0
z T g2 _ 9gnl 4+ - (](g(iL‘")) - 2g($n) 4+ gn’

A7 XapakTepUCTHKH METOMOB PEINEHHMS YPABHEHUH BBOIUTCSA [MOHSTHE TO-
padxa memoda. T'oBopsaT, 4To MeTonm uMmeeT k-# HOPSJOK, €CJIH CYIIECTBYIOT
1 >0, ¢g < 00 Takme, UTO

p(x", X) < epp(x", X))

npu yciosuu p(x", X) < ¢;. Hem Gonvmie k, TeM ObICTpee CXOOUTCH HPOLECC
HTepanmyii mpM MaJbIx 3HadeHHsX p(x", X), HO KaxkJas WTepanus MeTOoa
pu sTOoM Gomee TpyJoeMKa. B CBf3M ¢ 3THM B BLINHCIMTENbHON NPaKTUKE
Hanbosee pacIpOCTPaHEHbI METOABI MEPBOrO M BTOPOrO NOPSAKOB (HampHuMep,
Meron, ompepensiemsrit dopmynoi (10), mmu meron Heroorona, paccmarpusae-
Mbili B crnenyromem maparpade).

ITpumevanue. Unorna B JHTEpaType BCTpeYaeTCs APYToe, Ha HaIll B3IVIAH, He-
PasymHoe, ompeznesieHne IOpsiAKa METOAA: TOBOPAT, YTO METOJ, DEICHHS CH-
Crembl ypaBHeHuit F(x) = 0 umeer mopsamok k, €M NpH €ro peasiu3alldy
BHIYHCJIAIOTCS NPOM3BOANHbIE GYHKOMHA f; N0 mopgaxa k — 1 BKIIIOUYMTENHHO.
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B § 6.10 6put paccMOTPEHBI HMTEPAITMONHBIE METOMbl PEINEHUS JIUHeii-
HBIX CHCTEM C IIOMOIIBIO CIIEKTPAJIFHO-3KBHBAJIEHTHBIX ONEPATOPOB. AHaJio-
THYHBIE METOJBI HPUMEHSIOTCH M JJis PEUICHHs HEJHHEHHBIX cucTeM. Bpibu-
paerca oneparop G(x) takoi, 410 X = 0 SBJISICTCS €QUHCTBEHHBLIM peIIeHHEeM
ypasueanss G(x) = 0. ITpubmmkenns x"*! x pemrermio cucremer F(x) = 0
ONPEJIEJISIOTCI U3 COOTHOUICHHSA

Gx" - x") = F(x"). (11)

Haubonee pacmpocrpaiten ciyvai, xorma G —JmHeHHbId oneparop. B pdane
ciayuaes oneparop (G BBIOHpAETCsS 3ABUCAINHUM OT 7, & TaKXKE OT HpHOJIHKe-
aua x"?. Torma B cxemy (11} yKIaIbIBAETCH TAKIKE PACCMATPUBAEMBIA HUXKe
verTon, HbioToua peuretnst HeJWHEHHLIX ypaBHeHUI.

§ 2. Meton HerroToHa
pelieHusa HeJIMHEWHbIX YpaBHEHU’

Ecnu m3BecTHO [OCTATOYHO XOpoIlliee HAMANBHOE NPUOINIKEHHE K DEIIeHHIO

CHCTe€MBl yDABHEHUM
F(x) =0, (1)

TO 3(h(PEKTHBHBLIM METOJOM I[OBBIIIEHAS TOYHOCTH ABAgeTcst memod Huro-
mMoHaQ.

WNpes seroma Heloroma 3akouaercss B TOM, YTO B OKPECTHOCTH HMe-
fomerocss wpubiarmKenns X' 3a7aMa 3aMEHSIeTCs HEKOTOPOH BCIIOMOTaTelIbHOM
JImHetHO! 3amateit.

Tlocnepusist 3amatia Berbupaercs Tak, YTOOLI MOTPEUIHOCTH 3aMEHLI HMe-
Jia Oosiee BBICOKMH IIODSIIOK MAajIOCTH, UeM [EPBBbIH (B olpenesseMoM jaJiee
CMBICJIE), B OKPECTHOCTH HMMEIOIErocs Npubimkenud. 3a cieiyromee Hpubid-
J)KeHWEe NPHHUMAETCS pPelieHne 3TOW BCIOMOTATENLHON 3aadu.

Pacemorpum cryuait ckanspuoro ypasmenua f(z) = 0. B kauecrse Taxoit
DCIOMOTATENBHON 3aJaYH €CTECTBeHHO B34Th JHHERHYIO 3aJady

flzn) + fl(zn)(z — x,) = 0. '

Ee pemenne © = x, — f(z,)/f'(z,) npusumaerca 3a cremyomee TpuOIvIKEHAE
Zp+1 K PEIIeHHI0 MCXOHOTO YPABHEHHWs, T.€. WTepallud BeayTcs mo ¢opmyJsie

Tt = Tn = [(@n) /[ (zn).

Paccmorpum Bonee obumii ciiywaii — pelleHue HEJMHEHHOTO (yHKITHOHAIb"
HOTO yDaBHEHHSI.

IIycrs F(x) — omeparop, orofpazkafommii JMHENHOE HOPMHPOBAHHOE IIPO-
crpancTBo H Ha nMHEHRHOE HOPMHPOBAHHOE NPOCTPAHCTBO Y, MOXeT OLITh H
copnayatomee ¢ H. HopMbl B 3TuX IPOCTPAHCTBAX COOTBETCTEEHHO OOO3HAYA~



§2. Meron HeioToHa petnenns HeNMHEHHBIX ypaBHeHHA 331

em ||-llz u ||-|ly. JIusennsit oneparop P, meiicrByromuii u3 mpocrpancrsa H
B TPOCTPAHCTBO Y, HA30BEM NPOM3BOmHOH omepaTopa F(x) B Touke X, ecim

I EGx+n) = Fex) = Prlly = o(llln ) (2)

upet iz — 0.
B pasnbHeiimem O6ymem obosHavaTh Takoi omepatop P uepes F/(x). Ilycrs,

HallpUMED, T T
x=(21,....%m)", F=(f1,--., fm)"-

Ecnm ¢yukiun f; HenpepslBHO AudbepeHNUpPYEeMBl B OKDECTHOCTH JAHHOM
TOUYKH X, TO

5=+ ool

Zm 0fi(zy
fi(-’l;l + My« T'm + ’7m) = fi(xla sy '7'.7!),) +

=1
COBOKYHHOCTI: 3THUX COOTHOIIEHHH MOXKHO nepenucaTb B BUIE (2), eClIi 3a
P OPHHATHL OIIEpATOP YMHOXeHudA CJIIeBa Ha MATPHILY

B upocredimiem ciyuae m = 1 oneparop P mpespamaercs B oneparop yMHO-
JKeHHsl Ha TPOU3BOIHYIO f..

IIycts X — pemenne ypasuenus F(X) = 0, x" —nekoropoe npubiamxe-
mue Kk X. B mpeamonoxenwn cymectsoBanus npoussogHoit F') cormacmo (2),
uMeeM

IP(X) - F(x") = F'x") (X = x|y, = 011X = %" ) (3)

Ecnu pemmunna || X — x™||y Masa, 10 MOXHO Hanmucarh NPUOIHXKEHHOE Da-
BEHCTBO

F(x") + F/(x")(X — x") ~ F(X).
ockomsky F(X) = 0, TO
Fx") + F(x")(X —-x") = 0.

"+l pemrenne ypasHeHHS

Bosemem B KauecTBe cilefylomero NpubIHIKeHHS X
F(x") + F'(x")(x"*! —x") = 0,

€CJIM TaKoe DellIeHHe CyIecTByeT. Mexxjy NpOUYdM, MOCHe/[Hee YPABHEHHE HMe-
er sun (1.11). B opegmonoxenuu, uto omeparop F' obparum, 3T0 pemenne
MOXKHO 3alHCaTh B BHJE

X" = X (F'(x")) R, (4)

Takolt mrepammorubit NPOIECC HA3BIBAIOT Mmemodom Huvromona.
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ycrs Q, = {x: ||lx — X|lg < a}. Ilycrp npu mexoropwmix a, ay, ag, 0 <
a, 0 < a1, az < 00, BBIIOMHEHBl YCJIOBHIL

|E X))y <er mpm  x€Q; (5)

[|F(u1) — Fug) — F'(up)(u; — ua)ly < azllup — ug)l}y (6)
upu uj, Uz € §2,. ObosHauuM ¢ = aiay, b = min {a, c"’l}.

Teopema (0 cxogumocTu Mmerona Heworoma). IIpu yeaosuaz (5), (6) ux® €
umepayuonnul npoyecc Horomona (4) czodumcea ¢ oyenxoti nozpewnocmu

n

I = Xl < e (ellx” = Xllr) - (™)

Ilpumenanue. Ecmm B paccMaTpUBABIIEMCS BBIIE NPHMEPE B HEKOTOPOI
OKPECTHOCTH perreHust (PDYHKIHH f; UMEIOT OrpAHMYEHHBIE BTOPbIE HPOHU3BOJ-
Hble, TO, cormacHo ¢opmyne Teisopa, uMeeMm

i) = o)+ 30 P ) iy o1y — i),
i=1

Oz
4, TakuMm o0Opa3oM, ycioBme (2) BBIOIHEHO.

Joxazameavcmeo. Tlycrs x° € Q. Wnaykumeit mo n nOKaxeM, 4To BCe X" €
2. Ilycts 3TO yTBEpXKJEHHE JOKA3aHO MPH HEKOTOPOM N Tak Kak b < a, TO
rorga X" € Q,. IoacraBus B (6) u; = X u up = x", nomyuaum

[F(X) - F(x") - F'(x")(X — x" a||x™ - X||%.

My <

IMockombky F(x") = —F/(x")(x"*! — x"), a F(X) =0, To 3T0 COOTHOIIEHHE
MOXKeT ObIThb [eperucaHo B BHE
[[F/(x™) (™! = X)|y < azflx™ — X[

Bocnons3oBaBmuck (5), mony4yaeM HEPABEHCTBO

1

%™ — Xl < ellx™ - X (8)
OTciona wieayeT, YTO
[x"t! — X|lg < cb? = (cb)b < b,

nosromy x"*! rakxe mpumammexur §). Taxum obpasom, mpu x° € €, Bce
x" mpuHamiexar (p M, CIEHOBATENBLHO, AJiA HUX BHIIOMHAETcH (8).

Iycrs gn = ¢||x™ — X||g. Howre ymuoxkenuss Ha c nepasenctso (8) 3a-
NHINETC B BHAE Qny1 < 2. MHaykngeit mo n JoKakeM CIOPaBeIMBOCTD
HEPABEHCTBA

m<a -
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[Ipu n =0 ono ouepuiHO. IIPEANONOKUB €r0 BEPHBIM HpU N = k, momydaem

2 2842 ok+1
1 <@g < (@ ) =aq -

on

TakuMm 06pa3oM, ¢n < qé IIPH BCEX 70, ITO O3HAYAET, UTO

n

eljx™ = Xl < (ellx” ~ Xlnr)

Orciona ciaeayer (7). CorsacHo omnpeneneHuio ¢ # b,
c||x® — X||lg < b < 1,
g mosromy X" — X. Teopema nmokasaHa.

O6pamenue oneparopa F/(x™) zagacryio okasbiBaeTcs 6onee TPyIOeMKOH
omepanmeit, ueM BbruncicHue 3HaueHus F(x"). IMostomy meron Heioroma wa-
cro Momupunupyercs cieayiomum obpazom. Ilo xoay soruuciienuit Bribupa-
0T HIM 3apaHee 33JAaI0TCS HEKOTOPOM BO3pACTAIONIEH MOCIEI0BATEIHLHOCTHIO
yucen ng = 0, ny, no.... Ilpu ny < n < ngy) ATepanMd TPOHU3BOSAT IIO
dbopmyne

n+1 n feon -1 n
X = x —<F(x k)) F(x").

YBenuuenre UMEIa HTEPAIUi, CONMPOBOXAAIONIEE TAKYI0 MOIH(DHKAIMIO, KOM-
neHcupyercss GONMbINEH «IeMIEeBH3HOM» OMHOrO Inara urepanud. Buibop mocte-
JOBATENLHOCTH {ny} HYKHO IPOM3BOAMTL C ODOIOAHBIM yueToM 3THX ak-
TOPOB.

PaccMoTpuM reoMeTpHUYECKy10 HHTEPIPETAHio MeTona HploToHa B ciyuae
pemenus ckanspHoro ypasuenus f(z) = 0, xorma pacuernHas dopmysaa (4)
npuodperaeT BHI

g™ =g — f (@) /[ (7). (9)
Hns momydennst 2™t reoMerpuueckn Hamo HalTH abCIMCCy TOYKH Iepece-
YeHHS C OCbI0 I KacaTeJbHOl K KpuBodi y = f(z) B Touke (z", f(z™))

(puc. 7.2.1). Vxe B ciayuae, Korga f(z)— MHOFOYIEH TPETLEHA CTENEHH, MO-
KET CIyYUTHCH, YTO NOWIEAOBATEILHOCTb {Zn} HE CXOOUTCS K KOPHIO IPH
IUIOXOM Ha4YaJbHOM HOpPHOJIHMIKEHHH.

/

“x* x? xt x° ' a b x

Puc. 7.2.1 Puc. 7.2.2
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Hanpumep, B ciaydae, H300paXeHHOM Ha pHC. 7.2.2, Bce 4eTHble NpHOIIMNKE-
HHS COBIIQJAIOT C ¢, & HeUeTHbIE — C b; MeToJ, KAK TOBOPAT, «3alUKJIHJICT>.
Hns 6onee coXKHBIX 33Ja9 peajbHOE NOBCACHHE NPHOMMXKeHW# z™ npu I1uio-
XOM HataJIbHOM UPHOIMMKEHHH CTAaHOBHUTCA CYIIECTBEHHO Oosiee 3ayTaHHBIM
¥ TPYAHO UOASATONIUMCS aHaJIu3y.

CpaBHMM aCUMITOTHYECKYIO CKODOCTL CXOAWMOCTH Meronos HpioToHa W
IpocToi mrepaiuu. i mocjaenHero Mbl UMeNIH ONEHKY MOTPEIIHOCTH

Ix" - X[l < ¢"fx’ = X|l, g¢<1.

Yrobpl MOTPEmIHOCTL CTala MEHBINe &, COIIACHO 3TOH OlIEHKEe JOCTATOYHO
B3ATh

Ix° = X|| 1

— ~log,-1 —.

n 2 log
€

q~1
B cnyuae meroma Heroroma mpasas wacts (7) GymeT MeHbIme £, ecIH
logy(cllx — X )
log,(ce)

Taxunm obpazoMm, acumurorutdecku, npu £ — 0, merom Hseiorona tpebyer
MEHBINIETO YHUCIa HTeparmi.

1
n > —log, ~ log, log, = (10)

3amava 1. Jokasarh, 4YTO Mg MeToma k-To mopsnka, k > 1, OpH HaJIHIAH
JOCTATOYHO XOPOIUEr0 HAYANBHOTO MPHOIMMXKEHUS IO uTepaiui, Tpebyemoe
JJIs JOCTHXKEHHS TOUHOCTA £, bymer n ~ logloge™! /log k.

ObparuMm BHuMaHWe, UYTO MeTon HbroTO-

A Ha, 3amucaHHbd B Qopme (4), cam aBiIs-
= €TCsl PA3HOBHUAHOCTHIO METOMA ITPOCTOH HTe-

paimu. B ciydae cCKadapHOrO ypaBHEHHS
f(z) = 0 xopomo BmaHa emie omHa OCOOEH-
HocTh Meroga HeioToma. Ilpomssomnas mpa-
ot wactu (9) ¢(z) =z — f(z)/f'(z) no =

. pasna f(z)f"(z)/(f'(z))®. Taxum o6pazom,

x° x x? g (X) =0, ecim f'(X) # 0, u puc. 7.1.1 B

Puc. 7.2.3 9TOM CJIyyae UPHOGpEeTaeT CJIeAYIOWMH BHIL
(puc. 7.2.3)

Meron HpioroHa oka3biBaeTcst YAOOHBIM crtoco60M U3BJeYEeHUA KOPHeH 1esoi cre-
neHs. 33/139a U3BIEUEHUS KOPHA /@, p— LEJ0e YACI0, PABHOCH/ILHA 3aaM€e Pele-
Hust ypaBuenuit P — a = (. Pacuernaa dopmyia merona Heorona B aToMm ciydae

npuobperaeT BuJ
p—1 a
Tpt1 = T, + T
D PTn

3anaua 2. PaccMarpuBaeTcsi anropuTM Boraucienus y/a npu 1 < a <4, zo
NOJAraeTCa PABHLIM 3HAYEHHIO MHOIOYJCHA HAMJIYYMIero PABHOMEPHOrO IpU-
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17 a
Gaukenus s Ja ua [1,4] 1 zo = pi(a) = 21 + 3 Véenurhcs B cupane;i-

—95
JMBOCTH HepaBeHcTsa |z4 — va| < 0,5 - 1077,

B wiyuae pelmieHMs OZHOTO CKaJisipHoro ypasuenusi f(z) = 0 mapsgy c
meTofoM HbIoTOHA ymoTpebuTeneH memod Cceryuyul.

ITpocTeiinii BapHAHT ITOTO METOJA 3aKJlovaeTcda B ciedyiomem. B mpo-
mecce MTepalyil (PUKCUpyeTcs HEeKOTOpad TOUYKa 2%, Mpubmuaxerne 7"t ma-
XOIUTCA Kak abCcuycca TOUKH IepeceteHus: NPIMOM, IPOXOISIIEH Yepe3 TOUKH
(zo, f(z°)) m (2, f(a")), ¢ oceio z (puc. 7.2.4).

Boee addexTusen cmocob, rme 3a 2"t mpumrmmaerca abemmcca Toukm
[lepECETeHHs ¢ OChIO ¥ TpsiMOii, mpoxoasureii depes rouxku ("L f(2" 1)) n
(z", f(z™)) (pmc. 7.2.5). Ypapnenwe 3To#t npsamoi

fL‘”) f(‘q:n) - f(m”_l) )

yn(x) = f(2™) + (¢ -

Zn — gn—1
U3 yeaosus y,(2"') = 0 nonyuaem
b =2 .
fla®) = flz»)
Beraucienus: TpeKpalialorT, KOT/AJ OOHA €3 BEJUIHH ];1:”“ — 2" wm

| flzntl) — f(J”)! CTAIOBHTCS MEHbIUE HEKOTOPOI'o 3apaHee 3a/JaHHOTO MAJIOrO
0> 0. Ilnst JOCTHIXKEHMsI TOUHOCTH € STHM METOLOM, KaK H B CJIyUae MeToa
Heprorona, mpu J10CTATOYHO XOPOINMX HAYAIBHBIX NpUOMKeHUsix Tpebyercs
O(Inln(1/e)) wurepaumii.

Ipu pemenun cucTemMsl m ypaBHCHHH

F(x)=0

OHUM M3 BO3MOXHBIX O00COOLIEHMA MeTO#a CEeKYILIHUX SIBJISEeTCH CJIEJLYIOLIHI
Merox. Ilycrs onpepenenst npubnmykenus x™ ", ..., X" U U3BECTHBI 3HAYEHUA

Fix"77), o filx).
Hycrs y = L;(x) — ypaBuenre NIIOCKOCTH, IPOXOIMALICH dUepe3 TOUKH
(x""m, fi(x"_m)), ol (x", fi(x"));
3a crenywouiee mpubxkenne X"t mpuHEMaeMm pelneHHe CHCTEMBI yPaBHEHHI
Lix) =0, i=1,...,m.

Hpu Gonpmmx 7 9TH IJIOCKOCTH CTAHOBATCH NIPAKTHYECKHU I1apajebHbIMA,
losToMy mJia ™m > 1 3TOT MeTos NpuMeHdeTcd peako, O6BIYHO B Ciyvae,
KOrga MOXKHO OrpaHMYUTHCA HEBBICOKOM TOYHOCTBIO.
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o - i
x* x?  xt x° x* x* x x

Puc. 7.2.4 Puc. 7.2.5

B mocnensiee Bpemsi mosBuiKCh Oojiee coBepiieHHBIE 0GODIIEHHST MeTOda

CEeKYIIHuX.
Heno B TOM, WTO AJsI 3TOTO METOH3 TNPH N — 0O XAPAKTEPHO «CILIIONIIH-
BaHHE» M-MEPHOTO TeTpPa’Apa ¢ BepUIMHaMH B Toukax X" ™,..., x". Ciuen-

CTBHEM 3TOTO ABJSETCH OBICTpOe yXyAilleHue 0OyCIOBIEHHOCTH CHCTEMEI YDaB-
Henuit L;(x) = 0. B pesynbrare anropuTM BBIYHCIAEHHS CTAHOBUTCH HEYCTOH-
YHUBBIM K BBIMHCIHTEJHHON NOTPEINHOCTH M 9aCTO IEPECTACT CXOOUTHCH.

Kpome OIMCAHHBIX BbIINE, CYIMECTBYET OOJBINOE YHCIO JAPYTUX METONOB
moJo6HOro TUNA, TAE€ B OKPECTHOCTH KOopHsa &yukuus f(z) mnpubnuxaer-
csi Hekoropo# <¢yHkumed ¢(r), mas koropoir ypasHeHme ¢(zr) = 0 pema-
erca B aBHOM Buge. OJHAKO MJs IpPHAMEHEHHH BCEX 3THX METONOB HE0O-
XOAMMO JOCTATOYHO Xopollee NpHOMHXKeHHe X pemrenwio. Wvorma nja ero
OIIpeJIeIEHHsT UCHOJL3YeTCT Memod esuaxu. Oupenensior ap, by Takue, YTO
f(ap)f(bo) < 0; BBIOHpatoT KakuMm-1HGO 0Opa3zoM TOUKy cp € (ag, bp), HampH-
Mep GepyT ¢o = (ag + bp)/2 mmm 3a ¢y GepyT TOYKY MEpeceveHws CEKyIew,
npoxoggiielt vepe3 Touku (ag, f(ag)), (bo, f(bo)), ¢ ocvro z. Ilocme BbruH-
cnenust f(cp) 3a (a1, by] mpuHHMalOT TOT M3 OTpe3KOB [ap, co], [co, bo], Ha
KOHIIAX KOTOPOro f(z) HpHHUMAaeT HTPOTHUBOIOJIOXHbLIE 3HAKH, U T.J.

Baxxuo#t 3anaveit saBisiercss paspaboTka 3((PEKTHBHEIX METONOB pelIeHHd
YPABHEHHH OTHENLHBIX THUNHWYHBIX KJAccos. g HaXOXIeHHs KODHE MHOTO-
aneHa P(z) = apz™+---+an, Kak ¢ JeHCTBUTEJBHBIMH, TAK U C KOMILJICKCHBI-
MU K03hdUNHEeHTAME TAKUM METOIOM SBJAsETCA Memod napaboa. Ilpu 3aman-
HBIX NpHONMXKEHUAX K KODHIO 2,_9, Zn—1, 2, TIDHOJIMXKEHHE 2,41 ONpeJeIs-
ercs craexyomuM obpazoM. CTpouTcsS MHTEPIOAANMOHHBIA MHOTOYJIEH BTODOHR
cremneHy, comajamomuit ¢ P(z) B Toukax zn_g,vzn_l, Zn. 33 2,41 NPHHH-
MaeTcs KOPeHb 3TOr0 MHOrodena, nambosee OGau3kuMii K 2z,. B cranmapTHBIX
mporpaMmax MeToja mnapabos 3ra cxema MOHBEPrHYTA HEKOTOpo# Momudu-
KAaUHH.

§ 3. MeToan! criycKa

st pelleHusT 3aa9d MUHUMH3AUHN (PYHKIHOHAJA Hambosmee HacTo IIpUMe-
HSIIOTCA Memodu cnycxa. Ilpu 3agaHHOM TPHOIHXXCHHM ONpeJesdeTca KaKoe-
aubo HampasjxeHume, B KOoTOpoM ¢hyHKIuHOHaI yOnIBAeT, ¥ NMPOU3BOOUTCS Mepe-
MeleHue NPHOIMXKEHHS B 9TOM HAIpAaBJICHWH. Ecym BeawyHMHA IIepeMelmeHHd
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p3ATa He O4YeHb 60jbmiol, TO 3HaUeHHe (PYHKIMOHAJA ODA3ATENBHO YMEHb-
IIATCS.

PaccMOTpHM TIpUMEDPHI METOOB CIYCKA.

IIpu MCCIEOBAHUMHE CXOOMMOCTH MeToma 3efinens B CJyuae CHCTEMbI ypaB-
pepuii Ax = b npu A > 0 MBI OIHCAJH IOUKIHYIECKHH METON NMOKOODAMHAT-
goro chycka MuHEMm3anuu Gyskmun ${(zi,..., ) TpE 3agannoM npubIn-
xemmn ®(2Y,..., 20) oTeickuBaercst sHaveHme z; = ], IPH KOTOPOM JI0-
cruraerca inf ®(xy, £3,..., 70,), 3aTeM OTHICKMBaETCE 3HAMEHHE T = T, NpH

Tt

xotopom pocturaerca inf ®(zl, zq, 23,.. ., 2%), n . a. Ilpomecc mukamuecku
z2

[NOBTOPSIETCS.

Ob6o3zraaum uepe3 Prx nupubmxeHde, MONLYyYaeMOe IIpU CIyCKe H3 X MO0
KoopamHaTe Ii. IIpucBamBas NpHOIMXEHHIO, HOIYyvalOMEMyCsl NIPU CIIyCKe II0
OuEpeHONR KOODAUHATE, CJEJyIOMUHA HOMED, MOXKHO 3allucaTh NPHOIVIKeHHs
MeTONA LHUKJIHIECKOro IOKOODIMHATHOTO CHYCKA B BHJE

x1=P1x0, X2=P2P1XO,...,
x"=P,...Px°, x"'=pP,...Px°,...

IIpu npakTuIecKOH peaiM3alliid 3TOT0 METOJa BO3HHMKAET HpobiieMa MUHH-
Muzanud (HYHKUHHA OJHON nepeMeHHOR. PacCMOTpUM OTAENBHO 33aJaTy MHHU-
Muzanuu GYHKIHH OmHOM nepeMeHHOW @®(z) HpH HAYAIBHOM NPUOIMIKEHUH
K Touke MuHHMYMa T = r°. Tak Kak 3Ta 3a/Ja4a OGBIYHO He MOXKeT ObITb
pelleHa TOYHO, TO YACTO TOCTYNAIOT (ienyrmuM obpaszoMm: 6epyT HEKOTOphIE
snavenus iI°, Z°, m crpoar mapabony y = Qo(z), YHOBIETBOPAIOMYIO YCIO-
BUSM

Q2(2°) = (%), Q2(2%) =2(°), Q2(2°) = 2(@).

Abcuuccy = Toukm MmuHEMyMa (Qo(T) NPHHHMAIOT 3a Cleayiomee HpHOIH-
xeuwe z!. Yke B OJHOMEDHOM CJIydae MOXKHO IOCTPOMTL IPHMED, KOLIA
HOCNTE JOBATENBHOCTh TOYEK, MOJYTIaeMBIX 0 ONHCHIBAEMOMY MeTomy, He 00si-
3aTeJIbHO CXOOUTCH K HMCKOMON TOuYKe sKcrpeMyma dynkmuun P(z).

Jaxke ecn Ha KaXIOM [Iare OTLICKH-
BaeTca abCoMOTHEIN 3KCTpeMyM (YHKIHH xA
<I>(:c1,..., T;p) TO COOTBETCTBYIOIIEH KOODAHM- :x:1
HaTe, TO yXe mHpH M = 2 MOXET CIYIHTH-
Csl, YITO MTEPAIMOHHLIA HPOLECC CXOTUTCI HE
K HCKOMOIT TOUKe abCONIOTHOrO 3KCTPEMy-
Ma, a K HEKOTOPO# TOUKe JIOKAJILHOIO 3KC-
Tpemyma. Ha puc. 7.3.1 msobpaxkensl nuHUM
YPOBHA Takol (DYHKIMH H NONy4YaeMEIE IIDH-
Ommkenns. Coyck B IUKIMYECKOM MODSLIKe
Heoba3aresen. Ecyim u3 paccMorpeHus npo-
BOAMBINMXCH paHee BHITUCJCHHH BUIHO, YTO Puc. 7.3.1
Cnyck 1o KakuM-IHO0 KoopauHaTaM obecre-

xo
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yuBaeT HaubGonbimee yGbisanwe P(r), To mHOTHA TEnecoobpasen Goslee UACTHIN
CIOYCK IO TUM KOODIAHATAM.

B apyrux ciaydasx Opu KaXXJoOM N NOCIE€ MOJMyueHWs] npubmmXenust z"
BLIDMPAETCST HEKOTOPAsi COBOKYIHOCTH KOODIMHAT

Li(n,1)s++ -5 Ti(n,q(n))s
MIPOM3BONATCS HE3aBUCUMBIE CHYCKH [10 KOODHMHATAM 3TOH PYNIILI HCXOIS U3
npubmmKkenns X', T.e. HaxomaT ToIKM Fi(, pXx". Hanee spramcraercs
min (L, »yx"),
1<k<q(n)
W COOTBETCTBYIOIaA MUHMMYMy Touka P, j)X" npunnmaerca sa x"HL
Wuorjia HOMep oOUepenHOW KOOPAUHATLI, IO KOTOPOH OCYIIECTBIISIETCH
CIIYCK, BBIOMpAaeTcss HeJeTePMHUHHPOBAHHO. B 3TOM clydae ropopaT o cayuaii-
HOM TNOKOOPOUHATNIHOM CNYCKE.
Jpyrofi BapumanT Meroma CIycKa —- memod Hauckopeluezo (2paduenmmnoezo)
cnycka. Cnenylomee npubiimikeHne OTHICKHBAETCH B BHIE

x"t = x" — 5, grad ®(x")
(puc. 7.3.2). 3Buauenwe d,, onpemeNsieTCs W3 YCIOBHA

n{}in O(x" — §,, grad &(x")),

T.€. 3T0T aJrOPUTM ONATH COCTOUT B NOCAEAOBATENBHON MUHUMU3ANMK (DYHK-
UUH OJIHOA TepeMeHHOH Jy,.
Kak # B Merone NOKOOPIMHATHOrO CIIyC-
Ka, B MeTOJe HAHCKODEHIIero CIycka HeT
HEOOXOMUMOCTH TOJIHOIO DPEINEHHsT BCIIOMOTA-
TEJILHON 3aJavl MHHUMHA3ANUH BYHKIMA OI-
HOH mepemennoil. B oxpecTHoCTH TOYKH CBO-
€ro MHHUMYMAa 3T (DYHKIHS MEHACTCA Ma-
JIO, W TIHIATEJBHOE HAXOXKJEHHEe ee TOUKH
MHHUMYMa HE OPHUBOJUAT K CYyIIECTBEHHOMY
apcdekty. B wnydae meroma Hamckopeifmie-
ro crycka Bompoc 00 obbeme BBIUHCIEHHH
IpH MHHHMMH3AIMH BCIOMOTATENbHBIX YHK-
Puc. 7.3.2 OWHA ONHOM IIEPEeMEHHOHM MOJXKEH pelIaThCd
TAKKe€ C YYETOM OTHOCHTENBHOH TPYIOEeMKO-
CTH BBIMHC/IEHUs 3Hadenuii pynkuun P(z) W ee rpaaueHTa.
st MitlocTpaniu peIreHust BOIPOCA O BbIOOpDE METO0JIa PACCMOTPHM CJIe-
AYOIYI0 TAIMHYHYIO 33JIafy: DEITaeTcsd HeJMHelHas KpaeBas 3alada [Ajs CH-
cTeMbl ODBIKHOBEHHBIX Ju(>bepeHnnaIbHLIX ypaBHeHuil. B . 9 6yxer moka-
3aHO, YTO 3TA 33/1a4a CBOJAUTCH K PENIEHUIO HEJIUHEHHOW CUCTeMbl ypaBHEHW

F(x) = 0
fi(x):fi(zla"'azm):ov 1=1,...,m,
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obyamaromeil CIeyomuMH CBOHCTBAMH.

KoIuvIecTBO omeparuii MPH OTHICKAHUM OJHOrO 3HadeHws f;(X) u mpu on-
HOBPEMEHHOM OTBLICKAHHM BCeX 3HaveHmit fi(X), i =1,..., m, B TO#t xe Touke
omMHAaKoBO; Obo3HaumM ero tdepes A. Kommuecrso onepamuit npu menocpen-
CTBEHHOM OTBICKaHWW 3HaueHwit Jf;(x)/0r; ¥ NpH ONHOBPEMEHHOM OTBICKA-
guu Bcex 3HaveHumit Of;(x)/0xz;, i =1,...,m, B TOH e TOYKE ONUHAKOBO.
O6o3HauuM ero depe3 B; oborano B > A.

Torna mpu peleHuH 330298 MeToioM HpIoToHa nenecoobpa3HO BBITHCIISATH

npoussopueie Jf;(x)/0zj, j=1,..., m, nons3yack npubmmkenHol dbopmynoh
afi(mh"'a :Lm) ~
Oz; (1)
~ fi(zla sy Tjoly Ty + A, Ljtly---) -’L'm) - fi(wla sy Lyy e :L"rn)
~ x .

O6nacTb CXOOUMOCTH MeToma HpIoTOHA OOBITHO HEBEJHKa, II0ITOMY IIO
KpaiiHeil Mepe Ha Ha“AJbHOM 3Tale HTepaluil 1esiecoobpa3Ho CBECTH pelueHue
3TOH 3aJa' ¥ K MUHHMH3AUMKA HEKOTOPOro (MYHKIMOHAIA ¥ IPHMEHUTL Kaxoh-
Jub0 M3 METOHNOB CIIYCKA. PaCCMOTpnM OPOCTEHITUI Ciiyduall (PYHKIHMOHAIIA

d(x) = Z(A fi(x))?

MHOXHTeNH A; = const # (, Ha3LIBAEMEBIe MOCWMEOHLMU, TOAOHPAIOTCT H3
YCIOBUH KOHKPETHOH 3aJadHu.

Hycres x™ = (z¥,..., zl) — nonyuennoe npubiam>keHHe M PEIUEHO CAEIATH
coyck B Hampasnenun A = (Aj,..., An), ||A]l = 1. Beraucnsior npubauxen-
HBle 3HAUEHUS IPOU3BOMHBIX B 3TOM HAIPABIICHHH:

i = (filx" +eh) = fi(x"))/e. (2)

Ha mpamoit x = x™ + tA umeem

filx) = fi(x") + th,

nosroMy cnexyiomee npubnmxkenue X" = x™ + tA onpenensior u3 ycIoBus
m 2
miinz; ()\i(fi(xn) + tli))
1=

Ormernm, 4To B maHHOM Ciyuae CyIIECTBEH BOIPOC O pa3yMHOM BHIGOpe &
B dopmyse (2). (Ilo sromy mosomy cm. § 2.16.)

3a1aua MUHAMH3ANUE QYHKIUE TP HAJTHYMH OTPAHHYEHHH, TaK HA3bIBa-
eMas 3adaua Ycao6HOT MURUMU3ALUY, POPMYTHPYETCH CIEAYIOMAM 06Pa3oM.
Hmerca penuunna

A= inf ®(zy,...,zn) (3)

Z),eeTm



340 I'naBa 7. Peuenne cucreM HeJTHHEHHBIX ypaBHEHHIA

OpH  yCIOBUAX
(p’i(l‘]J"';'IETIL)?O’ Ii:l)"')l: (4)

biz1, ..., Tm) =0, i=1,...,q. (5)

IIpu pemennu TOH 337aY¥ BO3HMKAIOT IOMONHHTENbHBIE TPYIHOCTH IO CPaB-
HEHHIO C PeHIeHHeM 3aJa4d OTBICKAHMsl De3yCJIOBHOrO MHHHMMYMa, B KOTOpPOi
HIIETCS
in D(xy,..., Tm)
(1, s Tm)ERm

— HEUXHAA TpaHb ®(z1,..., Zp) MO BceMy HPOCTPaHCTBY R.,.

HemocpencTBeHHOE HCMONB30BAHUE MHOTUX M3 ONHCAHHBIX BBIMIE METOINOB
CTAHOBHTCS HEBO3MOXHBIM, ¥ BO3HHMKAET HEOOXOIMMOCTh B HX MOAU(DHKAIHH.

B 10 e Bpemsi 3aJava MHHUMU3AIUK (PyHKLMY OPH OrPAHHYUEHHAX THIIA
(4), (b) sBisterca BeCbMa AKTYyasbHOM Jus1 npuiaoxenuil. Hampumep, cymie-
CTBYeT LeJbIii Pa3lieJl MATEMATHKH — AUHEHOE NPOZDAMMUPOSAHUE, — 3AHUMA~
iomuitica pemenueM 3anaum (3)-(5) B cayvae, xorma P, ¢;, ; — nuHelHbBIE
(dbyHKIMM aprymMeHTOB ;.

Cpeny Ipyrux MeETOHOB, CBSI3AHHBIX ¢ pemeHueMm 3axaud (3)—(5), ymoms-
HeM wmemod wmpaga. CTpoUTCa MOCTIENOBATENBHOCTh ByHKum Py (z1,...,Zm),
YJOBJIETBOPAIOMAST CJIEAYIOIIAM YCIIOBHSIM:

1) ®)(z1,..., T,n) omnpemeneHa mpu BeeX (I1,..., Tm);
2) Ef@,\(a;l,..., Tm) = Ay = A upu A = oo;
3) ecoM CymeCTBYIOT TOYKH (Z1,..., Im) # (Z7,..., T)) Takume, |TO
(Zy,..., Tm) = A, (D,\(:I)’l\, ceey :I);\n) = Ay,
0 (27,...,2),) = (T1,-.., Ty) TPH A — 00.

BMmecro pemenus ucxomHo#t samaum (3)—-(5) pemaercss 3anada OTHICKAHUSA
MHHHMY M2, glf ®)(z1,..., T;) Upu JOCTATOUHO OOMBIIUX A.

™

YacTto BMecTO mepBoro yciiousi Ha (yHknuio P, TpedOyoOT BHIIOIHEHHI
bonee cmaboro yciopusi. Oyukimsa P, ompeier:eHa B TOUKAX HEKOTOPOH OJ-
HocBs3HOW obmactu Gy, ®x(zry,..., Tm) — 00 TpH HPHOIUNKEHUH TOIKH
(%1,..., T;) X TpaHHUIe OOGJACTH WIM TIPH T3 + --- + 12 — oo (B ciyuae,
korma obsacts () HEOrpaHWYEHHAsd).

B oTmenpHBIX Cilydasx yCJIOBHe 3) TaKXKe HEeCKOJbKO MONU(UIMPYETCH.

IlpuBenem mpumep moctpoeHus Takoil (yukmum ®). aa storo cooTHO-
wenus (4), (5) 3aIMCBIBAIOTCA B TAKOM BHAE, UTO (;, ¥; OyayT ompeleieHs
npu Beex (1,..., Trm) (WM IpH Beex Ii,..., Tm #3 G)).

BeomuTca HekoTopas HeBo3dpactaomas GyHKIHA h(t), ompeneneHHad NpH
—00 < t < 00, Takas, yro lim A(t) >0, lim A(t) = 0. Hanpumep, MOXHO
t——00 t—-+00

B3ATH
h(t) = 1_ la.rctg t.
2 w
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B kauectBe ®)(ry,..., T,,) Oeperca dbynxnus

m q
(I>(.'L‘1, ceey ms) + )\Z Tﬁ?(fﬂly e 1L'm) + )‘Z h()\ﬁpi(zly ceey mm))
i=1 i=1

HajmyHue JraraeMoro )\w,;?(ml,...,:zm) 32CTABIAET CMEIATHCA TOYKY IKCTpe-

myma  (27,..., T),) B obnactb, rme i(z1,...,Tm) = 0; B TO Bpems Kax

pammune craraeMoro Ah(Ag;(z1, ..., Tr;m)) 3aCTABISET CMEIIATHCA TOYKY IKC-
. A . A .

rpemyma (z7,..., Ty,) B obmacTs, tae @i(x1,..., Tm) = 0.

Meton mTpada obnamaer cirenyiomuMm uHemocTaTkKoM. OXKaswiBaeTcd, UTO
npu GONBIIMX A CTPyKTypa JuHHH ypoBua ®,, kakx mpapmio, Takopa, UYTO
CXOOMMOCTH METOJI0OB MHHUMH3AIHUHN CYLIECTBEHHO 3aMemisgercd. MCKyccTBO
OpUMEHEeHHs MeTofa mTpadya IpH PpeIeHNM KOHKDETHBIX 3aJad COCTOMT B
yaauHoM BeIOOpe bynxmum ), Takoi, uTO NpH 3amaHHOM OMM30CTH 3HadeHHH
grxHel rpann |A— Ay| < € 3aMelyIeHHe CKOPOCTH CXOMMMOCTH HPHMEHSEMOTO
HTEPAMOHHOTO MeTona OyIeT MHHHMAJILHBIM.

B cBa3m ¢ OTMeUYeHHBIMH HEOOCTATKAMH MeTona ITpada paspaborano
BonBIIOE YHCIO APYTHX METOHOB pEIIeHHs 33Ja9Yd YCJIOBHOM MHHHMH3ALMH

(3)-(5)-

§4. JIpyrue MeToAbl CBEJIEHUS MHOIOMEPHBIX 3a1a4
K 3aJavaM MeHblIleil pa3sMepHOCTH

Muorma mnosne3no paccMoTperh creayiontyio (popMaibHYIO TPONEAYPY CBeEIe-
HHS MHOTOMEDHBIX 3334 K OJHOMEDHBIM.
[Iycte wmmerca munumym A dynkmpm O(z1,..., z,) B obmactu

wi(T1,..., Zm) 20,1=1,...,1,
Pi(z1,...,2m) =0,7=1,..., q

Moxno mammcars paBeHcTBO

A= min O(zy,..., Tn) = min &, (z.,),
T1;--9Tm Im
rae
O (zm) = min  P(z1,..., Tp);
Tl Tm—1

MUEHMyM Kaxkapli pa3 feperca mo oGiacTH ONpejesieHHs MUHHMH3MPYeMOt
byuknpn B coorBeTCTBHE C ycroBusamu (1). Takum o6pa3oM, HCxonHasa 3ama-
Ha MHHHMH3AIUH (DYHKUMA M HEePEeMEeHHBIX CBEJIACh K MHHHMH3AIHH (YyHK-
0HH onHON NepeMeHHOH, KaXKIoe 3HaJYeHHe KOTOPOH OIpeJendaeTcs MHHUMH3A-
Tue#t pynxuun (m—1)-ii mepemeHHoB. B cBoio ouepear MHHAMH3ANMIO (YHK-
tan @,,(z,,) cBeneM K MuHMMM3anmm (bYHIHH OTHOH NepeMeHHOM, KaxKJoe
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3HAueHME KOTOPO# onpenensiercst MuHHMuzauwmei ¢yuxuuu or (m — 2)-x ne-
peMeHHbIX, W T.Z. Ilogyuum uenouxy coorTHolIeHwui

A =mind,,(z,,),
:E'”l

Qm(mm) = jninl ‘I)m—-l(xm—la xm),
e

®3($3a R me) = I-I;_i)n(I)Q(:DQa T :I"?n)v

Dy(z9y.eny Ty) = n}in Di(z1,..., Tm)-

Kaxymeidcst 0pocToTe METOHA COMYyTCTBYET €ro  Gonniiag TpyJoeM-
KocTh. llpenmosiokum, uro KaXkjas MHHHMH3aIMs (QYHKUMA OTHOH mepe-
MEHHOH norpebyeT BBIYUCICHUS S 3HAYCHHH MHUHAMHU3HPYEMOH (DYHKIIHH.
Torma, munmmmsanusa Pp(wm) Tpebyer maxoxpenmss min Pp ((Trn-1, Try)

Ton1
IpH S 3HAUEHHSX [IAPAMETPA Ty, T.€. S° BHIYHCIEHMH 3HaueHuil (QyHKIAH
D1 (i, Tpy). DTO B CBOIO OYepedb HOTpPeOYeT BLIYHCIEHHS S§° 3Hade-
it @, 9(Tm-2, Tm_1, Try) U T.A. B KomeumoMm cuere morpebyercss BBIYH-
crenpe s spavenuit GyokiuH ®. YiKe nIpH yMepeHHBIX § W M, HAIPHMED
s = 10, m = 10, Takoifi 0ObeM BBIVHCJIECHHH OKaXKeTCd HEIONYCTHMO OOMIL-
muM. OIHAKO TpPM MAJBIX 7 HEKOTOPBIE MOAMMDHKAIMHE PACCMATPUBAEMOLN
MJIEH OKA3BIBAIOTCHA IIOJE3HBIMH. Hampumep, BO3MOXKEH TaKOH BapHanT. 3ama-
10TCA HAMANBHBIM NpubamxenueM (z),..., T5)). Peaqusyior yKasamHEIi ajiro-
PUTM NpPH He OYeHb OONBINOM 3HAMeHWH s, HampuMmep s =3 mmm s = 4. Ilpun
ITOM 3HaeHWs] (PYHKIUH BBEIYHGISIOTCI B TOYKAX HEKOTOPOrO MAPAJIIEseny-
nena |z; — 22| < A?. Honywaemyo Touxy mmmmmyma (zi,..., z},) nprEEMAIOT
3a cienyloniee NpHOIHKEHHE; TPHOIMKEHHE (m%,...,x?n) HAXOOAT AHAJOTHY-
HbIM 00pa3oM, HO 3HaveHHs (GYHKUMH ¢ BBEIUACAHOTCH B TOYKAX MApAJLIIe-
nenunesa |z; — x}| < Al w T.a

Paccmorpum eme ommH Meron, o0Imias CTPYKTypa KOTOPOTO IIOXOXa HAa
CTPYKTYDPY ONHCAHHOIO BBIIIIE.

Ecnu nuuup ypoBHa dyakimn @ moxoxky Ha cdepbl, TO IPH NpUMEHEHUH
METOJIOB CHIYCKa HPOHCXOINHUT OBICTpOe CMEljieHHe B HalpPaBJIEHHH MHHHMYyMA
(puc. 7.4.1). OpHako mpakTHYecKH 6ojee THIMYEH CJIyd4ai, KOrga 3TH JIH-
HHM TOXOXKHM HA JUIMNCOMAB! ¢ Oonbmmm pazbpocom monyoceit. Torma ppH
JBUKEHNUN 10 TPAJMEHTY CMEINEHHe B HANPABJIEHMH TOUKH MUHHMyMma OyreT
JOBOJIBHO MeJUIeHHBIM (puc. 7.4.2).

IIpeanonoxuM, 9TO OCH 3THUX <«ILIMIICOWIOBY E€CTECTBEHHBIM 0Opa3oM pas-
O6uBalOTCH Ha JBE TPYNIBI: [IepBasg CPYNOa COCTOHMT H3 1M Oceil OmHOTO ITO-
paJKa H OTHOCHUTENHHO MAJIBIX, BTOpad TPy COCTOMT H3 71y OCei OFHOTO
[OPAJIKA H OTHOCHTEILHO OOJILINHX.

Ilpu permenum HEKOTOPBIX 3alay TAKOTO POJA XOPOIIO 33PEKOMEHI0BAN
cebsl IenyIOmHUi METOX, Ha3LIBACMBIH Memodom 06pazos. 3aJaroTcs KaKMMH-
o npubmmxesuaMu X m X! M IpPOMSBOAAT HECKONILKO INATOB METOAA CIYC-
Ka, UCXOId M3 KaXIOoro M3 ITUX npubimkenwii. Byayt monyuens! mpubiu-
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x!
[}
2
xO

Puc. 7.4.1 Puc. 7.4.2

0
L X
2
1
~—x°

Punc. 7.4.3 Punc. 7.4.4

xemus X® u X!. Uz pumc. 7.4.3 Buamo, uro >tM upubimkenus GyxyT Je-
X)aThb B MHOIrooOpaswy, PAacCHOJOKEHHOM B OKPECTHOCTH OcCeill BTOPOH Ipym-
nbl. IIpomecc wrepanuit COCTOMT B NOJIYUI€HHH ITOCIEA0BATEJNbHBIX HPUOIHZKe-
gmii X0, X', ... ;mexamux B OKpecTHOCTH 3TOro MuorooGpasusi. B wiydae
my = 1 npubmmxenne X't! oreickusaercs cnemyrommm obpasom. IIposemem
vepes X'' u X! npsmyo u maiinem npubimxkenme x't' Kk Touke MuEHEMyMa

®(z) wa sroit mpsimoit. Takum 06pa3oM, 3T0 UPUOIHIKEHME HILETCS B BHIE

X=X (X - X,

Hanee uposogum meckombko wreparmit mexoms m3 X'T' u momyuaem npu-

6JtII/I}KeHne X! raxxe nexamee B ospare. B wiyuae mo > 1 npubnuxenue
1
X! wnorga YHODBHO OTHICKMBATH B BUJE

Xt = X4 (X - XY 4+ B grad &(XY).

3 puc. 7.4.4 BUOHO, ITO ONMUCAHHBIN cHOCOD OKasbiBaeTcs 3PGEKTUBHBIM H B
Pazne ciyuaes, xorma nmHHEM ypoBHs GyHKnum ®(x) mMmeor Gojiee CJIOXKHYIO
CTpyKTYDY.
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Pemenne cucTeMbl ypaBHEHHH
filzy,...,zn) =0, 1=1,...,m, (2)

Takxe (POPMAIBHO CBOJUTCS K MOCIEHOBATEIBbHOMY PEINEHHMIO YPABHEHHH ¢
OTHMM HEH3BECTHBIM. PaccMOTpUM CHCTEMY YDPaBHEHHH

filz1,.. ., zm) =0, i=2,...,m, (3)

OTHOCHTEJIHLHO HEM3BECTHBIX X9,..., Lm. LIyCTb To(Z1),..., T,(Zy) —ee pere-

uue. IogcTapnsas Beipaxenus T2(Z1),..., L, (7)) B NepBoe u3 ypaBHeHHH (2),
OJyYMM YPABHEHHE

Fi(z1) = f1 ($1, zo(Z1)s .- ., $m($1)) =0 (4)

OTHOCHTEJIbHO OJHOW HEW3BECTHOH I7.

Oreickanne 3HaveHwit To(xy1),..., £m(z1) ¥ pemenue ypasHeHus (4) Mox-
HO IPOBOAMTH YHCICHHO. Bribupaercd Kakoi-To Meron pemeHus (4) 1o 3Ha-
yeHussM (yruud F(z1); npm xaxIoM TpebyeMOM 3HAUEHWH T, B PE3yJbTaTe
pemiends (3) mosyvarorcs 3HadeHus Z2(Z1),..., Tm(Z1), KOTOpBIE MOACTABISA-
I0TCsl 3aT€M B npaBylo 4acTb (4). s pelnenus cucrembl ypaBHeHwit (3) mpu
KaXKJIOM 3HAYEHHH I MPHUMEHHM TOT K€ IIPHEM.

Oycre x3(x1, 22),-.., Tm (w1, To) — pelienne CHCTEMBI ypaBHEHHH
filzy, ..., zy) =0, 1=3,...,m, (5)
OTHOCHUTEJIbHO HEU3BECTHBIX I3, ..., L. lloacTaBnss T3(z1, T2),-.., Tm(T1, T2)

BO BTOpPO€ YPAaBHEHHE CHCTEMBI, IIONYYMM YpaBHEHHE
Fz(.’L‘l, .’L‘2) = fg(.’L‘l, 9, .’133(I1, :L‘2), sy .’L‘m(.’L‘l, .’L‘Q)) = 0.

Ilpu kKaxxZoM I 3TO ypaBHEHHE MOXKET OBITh DPa3PEIleHO OTHOCHTENLHO 2.
Ero pemenne z9(z1), a rtakxke z3(xy, z2(21)),..., Zm(x1, T2(x1)) obpasyior
pemienne cucremss (3). Cucremy (5) mpm KaIbIX T, To ONATL peIiaeM, CBO-
O K CHCTEME, e 9IHUCI0 HEU3BECTHHIX HJ €NUHULY MEHbINe, W T.J.

Ecm pgnst perieHust KaxKJA0ro BCIOMOraTeIbHOTO YPABHEHHA C ONHON HEH3-
BecTHOH morpebyeTcss S BBIUHCIEHHH (PYHKIUHA, TO CYMMApPHO 3TOT AJITOPUTM
norpebyer mopsaka $™* BBIUKCIEHHMH MPABBHIX YacTedl YpABHEHMH CHCTEMEL.

Ilo moBomy peasibHOTO NPHMEHEHHSI ITOTO AJTOPUTMA MOXKHO CKa3aTh BCE
TO XKe, YTO M II0 IIOBOJY NPHMEHEHWs ONHUCAHHOrO B Hayasie maparpadga me-
TOA MWHHMMH3AIMH.

3amaua 1. PaccMmoTrpers, BO YTO NEPEXOAMT ONMCAHHBIA METOH B Cjlydae, KO-
rJa cucreMa ypaBHeHu# (2) numefiHad.
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§ 5. PemreHyne CTallMOHAPHBIX 33aJa4
nyTeM YCTaHOBJIEHUS

PacmpocTpaHEHHBIM METOJOM PpelIeHHs CTAIMOHAPHBIX 3334 SBJISETCS Memod
ycmarosienus. B 9TOM ciyuae OJs DEIIEHHs CTAMOHAPHOH 3aJa<H CTPOHT-
¢ HECTAIMOHADHBIH IpOIECC, pelleHre KOTOPOT0 € TeYeHHWEM BPEMEHH OKa-
3pIBAETCA HE3ABHCHMBIM OT HEr0 M YCTAHABIMBAETCH K PENICHHIO HCXOTHOM
cTAIIHOHApHOM 3amauu. PaccMorpum cuctemy auddbepeHUnaNbHBIX YPABHEHWH

dx + grad &(x) = 0. (1)
dt

Bekrop dx/dt npomopuuoHasieH rpaguenty ¢ynkuuu P(x), T.e. oproronasieH

ec JMHWSIM YDOBHSI M HAIPaBieH B CTOpomny yOnIBaHus 3naueHHd (QyHKIEH

®(x). Takum o6pa3oM, NpH IliepeMelIeHUH BIOJb TPAaeKTOpuu cucrembl (1)

spadenre P(x) He Bo3pacraeT. POPMANBLHO CHPABEAJIMBOCTL 3TOTO YTBEPXKJE-

HHsSl CJIeJyeT W3 HEDPaBEHCTBA

d®(x)
dt

dx

(grad(I)( ), dt) = —(grad ®(x), grad ®(x)), (2)

osHayatmero, uro d®(x)/dt < 0 Bciomy, 3a HCKIIOUEHHEM CTALHOHAPHBIX TO-
qek ¢Gyskmuun P (x).

Jpyroi#t HecTallMOHADHLIM HPOIECC, PEIICEHHe KOTOPOTO NPH BEChMA OBIILHX
HPEOTIONIOKEHUIX YCTAHABINBAETCS K TOouke MuHHMyMa bynkuuu ¥(x), omm-
cplBaeTcsl CUCTEMOH au(ppepeHIMaIbHBIX YPaBHEHHH

d?x

dx
-7 T +grad®(x) =0, ~>0. (3)

Ans pemrenu#t sTO# cuCTEMB HMeeM

d dx dx + o)) = dx d*x +
dt datdt X )=\ e
dx dx dx
+ (gra.d ¢ (x), a—t—) —y (dt dt) <0, (4)

d
ecmn tonpko dx/dt # 0. @ynkumio P(x) B nepsoM ciydae u — (j—}: dj) +

®(x) —Bo BTOPOM MOXHO DacCMATDHBATH KaK SHEPIHIO MATEPHANLHON CH-
CTeMbl, ABUXKEHHE KOTOPOi ONMCBHIBAETCsI cuCTeMaMu ypasHenuwit (1) u (3).
COOTHOIIIeHPIS{ (2) u (4) nOXa3swLIBAIOT, YTO pPaCCMATPHBAEMEIC HECTAIIMOHAD-
Hbl€ IpONECCHl XapaKTEPH3YIOTCS OTTOKOM HJIM, KaK TOBODAT, Juccunauyuetl
3Hepruu.
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Yrobbl IpOSICHUTE BOIOPOC O PA3yMHOM BHIOOpe -y, PAaCCMOTPHM IIPOCTEii-
2,2

a’x
OIy1o Mojesb: & — ckausp, @(z) = —5 5 TorAA (3) nmpuobperaer Buu

2" + vz’ +a’z = 0.
CooTBeTCTBYIONEE XAPAKTEPUCTHYECKOE ypPaBHCHHUC
M4 yd+a? =0,

2
ero KOpHHM A1g = —% + ’—74— —a?,
pemerne ectb ¢ exp{Ait} + cyexp{Aat}.
CkopocTh yOBIBAHUSI DEIIEHHI pACCMATPHBAEMOTO yDPABHCHHSI ONpeessaer-

Ccd BEJIMYUHOH

U IpH A1 # Ag, T.e. Opu 7y # 2a obmee

o(y) = max(ReA;, ReAs).
Ipr v < 2a umeeM v2/4 —a® < 0, u mosromy
Red; =Redg =o(y) = —v/2 > —a.

IIpr v > 2a BemuuMHBEL A B A9 BEIIECTBEHHLI U

2 2
Re)\lz—%+\114—~a2>Re)\2=—%— %——0,2.

Torna
2
0(7)=Re)\1=—%+ ’Yz—a =
a® S a? S
= - —= > —a
2 i
Y Y -
< 44— — g2
2 4 2
TaxuMm obpazom, rpadux o(y) umeer BuJ,
G uzobpaxkeynblii Ha puc.7.5.1, u n}yino('y) =
0(2a) = —a. U3 pe3ynbTaToB paccMOTpeE-

HUHA 3TOM MOMENBLHOH 3a0adl MOXKHO CHOe-
JIATH CJIeAYIOIe KAYeCTBEHHbIE BLIBOJBL
(2a,-a) 1. Ecm kosdpduuuent Tpenus y oueHb

Puc. 7.5.1 Mai (B mameMm ciryvae v < 2a), TO peuieHHe
cucrembl (3) MEIUIEHHO YyCTaHABJIHBAeTCA K
[IOJIOKEHHIO DABHOBECHSI; IIPM 3TOM (BCJIEH-
crBre yciosuss ImAp, ImAs # 0) mpoucxomaT KoseGaHMS OKONIO IOJIOMKEHHS
DaBHOBECHS.

2. Ecnn v Bemuko (7 > 2a), TO pelneHde TaKKe MeJUIEHHO YCTaHaBJIHBA-
€Tcd; IPHIAHA COCTOMT B TOM, 49TO upd bosbmom koddduupeHTe TpeHHS Y
JBUXKEHUWEe He MoOXerT upuobpectun GONBLUIOR CKOPOCTH.

<y
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3. OnrTuMalbHOe 3HAYEHUE -y JIEXKUT [/Ie-TO [OCEPEOUHE H 3aBHCHT OT
cBOWCTB KOHKpeTHO# ¢ynkuun P(x).

MeToj yCTAHOBJIEHUS C IIOMOUIBIO PEHICHHsI CHCTeMbI (3) MHOIZA Ha3bIBa-
JOT MEMOoJOM MANHCEA020 WAPUKA. IJTO Ha3BaHUE ODYCIOBJIEHO CIIEAYIOLIMMU
cooOparKeHnAMH.

PaccMOTPHM JBMXKEHHME MATEPHAJBHON TOUKH IO mosepxHoctu y = O(z) B
[I0JI€ TSIKECTH, HANPABJIEHHOM B OTPUIATENLHON Hampapienun ocu y. Ilpen-
[OJIOKHM, YUTO TPEHHE IPOIOPLIMOHAJILHO CKOPOCTH M TOYKAa He MOXKET OTPhI-
paThCa OT noeepxHocTH. Torma ee NBHXKeHHWE ONHUIIETCH CHCTEMOH ypaBHEHHMH

d?*x dx grad @ (x)

x L, ~ 0.
a2 T VE T | grad e (@)

SIcHO, 4YTO pellieHHe 3TOH CHCTEMBI ¢ TedYeHHeM BDEMEHH YCTAHOBHTCS
K HEKOTOpOil cTanmoHapHO# Touke (ynkuum D(x). Bbamsm skcrpemyma
| grad ®(x)|| <« 1 at1a cucrema 6amska x cucreme (3).

BONBIIHACTBO M3BECTHBIX METOAOB YCTAHOBJIEHHSI OMHCHIBAETCA YPABHEHH-

SIMHA BHIA
dx\ dx dx
— | —+ A — prad ® =0 5
AO (X, dt) dt + Ay <X, di , gra (X)) ( )
HIH ,
dx\ d°x dx
— | - — do® =0 6
Bo (x5 ) 52+ 51 (. 2, grad 2 ) = ()
e

Ap(X,0) #0,  A(X,0,0)
BO(X)O) 7£ 0, Bl(X,0,0) =0

0,

M BHIIONHEHLI YCJIOBHS JUCCHIIATHBHOCTH, OOeCHeTmBaIOIAe CXOAUMOCTL K
TOUKe 3KcTpemMyMma X. Boobme rosopsa, moxkno obparmrs onepartopni Ay u
By w npeobpaszosarh 3rm ypapHenmus K Buiy, rae Ay u By — TOXIeCTBeHHBIE
oneparopel. OAHAKO HCXOomHas (POPMa 3aIMCH YacTO MPAaKTHUUIecKu yaobHee.

Moxer mnoka3zaTbcs, YTO MNOCTPOEHHE TAKHUX HECTAIIMOHAPHBIX IPOIECCOB,
YCTAHABJIMBAOMIAXCH K PCIIEHUIO, YXKe MOJHOCTHIO peliaer 1mpobiieMy OTHICKa-
Hus MuHuMyMma GyHrun. OCTaloch «JMINb» HARTH pPElIeHHe IOy IMBILENRCs
CHCTeME! DU pepeHIHAIBHBIX YPABHEHHH, HCIONL3Ys KaKOW-THO0 W3 UMCIeH-
HBIX MeronmoB pemieHns 3agauu Koim.

B jeftcTBuTennnocTH CBeneHWe pelllcHMA CTAIMOHADHOH 3aJadH K pere-
HUX0 HECTallHOHADHOH HE BCErJa [JAeT y/J0BJIETBOPHTENbHOE pellieHue mpobire-
Mb! mMuauMusannu. OcTaeTcs eme HEeACHLIM CYHIECTBEHHBIH BONpOC O BhiGope
BEJINYMHEI IIAroB YHCJIEHHOrO WHTErpUpOBaHUs. [IpeAmosoXumM, 4To pelieHue
HeCTanHoHapHON 3aJa4YM YCTAHABJIMBAETCA € TpeOyeMoH TOYHOCTBIO K peIle-
HMXO cTanMOHAPHON 32 HEKOTOPHIH MpoMexyToK Bpemenn 1. Eciau mHTErpupo-
BaHWe NpOM3BONUTCH € MAJbIM INAroM A, TO MOJydYaeMble pacueTHBIE TOUYKH
Oyayr 6amskm k paccMaTpaBaeMoit TPAEKTOPAHN M MOXKHO PACCUHTHIBATL HA,
Domamanue B MaJyl0 OKPECTHOCTh TOYKM MHUHUMYyMa. OJHAKO TIPH 3TOM HYHCJIO
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XO

Punc. 7.5.2 Puc. 7.5.3

maros T'/A moxer okazaTbcst Hemomyctumo Oosbmism (puc. 7.5.2). Ecau mar
HHTErPUPOBAHUS OepeTcs OYeHb OOJBIIMM, TO MOXKET CJIYYHTHCS, UTO PACUeT-
Hble TOYKH HAYHYT CHJILHO OTKJIOHATBHCA OT PACCMATPUBAEMOrO PEIUEHHS H
HHUKOLJA He [OIAAyT B HCKOMYIO OKPECTHOCTh TOYKM MHHMMyMa (puc. 7.5.3).

Meron ycTaHOBJEHHS IPHMEHMM HE TOJIBKO K 33Ja4aM Ha 3SKCTPEMyM
$yHKIMOHANA, HO M K JuoObIM cTanuoHapubiM 3agadaMm F(x) = 0. Crpourcs
HekoTopblit mpouecce Bupa (5) wmu (6), rme Bmecro grad ®(x) cromr F(x), u
Takoit, uro x(t) = X npu t — oo, X —kopenb ypasuenus F(X) = 0.

Paccmorpum mompobHee ciayuaii CHCTEMbI JIMHEHHBIX ypapHeHHi! Ax—b =0
B IIPEIIONOKEHHUH, UTO KOPJAHOBA (POPMa MATPHIBI JHATOHAJBHAS H BCE €€
cobcTBeHHbIE 3HaUeHUd A; JexkaT B mpemeyax 0 < p <Ay S <... € g
M, rtne eq,...,e, —cooTBeTcTBYIOmME CODCTBEHHbIE BEKTODHI, OOpa3yomue
[OJIHYIO CHCTEMY.

Hanumem mpocTefiiiyio ammpoOKCHAMAuMI0o METOAA YCTAHOBJICHHS

dx
— +(Ax—-b)=0 (7)
dt
Ha BPEMEHHOH CEeTKE C IIOCTOSHHBIM [aroM
xn+1 —x"

+ (Ax™ — b) = 0.

T

CooreercTByOmaa pacuerHad ¢(OpMynh
x" = x" — 7(Ax™ — b)
coBmajaeT ¢ pacderHoil ¢opmyisoii u3 § 6.3. ITorpemmocrn r® = x" — X

m
yIOBIETBOPAIOT cootHomenuio r"t! = (E — 7A)™. Ilpu r¥ = Y ce; mme-
1

m
em r" =Y ¢;(1— 7)) U CKOpOCTb YOBIBAHHS IIOTDEIIHOCTH OIPEIENseTCd
1
BeswaMHOM max |l — 7);]. Tam yxe Obuio ycraHOBNEHO, uro Hambosee IE-
A.

secoobpazno Gparb 7 = 2/(u + M), u TOrAA MOXXHO YTBEPXKJATH, YTO IIO-
rpemwHocTh Beger ceba kax O((M — p)/(M + p))™*). Meton samckopeimero
CIyCKa MOXHO TAKXe DPACCMATPHBATL KAK ANTPOKCHMAIMIO MeTOJa yCTAHO-
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pJieHAsI, HO YXe Ha ceTKe ¢ TepeMeHHBIM miarom: x"+1 = x" — 7, (Ax" — b);
mar Tn ONpEIeNsieTCs KaXXABIH pa3 W3 YCJIOBHA min o (xmH1).
Tn

PaCCl\IOTpI/IM AlIIpOKCUMAIIAI0 Me€TOJa YCTaHOBJICHUHA

d?x dx
X L (Ax —Db) =
yry +7dt+( x—b)=0

HaA BpeMeHHOﬁ CETKEe C IIOCTOAHHBIM IIIAT'OM

n+1_2 no4 n-—1 x'n—}-l_xn—l
S+ (X =) =0

72
0 < y — ckaJsApHBIH MHOXHTeNb. [lorpemuocTu r™ yOOBIETBOPSIOT COOTHOHIE-
HHAM

1 _ oar’ + rn—l N rn—H _ rn—l
72 7 27

Pa3oXuM BEKTOPH! I’ 1m0 COOCTBEHHBIM BEKTOpPaM MaTpHUBI A:

m
= E ae;.
i=1

Moncrasum Beipaxemuss r™~ !, r", r"*! B (8); HoCKONIBKY BeKTOpH €; He-
3aBUCUMBI, TO KO3h(HUUMEHTH NIpU HUX OOpaIlaloOTCd B HYJL H IOJLYIacTCs
CHCTEMa COOTHONIEHHUN

+ Ar™" = 0. (8)

n+1 20 +c n 1+7C?+1_C?—1+/\icn:0
27 ¢ ’

Pemennst 5TUX Pa3HOCTHBIX YPABHEHHH 3alTHCHLIBAIOTCA B BUJE

of = Ci(=h)" + CX (&)™,

T2

€U 2}, 2 — IIPOCTBIE KOPHH XapPAaKTEPUCTHIECKOTO yDPABHEHUSI

2 2
— 241 ~1
s +7ZQT + Az =0, (9)

72
H B BHJE

P =CHE)" + Cin(2)",

e Kopenb (9) kpatel. Bo Beex caywasx onpejenaomyuM GakTopoM y6bI-
BaHus |[r”|| sBasercst emwamHa max (max(|2%[,]#4[)), xoTopyio MoxHO wma-
2

KOpDHPOBAaTh CBEPXY BEJHYHHON

Bax 1z, (10)

The z()\) —MaKCHMAJBHEBIH 1O MOAYNIO KODEHb yDABHEHHS

2 2
—2z+41 2 —1
+ 7y 5y + Az =0.

T2
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Mebr e 6yieM OpPUBOLUTHL MOJHOTO pellcHHWd 3agaxy Ha sxcTpemym (10), a
OTPAHUTIAMCA HABOAIIUUMH COOOPA’KEHMSAMU M BBINMCHIBAHHEM OTBETA.

Ipu x! = x*+ a(Ax? —b) npubmkesns x" samucoiBatorcs B sune (6.6.2).
[MosToMy pacCMaTPHUBAECMBIH HMTEPANMOHHBIA NPONECC HE MOXKeT NATh Jyy-
fiero NpuOMVMKEeHUd, YeM ONTHMAJbHBIM JWHEHHBIN HTePAITMOHHBIA Tponece
(6.6.19). Ilpu n — 0o ONTUMANLHBLIN NUHEHHBI WTEPAMOHHBIA TPOLECC Iie-
PEXOAMT B WTepanuoHHLIH mponece (6.6.23), KOTOpbili ¢ y49eTOM SBHOIO BBI-

paxenuss Ao = (1 + /u/M)/(1 — \/u/M) Moxer ObITh 3amucan B BHJe

| VM — /i . 4
xn+1 = x™ — x" 1y <™ — ]
” <\/_+ \/—> (" ) (VM + /n)? (4 b))

Moxno momobpars T W -y Tak, UTOOBl HTEPAIMOHHBIH IPONECC COBMAAAN C
paccMaTpuBaeMbIM. g 9TOro criegyer B3ATH

2 2y Mp
VM ++’ T M

TakuMm o00pa3oM, B paMKaX CXEMBl YCTAHOBJIEHHsI C IIOCTOSIHHBIM Y MOXHO
HOJyIUTh HMTEPAIHOHHBIM IIPOIECC, HECYNIECTBEHHO OTIMYAIOIIMHACT OT OITH-
MaJLHOI'O JIMHEWHOTO IIPOIecca.

ObparuM BHUMaHWE Ha MOBejaeHHe KopHeH z(A), coorsercrmyromux (11);
HMeeM XapaKTEepPUCTHYECKOE ypaBHEeHHe

0GR ) ) () -

3amdimeM 3T0 ypaBHEHHE B BUAE

22 — ANz + pd =0, uoz(\/l\—/l~\/ﬁ>/(\/l\—/f+\/ﬁ>.

Baecy A(N) —ammeiinas dyuxuga or A, rmpudem A(M) = —2ug, A(p) = 2u0-
Cnemosarensno, |A(A)| < 2p mpu p < A < M. Tosromy 2z 2(n) = pos
A(X) (A(/\)

2
212(M) = —po, 212(A) = 9 + T) - ug MMEIOT HEHYJIEBYI0 MHH-

MyI0 4actb H |z12(p)| = po mpm p < XA < M.
TaxuM o00pa3oM, ykKa3aHa COBOKYNHOCTH Ko3((puimeHTa y U miara 7, JJId
KOTOpPOH

max [z(\)| = (VM — Vi)/(VM + ).

BEALM

Heyny4maeMocTh 3TOi OHEHKH yCMATPHBAETCH W3 OMEHKH CKOPOCTH CXOOMMOCTH
ONTHUMAJILHOIO JIMHEHHOrO UTEPANOHHOro MpOoIecca.
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39 -

Kak aHanor merona CONpPSKEHHBIX TPAJUEHTOB B CIyYae MHHUMH3AUUH
Py HKIHOHATS ®(x) obmero BHJA MOXKHO PAaCCMATPUBATH CIIEAYIOIIMA METO.:
qocJeayiomye HIpubJIaKEeHMsT HUIYTCH B BHJIE

X" = x" + a, (x" —x"71) + B, grad ®(x"),

oy ¥ [p onpegensioTcs m3 yciosua min O(x").

an,Bn
CoOTBETCTBUE MEXKJY METOJAMH DEIIeHHS CTAllMOHAPHBIX 333t IIyTeMm
YCTAHOBJICHUS 1 OOBITHBIMH UTEPAITHOHHBIMH METOJAMH IT03BOJISIET CTPOUTH
HOBBIE HTEPALMOHHBIE METO/BI HJIM HOBBIE IIPOIECCHl YCTAHOBJIEHH.
PaccMmoTpuM, HampuMep, pacteTHbie hpopMmyiasl Heiorona

XML g (F’(X”))—l F(x") (12)

pelIeHdsl CHCTeMBl HeMHeiHbIX ypasHenuit F(x) = 0. Orum dopmysam Mox-
HO JATH CJIEOYIOUIYIO WHTEPIPETANMIO: BBeIeM HENDEepBIBHOE BpeMs ¢ u Dyaem
paccMaTpHBATh BEJIMYMHBLI X' KaK 3HAYEHUs HEKOTOpOd (DYHKIMM B MOMEHTBI
speMenu t, = n. Torma coornomenne (12), mepemcaHHOe B BHjE

:Kn-i-l —

-1

= — (F'(x")) F(x"),

tni1 — tn

MOXXHO HMHTEPIIPETHPOBATL KAK IIOJYUUBIICECS I[IPU AIIPOKCHUMAIMN CHCTEMbI
dx
dt

Pemenve ucxomnoit 3ajaum ABJISETCS CTAMOHAPHONH TOYKOM STOH CHCTEMBI.

IIpn x = X + 1 nmeem

(F'(x) ™" = (F'(X) " + O(lnl),

— (F'(x) ' F(x). (13)

F(x) = F(X) + F'(x)n + O(Inll*) = F'(X)n + O(In|l*).

Takum obpaszom,

dn dx _ ;
i (VA e.N) YOIl (F'(X)n + O(lmlD?) =
= —n + O([nl)?).
Orcionma crenyer, uro X = X sBiSICTCS ACHMITOTHYUECKM YCTONTIHBLIM pelIe-
Huem (13).
3aMensas NpPOU3BOAHYIO dx/dt DA3HOCTHBIM OTHOIIEHMEM IO 3HAMEHHSIM
bysknuu B HEKOTOpbiX Todykax tg =0, #,..., HOMyUaeM COOTHOIIEHHA
xn+1 —x" -1
P - (P TR, A=t

WHaye,
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Takum 06pazoM, MOCTPOEHHE HECTALMOHAPHOTO IPOIECcCa, COOTBETCTBYIOMIET(
meTosty HploToHa, mMpuBeso HAC K NOMYYEHHIO HTEPAIHOHHOrO mpouecca (14)
bonee obmero BHIA.

PaccmoTrpenHelit mpuMep MOKa3bIBAET, UTO INIEPEXOJ, OT HEKOTOPOrO HTepa-
IHOHHOI'O AJITOPHTMA K COOTBETCTBYIOUIEMY €MY HECTAIMOHAPHOMY IIPOIECCy
AMeeT MHOrO ODIIMX YepT ¢ TMOCTPOEHHEM 3aMBIKAHHMSI BBIMMCIEHHOTO AJIro-
puTMa (IOHATHE 3aMbIKAHHs ajaropurMma Oyaer Beegeno B i 9). Hamu 6p1-
Jla J0Ka3aHa CXOJUMOCTh ME€TOAa HBIOTOHa JIMIIL IOPH JOCTATOYMHO XOPOLIEM
HaYaJbHOM OpuOnMkenun K pemteHnio. C Ienpio paciuupeHus obgacTH CXo-
JUMOCTH HMHOrZA INpuberaior K ciaeiyiomeid Momu(puKanuu MeTona HbIoToHa.

Bagaorca ¢yaxnuonanom ®(x), mampumep ||F(x)||?, mmxusaa rpams xo-
TOPOro, paBHAS HYJIO, OOCTHUIAETCS IpU pelleHHH 3amadd. llociemoBaTens-
Hbie OpuOJMIKeHHs! OTBICKMBaOTCs B Buae (14), mpuuem A, onpeneisercs
M3  YCJIOBHS

min @ (x" — A (F'(x")) " 'F(x")) .
n
BosHukaeT BOIPOC O HPAKTHYECKOM HAXOXKJAECHHH BEJIHUHHBI [\, IPH KOTOPOH
JOCTUTAETCH ITOT MHHUMYM.

OpHa ¥3 pacupOCTPAHEHHBIX NPOLELYp OHpeleseHHss A, COCTOHT B Clie-
nyromeM. 3azaBas A € (0,1), 0 € (0,1] u [ > 0— uesoe, mpu KaxkaoMm n
[IOCJIENOBATEIHLHO BBITHCISIIOT

X = NP ()R, =0,

n "t = @(z" ). Ecmm npm mekoropom k <! oxazanocs ¢"TLF < 09 (x7),
TO BLIMCJIEHMS TpexkpamaoT # moxaraior x"T! = x"*tLk. p gpyrmx mpome-

AYyPax HaXooaT minl gt = ¢"*tb™ u ponaraor x"t! = xntln
0<ig

Ecnn
qn-',—l,(), . ’qn—f—l,l > H(I)(Xn),

TO BO3MOJKHBI, HAIPUMED, TAKHE BAPHAHTHI:

1) BpeMeHHBIH mepexox K APYyroMy METOLY;

2) oCTaHOBKa,;

3) m3menenme 3HavenHil mapamerpos [, A, 0.

OTMeTuM B 3aKJIIOUEHHE, YTO METOABl YCTAHOBJEHHS MOLYT IIPHMEHSTHCH
M B (JIyyae MHHHMUBALUK (PYHKIHH B 00BJACTIX € OrpaHHYEHHAMH. Loria
ypaBaenus (1), (3) ciuemyer JONONHATL KAKMMH-TO yPABHEHHSMH, KOTODBIM
Oyder NOOYMHATHCS TPAeKTOPHsI TOYUKH, TMOHAaBIIe Ha TDAHMILY.

§ 6. Kakx onTumun3upoBars”?

Ilocne Bribopa Momenw, nenesoli (yHKIMM M HMapaMeTPH3AIAM 33JadH BO3HU-
KaeT 3aJatda MEHAMH3AUMHA (QYHKIEU OOBIYHO GONBIIOrO YHMC/Ia TIEpEMEHHLIX B
oblacTH, IPUHANJIEKHOCTh K KOTODOHM 331aeTCA YCJIOBHEM BBINOJHEHHA OO0Jb-
IIOT0 YHMIa OrPAHMYEHUH — DABEHCTB WJIM HepaBeHCTB. Hanwume Orpanuade-
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HUii CYIIECTBEHHO yBeJHYHBAET CJIOXKHOCTh 3aJaH MHHHMH3AINM: KaK [PABHU-
710, TOUKOM 3KCTpeMyMa OKa3bIBAETCH HEKOTOpas TPaHAYHAsl TOYKa O0JIaCTH.
Benencreue Goibmioil BAXKHOCTH DelieHns 33137 ONTHMH3AIMU JJIS CaMBIX
a3 IMYHBIX CTOPOH »HU3HU obIecTsa, B HACTOsNIEe BpeMs HaKoOOWiIcs OOMb-
moff 6araxk MeTOJOB M CTAHJAPTHLIX IPOIPAMM pelIeHHs 3a7ad ONTHMH3a-
muu. [Io9TOMY TIPH pelIeHNH eJMHMTHOH KOHKPETHOH 3a5auM JacTo Hambosee
ONPABJAHO OOpAIlEHHE K ONHONH M3 MMEIOHMXCS CTaHJAPTHBIX TPOrPaMM.

Ilpy pemreHUM HOBBIX 3337 ONTHMH3ALMHU II0J€3HO OMHHUTL O CJIEILYIOLINX
mOMeHTax. JlJIs paccMaTpUBAEMBIX B 3TOif IJlaBe METOOOB CXOJMMOCThL IIpH-
GIIKEHHN BCErJa MOKA3LIBAJIACH B IPEANIOJOXEHUH HAJIHIHSA JOCTATOTHO XO-
pOLIEro HATAJLHOIO NPUOIMKEHH:A. JTO OTPAHHYEHHE HA METOJ BHI3BIBAETCH
cymectBoM Jiena. Tak, MOBEPXHOCTh yPOBHSA MHOrOTiEHa yMEDEHHOW CcreneHu
OT YMEPEHHOI'O 'M(JIa NE€PEMEHHBLIX MOXKeT CONEPXKAaTh BECbMa MHOIO He CBS-
3aHHBIX MEXJy Co00il KOMIOHEHT €O (JIOKHBIM B3aMMHBIM PACIOJIOKEHHEM.
[osToMy, HAanpuMep, 0e3Hale’KHO DPACCIATLIBATL HA TOCTPOEHUE AJITOPUTMA,
IO3BONAIONIEro OBICTPO HAHTH MHHEMYM J1000r0 MHOrOYJIEHa BOCHMOM CTere-
HM OT JECSATH IIePEMEHHBIX.

Brlieckazannoe CaeflyeT YUHTHIBATL DU  UCIOAB30BAHHH CTAHAAPTHBIX
NporpamMM, B OIHCAHHHW KOTODBIX YKA3LIBAETCA HA BO3MOKHOCTL MHHAMH3A-
muu GbyHKIHE 04eHp GOJIBIIOrO THCIA MEPEeMEHHBIX. B JydiieM ciiydae OKa-
3BIBAETCS, UTO:

a) mporpamma 3hQEeKTHBHO peliaeT 3aJa9d MUHAMH3AIMHA M3 KJAcCa, C
KOTOPBIM ABTOp IPOrpaMMbl OOBIMHO HMEET JeJI0, WIIH

6) mporpamma, (hOPMAILHO TOBOPS, MOXKET PEIIATL JI00YI0 3amady MHHH-
MH3aIuH, HO TpebyeMoe JJIa DeleHHsT BpeMsd B TOIABJIAIONEM YUCIE CIIYTAEB
BRIXOJUT 33 BCAKHE PAa3yMHbIE IPEJIEIHI.

Mb1 npujiepKUBaeMCsl TOUKH 3PEHHsI, UTO BCAKUT «YHUBEPCAADHBIL> MEMOO
PEUWEHUA MHOZOMEPHUT 30004 MUHUMU3AUUY JOAdCEH 064000 CYULECTNEEHH b
MU HedocnamKaMU U 8 JeticmBUMEAbHOCTIU HE ABAACTNCA YHUBEPCAADHDIM.

Ilpu pemenwyu HOBBIX 3a7a4 3aUACTYIO NPUXONMUTCA pa3pabaTbIBATL CIIEIH-
aJbHBIe, NPUCIOCOOJIEHHBIE MMEHHO JJI 9TOTO KJACCA 3aJat, METOABI OThIC-
KaHUs HavyaabHOro npubsmkenus K pemteduio. CIIOXKHOCTb OTBICKAHUSA INIPHE-
MJIEMOT'O HAYAIBHOTO NPUOMMKEHHS MOXKHO NPOHJLTIOCTPUPOBATE (JIELYIOTMHAM
opumMepom.

CywectByer psiji CTAaHZAPTHBIX MPOrpaMM HAMJIYUIIETO IIPHOIHMMKEHHS
GYHKIMI OTHOIMIEHHEM MHOTOWIICHOB

Pm(m)/Qn(-T) (1)

3aMaHHbIX cTeneHelt m u n. Ilpu pa3paboTke cTAHZAPTHONH NPOrpaMMBI BbI-
THCHeHun uHTETpasioB PpeHesss NPOBOMMINCE CIEAYIONIME IKCIepuMenTh. Ka-
XJasi U3 CTaHJAPTHBIX HPOTPAMM IIPUMEHSUIACH JJIs NPHUOJIHXKEHUus paccMma-
TpuBaeMo# (yHKUMM Ha HEKOTOPOM OTpe3Ke IpH BCEX ™M, 7. B Ipeleax
0<m+n <12 Okasasioch, 4yTO He MeHee 4eM B 3 ciaydaax u3 90 Bos-
MOXHBIX KaxX/Jas IIPOTPaMMa BBLIABAJIA OTBET, YTO OHA HE MOXKET DPEeIIUTh
PaccmaTpuBaemylio 3amady. Y HEKOTODBIX MPOTPAMM JOJs TAKHX OTKA30B IIpe-
BOCXOO@Ia MOJIOBHHY BBIIAHHBIX OTBETOB. B TO e BpeMsi BO BCeX 3THX HpO-
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I'PAMMAaX HUCOOJB3YIOTCH AJTOPUTMbI, JJI KOTOPLIX JOK33aHLL TEOPEMLI O CXO-
JUMOCTH IPH AOCTATOYHO XOPOIIEM HAYAJLHOM NPHOIAKEHHAH.

Yrobpl He CO3MAIOCH BHEYATIICHHS ITOJIHON 0e3HAAeKHOCTH pelleHud
CKOJILKO-HHOY b CJIOKHBIX 33129 ONTHMH3ANUH, PACCMOTPHM TOT e BOIPOC
C ONTHMHCTHYECKON TOUKH 3IPEHHSL.

C 3rux no3uiuil TPHBEACHHBLIE BLINIE JOBOALI O CJIOMHOCTH MUHHMH-
3alUM  MHOTOWJIEHOB MOXKHO PACCMATPHBATL KaK Majoybeauresnpiibie — Bems |
Ha CaMOM Jielle HaM HHUKOrIa He noTpebyercd MUHHMI3UPOBATL IIPOU3BOJIL-
Hbll MHOrowieH. CyliecTByeT MHEHHE, YTO 333U MUHAMHIAMUM (DYHKOHE C
OYeHb CJIOXKHOH CTPYKTYpPOU JUHUI YPOBHS BCTPEUAIOTCS JAOBOJLHO PEJKO.

PaccMmorpum npumep 3anaqdm, rige caM (HhakKT HEOOXONHMOCTH €€ peIIeHHUT
MOXKET ObITh MOCTABJEH I10J, COMHEHHE.

Heynaun mpu mOnsITKAX NOMYyUEHHS XOPOIIEro HAYMAJIBLHOIO NPUOIMKEHHA
MoryT OBITh BBIZBAHLI (JIEAYIOIIEHl OCODEHHOCTHIO MOBEJIEHHs PAaCCMATPHBAE-
MoO# hynxkuuu. Todyka MHUHHMYMa HAXOHUTCS B OYEHL Y3KOH «dMey» — IIPH
VIAJeHHH OT Hee BO BCEX HAIIPABIEHHAX (PYHKIMS PE3KO BO3pacraer, a IIo-
ToM HaumHaer yOwiBarh (puc. 7.6.1).

IIpenmonoxkuM, YTo TOYKA MUHUMYMA HAXOAUTCH IIYTEM UPOIBHKEHHT B
HAIPABJIEHHH, TPOTHBONOJOXKHOM TpagueHTy ¢yHkuun P(z), wHATE — THCTICH-
HBIM MHTErPUPOBAHHEM CHCTEMLI

dz

p + grad ®(z) = 0. (2)

Torma MHOXKECTBO HAYAJIBLHBIX YCIOBHH, UCXOAs W3 KOTOPLIX MBI OymeM IIpH-
XOOWTb B TOYKY MHHUMYMA, HaXOAUTCA B HeOOILIION OKpPECTHOCTH 3ITOH TOY-
KH. MOXKHO T'OBODHTL, ©ITO IPH PACCMOTPEHHH OKPECTHOCTH TOYKH MHHMMYM2
B MHKPOCKOIIHYECKOM MACHITabe 3Ta TO'KA OKA3BIBAETCA TOYKON NPHTIKEHHLA
pellleHns CHCTeMbI (2); mpH pACCMOTpDEHMH B 0(ojiee KpyHmHOM MacinTabe OH2
yKe OKA3BIBAETCA TOYKOM oOTTamkusanus (puc. 7.6.2).

TouHO Takoi ke xapaKTep NMOBEJECHHA TMOCJICIOBATENBHBIX NPUONHKEeHHH K
TOUKe MHHHUMyMa OyferT W y JPYTHX HTEPanyOHHBIX METOIOB.
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Eciun «sama», rae HaxoOUTCS TOYKA MHUHH-
MyMa, OYeHb Y3Kas, TO WHOTIa M le CTOUT
HCKATh 3Ty TOYUKYy MHHMMyMa. B camMoM me-
Jie, TycTh, HAUpHUMep, OapaMeTpbl I; OTBeE-
YaI0T HEKOTODOH peaJibHOM pabotaoiiei cu-
creMme ynpasieHnust. B pabore 310l cucre-
Mbl Hem3GeXXHBI HEKOTOpBIe cHOH, T.e. m3Me-
HEHUsI 9TUX [apaMeTpoB. Eciu TOUKa MHHH-
mMyma QyHKiug ® HaxomMTCs B Takol y3KOi

Pnc. 7.6.3 * «AME», 10 MaJble cHOM MOLYT CyILIECTBEH-

HO MCIOPTHTb XaPaKTEPHCTHKH pabornl cu-

cTeMbL. B CBETE BBIMIECKA3AHHOIO BHIOOD TOUKH 3KCTPEMYMa B CJIydae, H30-
ppaxenHom Ha puc. 7.6.3, Tpebyer MONONHHUTENBHOTO U3YYEHMS.

Hekoropsie wuccenoparenu, obmajgaomue OONLIIUM  OOBITOM — PEINEHHSA
IPAKTUYECKHX 3aJa4 ONTHMHU3ALUM, yTBEPXKAAIOT, UYTO MOI0DHBIE IleNeBble
GYHKIMH € y3KHMH <«AMaMH» BO3ZHHKAIOT OOBIMHO B CIydadx, KOLJIa Male-
MATHUYECKasaA MOJEJNL PACCMATPHBAEMOrO SBJIEHHS NOCTPOeHAa HEYIATHO.

Bonee cyuiecTBeHHBIC NPHYMHBI I ONTHMH3Ma COCTOAT B CJIEYIOMIEM.
Bo Muormx ciayuasx co3JaHHE MaTeMATHYECKOH MOJEIM M €€ OITHMHU3ALMUSI
339ACTYI0 HMMEIOT IEeAbIo yJIyunieHue paboThl yKe CYNIeCTBYIOWIEH CUCTEMBI.
B 21X ciyvagx napamMeTphl peaqbHOH CHCTeMBI YacTO ABJISIIOTCA XOPOLIMM
upubiKeHdeM [JIs1 JAJbHEHIed ONTHMH3alNH.

Tlpu paspaborke HOBOIH cHCTEMDBI THONYIHA CIEAYIOMAsT JIMHUA IOBEIEHUAI.
CHavajia CTPOHTCA W ONTHMHU3HMPYETCS TPOCTEHIIAsi MOJEb, YINTHIBAIOMIAS
BakHeHme (PaKTOPHL. 3aTeM MOJEJIb HOCTENEHHO YCIOXKHSIETCH 33 CUeT yde-
Ta BCe HOBBIX U HOBBIX (pakTOopoB. Takmm obpazom, noCIEIOBATEILHO BO3HU-
KalOT 3331 MHHEMUzanwn QyHKIME Bce DoJsibIero umMciaa napamerpos. lIpu
YAAYHOM IIOCTPOEHHWHM BCIIOMOTATENHHBIX MOIesell pemreHue KaxKJIOd M3 3THUX
33729 ONTUMH3ANAHM OOBITHO OKA3bIBAETCS XOPOUIMM HAYAJLHBIM TMpUOIHKe-
HHEM [JIs1 CIIeAyIomiel IO CJIOXKHOCTH 33 IATH.

IT0 0BCTOATENBCTBO YACTO HCIOAb3yeTca ciemyomuM obpasoM. Ilycrs
nepes HaMH CTOMT 33aJava MHHUMH3AUHH (DYHKUIUH O0MBNIOrO wHcjaa Ia-
pamerpoB xi,...,%,. llocrpomM (pPYHKUOMIO MEHBIIETO THCIA IAPaMETPOB
X15-.., Xpn, m < n, npubIHKAOMYIO PACCMATPHBAEMYIO (DYHKIHMIO, HIAYC ~—
YOPOIIEHHYIO MOJEIb € ONpedessionuMu napamerpamMy Xi,...,X,;,. IIpouszse-
AeM onruMm3anuio 3ToH (pyHKuuH (MOJENH) U HA OCHOBE €¢ DEIUCHHS CKOH-
CTpyupyeM HavanbHOEe Tpubmkenue. WHoOrga OKa3bIBAeTCH MOJE3HBIM IPOU3-
BECTH HECKOJIBKO UIATOB TAKOTO YIPOIEHHsA (PYHKIUHM (MOJETHM) M BBEJCHUS
HOBBIX TIapaMeTpOB.

Onrumuzauns dymxnmit (Mojesell) MeHBIIEro YHCIA TAPAMETPOB OKA3BI-
BaeTca Oonee JIerko#t IO CEAYIONMM JByM NPHYMHAM: CTAHOBHTCS IIPOIE
CTpyKTypa JIMHHII yPOBHSI MHHHMW3WUPYEMOH (DPYHKIIHMH; BLIYMCJIEHHE KaXJI0TO
3HayeHua QYHKIuU OOBIYHO TpebyeT MeHbIero o0'beMa BLIYMCIICHUI.

Ilpun mocTpoeHMHM yHpPOMEHHBLIX Mojejiell B TIepBYIO Odepejb CICAyeT y<H-
ThiBaTh HauboOJiee GANHCHOLIE NAPAMEMPH IATATU.
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YTo TAKOE BAXKHOCTL (PAKTOPOB HAM HapaMeTpoB? MOXKHO TOBOPHUTDL, UTO
BA’XKHBIMH I1ADAMETPAMH SBJSAIOTCA Te, OT KOTODPBIX (DYHKIHS CHJILHO 3aBH-
cur. Ha s3pIKe MaTeMaTHKH 5TO O3HAMAET, UTO IIPOU3BOJHBLIE (PYHKIMH II0
9THM [apaMeTPaM OTHOCHTENBHO BeMHKH. DBTOpocTeneHHBIMH mapaMeTpaMu
ABJIAIOTCS T€, OT KOTODBIX paccMarpuBaeMas @QYHKIHS 3aBHCHT c1abo, T.e.
IIPOU3BOJAHBIE 10 KOTOPBHIM Mauybl. POpMasbHO BAXKHOCTH IAPAMETPOB MOXK-
HO ONPENEJInThL, OLEHUBAsST IIPOU3BOAHbIE paccMaTpuBaeMoil dyukiuu. OnHako
JJIsL CJIOXKHBIX 33JIa9 TaKad OIEeHKA W OCODEHHO MaTeMaTHYeCKH 0DOCHOBan-
HBI1 BBIOOD HOBBIX IapaMeTrpoB Xi,..., X, BecbMa TPyJOeMKH. XapaKTepu-
CTHKA MapaMerpoB 1o Ooyiee HAMIALHOMY KPHTEDHIO —HX BAaXKHOCTH — JaeT
BO3MOXKHOCTDL PYKOBOJHUTENO IIPOM3IBOICTBEHHON CHCTEMDLI I1OJCKA3aTh MaTe-
MaTHKYy I[1epBOOYEPENHOCTL BHIOOpa MapaMeTpoB.

Wnorna npuemiieMblif MeTOA ONTHMHU3IAIMHA HIIM CIIOCOO OTHICKAHHA XOPO-
IIEr0 HAYAJIBHOTO NPHUOIHMIKEHUST MOXKHO I[IONYYHTb, M3y<Uasi IPHHIHUIBI, KOTO-
PLIMH PYKOBOACTBYIOTCS B CBOelt pabore ONBITHBIH NPAKTHUECKHH PABOTHHK
HI¥ PYKOBOAZUTENDb, WJIH IIPHEMBI UX pPabOTHI.

Ha onHOM HOBOM 3aBol€ IOJITOE BPEMS He YIAABAJIOCH HANALUTHL DUTMUYHOE TIPO-
WU3BOJACTBO W3-3& HEJOCTATOYHOrO OnbITa paboThl oneparopos. Honerrku cozzanus
MOJIETY NPOM3BOJCTBEHHOT'O IPOIECCa, JOCTATOYHO TOYMHOHN, HO B TO YK€ BpeMs IoI-
Jaroiieficss aHaau3y CPeICcTBAMH MATeMaTHUKH ¢ MOMOIbio IBM, ne npusoaunn x
ycuexy. B xoHIle KOHIIOB NPHUIIIIIOCh BPEMEHHO OTKA3aTHCA OT Pa3paboTKH MaTema-
THYECKONR MOJEAU M NOHTH MO ClIeAyEeMYy MyTH aBTOMATH3AIMH ¥ OMITHMU3AIIAY
npou3pofcTea. B namMaTe IBM Obuin 3amucansl peXXuMbl paboThl JiyYHIHX OMepa-
TOPOB Ha POACTBEHHBIX Npeampuaruax. [lamee, B 3aBHCUMOCTH OT UMEIONIAXCS Ha
MAHHBIA MOMEHT YCJIOBUIA, MAIIWHA3 BIOUpAIa pexxuM palboTel, Haubosee OIu3Kuit
K pexKuMy PabOoThl OZHOTO M3 JIYUIIHX ONeparopoB. Takoe MeponpusTHE NO3BOIUHIO
YCTPAHUTh BO3HHUKLINE TPYIHOCTH.

B ppyro#t anajmoruvHoil cuTyanuy PyKOBOICTBO NPEANPHITHEM HE HOILIO IO Ta-
komy nyTd. OHO HacTOW4YMBO TPEOOBANO OT MATEMATHYECKOH TPYNIbI pa3paboT-
KH YHUBEPCANBLHOIO AJTOPUTMA, KOTOPBINA [0 33JaHHBIM BHELIHVM XapPaKTEPUCTH-
KaM KOHCTPyMpyeMoro npubopa sbiiabaj Obl ONTAMAJIBHEIR HAOOP BHYTPEHHUX Lia-
paMeTpoB mpubopa: pacnojioXKeHue U Pa3Mepsl AeTaieil KOHCTPYKIMM, Be¢ U T. 1.
[IpennaraBuixneca MaTeMaTHKAMH AJITOPUTMbL ONTUMUIANMH HE OKa3BIBAJKACH YHH-
BEPCAJBHBIME U B OOJIBIUMHCTEE CIYAEB HE NPUBOAWIM K [IPUEMJIEMOMY PeUteHHIO.
MareMaTuKu TpeJIoKIIN TOLX0L K PELIeHHIO 33,0291, UMHTHDPY IO peasIbHyIo
curyanuio. KOHCTPYKTOp 3aiaeT KOMIIOHOBKY AeTaleil npubopa. KoMnpiorep 00-
CUHTHIBAET BHEIIHHE XaPaKTePHCTHKKM NpHOOpa M BBIIAaeT uX KoHCrpykTopy. Ha
OCHOBAHHM NOJy4eHHON HH(DOPMAIMH KOHCTPYKTOD BHOCHT W3MEHEHHSI B KOMIIO-
HOBKY. Tako#l nnayioroseiii pexuM palOThI HO3BOMUI Obl OTKA3ATHCS OT JOPOIo-
CTOSINIETO PEeAIbHOTO KOHCTPYHPOBaHHA IpuOOpa M ero ucnbiTanuii. PyxoBoacTBO
TIPEeIPUATHS OTKA3AJIOCH OT TAKOTO [IONXONA K pelleHuIo npobmeMsl #H MOTPATHIIO
MHOTO BpeMeHH Ha OecruiofHbre noucku «6onee KBAMU(OUIIMPOBAHHBIX» MATEMaTH~
KOB, CIIOCODHBIX TIPEIJIOXKHUTD «yHHUBEPCAJbHBIN» 6e31HaloroBbIi alrOPUTM perie-
HUS Ka3aBLIEHCA eMy CTOMb UpocToil 3ana4u. Bonpuime MmaTepuasibHble 3aTpaThl U
TIOTeps1 TEMIOB B pa3paboTKe HOBOH TEXHHKH B KOHIIE KOHIIOB MPHUBEIU K IOHUMAa~
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HHUIO TOT'O, 4TO Hpeﬂﬂal‘aBmHﬁCH MaTeMAaTHKAMH NIYThb DEIIeHUA 3allavyl Ha JAHHOM
3Tare NOHUMAaHHA l'IpO6.TIeMbI ($)30¢ € INHCTBEHHO BO3MOXXHBIM.

KoucTpyKTOpsl npuoGpeml ONbIT B TAKOM pexuMe paboTbl. MareMmaTukaM, aHa-
JIH3UPYH AMAIOr KOHCTPYKTOpoB ¢ 9BM, yaasoch NMOHATL OPHHUMOBLL, KOTOPBIMH
KOHCTPYKTOPb! PYKOBOJICTBYIOTCSI IPH KOMIIOHOBKE JeTajleil, H 3aJI03KHB 3TH IIPUH-
UMbl B OCHOBY QJIFOPUTMa PELIEHUs 330391, CO31aTh Oe3/IHANOroBhId, «JHCTO Ma-~
MIHHHBLIRY AJITOPHUTM OTTHUMH3AINH KOHCTPYKIIHH.

Crocobbl HaXOXKIEHHsI HAYAJILHOrO IPHOIHMKEHWSI W CAMHP HTEePAIMOHHBIE
METONLI YAaCTO HMMEIOT AHAJOIHIO ¢ KAKUMH-TO DPEASbHBIMH IPOIECCAMH H B
Jpyrux apjenuax. PaboTa 3puTenbHOro anmapaTa M MO3Ta HPU OTBICKAHMHT
Kakoro-mubo TpejiMeTa, IO-BUJIUMOMY, OPraHH30BAHA [0 CJIEAYIONIEN CXeMe.
CHavana IPOU3BOIUTCsS OETJIBIA OCMOTP BCErO TIOJSI 3PEHMST B KPYIHOM MAac-
mTabe, Ha OCHOBAHHM TIOJYyYIeHHOH WH(pOPMAUU¥W BLIOMpaETCH YYaCTOK s
ManpHeero TpoCMOTPa, 3aTEeM [IPOU3BOAUTCS IPOCMOTD 3TOT0 YYACTKA B
KpynHoM Macirabe u 1. g, OOpaTum BHHMAHHE HAa CXOJCTBO ¢ METOJAMH H3
§ 3.16 u § 4 nmamHON IVIaBBHL

Ilpr HeoOXOHUMOCTH Pa3BUBATL MCCIIEJIOBAHUS HOBBIX TPYJAHBIX 33131
BaXKHOE 3HAYEHHE KMeeT IIPABUJIbHAA OPTAHH3AIMs HAYIHBIX HCCIEJIOBAHUIL.
Ewmn B OCHOBHOM $ICHO, B KAKOM HANDABJEHHUM HYXXHO PA3BUBATL HCCIEIO-
BaHWs, KOHIIEHTDAIUSI HAYYHBIX YCHIHN OOBIMHO IPOH3BOIMUTCS B STOM Ha-
npapjenud. Eciru HanOonee palMOHAJBHBIA IIyTh K HaMedeHHON Ieam emie
HE OIpEeIen/ICa, TO 4acro npuberaror K aybsupoBanuio ucciaepoBanmit. He-
CKOILKO HE3aBUCHUMBIX OPraHM3alMil HINYT peIlleHue, KaXkJasd Ha CBOEM IyTH,
uHOTHA 06e3 MOCTOAHHOTO oOMeHa mH(popMmanmeit. XoTd Ha MEPBLIH B3MVISLI Ka-
JKETCsT, YTO B3AUMHBIN 00MeH HHQOPMAIMEH BCETJIA HOJE3€H, IOCTOAHHBIA 00-
MeH eI0 MOXEeT U [OMEellaTh BO3ZHHKHOBEHHIO M TIPOJIBUXKEHHIO OPHTHHAJILHBIX
perteruii npobeMsl.

CymecrByer runoresa (HeoOmenpusHanHasa), YTO CXOMHBIM 00pa3oM pa-
GoTaeT MO3T TpHM PENICHHHM KAKOU-MO0 mpobiieMbl: monydaemasa HHPOPMa-
una PUKCHPYETCsl He BIOJHE IeTePMUIUPOBAHHBIM OOpa30M B PAa3IHIHBIX
€r0 yJacTKaX; B TO K€ BpeMs B KaXIbli MOMeHT paboThl Haj mnpobiiemoil
3Ta, uHGpOPMaNMA HIBAECKAETCH JIALIL W3 JIOKAJU3OBAHHOIO YIACTKa MO3ra.

ITo amanornu co CKAa3aHHBIM BHIIIEC HAHPAIIMBAETCH CIEAYIOMMH TOAXON K
PEHIeHUI0 33/Ia9¢ ONTHMM3aUMK (a Takxke U JoObIX JAPYruX 3ajJa4d) B CIy-
Tae, et tpebyeTcss CPOYHOE IIonyueHue pe3yasrara. s pemenus 3amaun
MOOYepeHO HWJIH HE3aBUCHMO HCIONB3YIOTCA HECKOIBKO H3BECTHBIX METOHOB
Pemenns nojobHbBIX 33jad. B oboux ciydasx, OpH IMOOYEDPEJHOM HJIH MPH
HE3aBUCUMOM MCIIOJNIBL30BAHH, alIropuTMmbl A, p=1,...,l, paboTaroT nuKiIn-
YeCKH; JNUTENbHOCTh ip, TIPOMEXKYyTKa BPEMEHHU, B TeUeHHE KOTODOIO aJiro-
putMm A, pabotaer ¢-i pa3s, 3a/aeTcd TONB30BATENEM HJIM ONPEINEAeTCS B
nporecce paborel. [Ipu mootuepenHoM HCIMOML3OBAHUA KAXKJBIA aJTOPDHTM Ha-
YHHACT MHUHMMH3AUWAIO € UPUOIMKEHUd, TOJYIEHHOI'O UPENUIECTBYIONIAM aJl-
roputMoM. lIpu He3aBUCHMOM WHCIOIBL30BAHHE KAXKALIA AJITODUTM HAIHHAET
MUHHAMHA3AIAIO ¢ NPHOJIHXKEHASA, TOJMYYEHHOTO B PE3yJIbTaTe NpEeAIlecTBYIONIe-
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ro NMPUMEHEHUs JAHHOTO aJropuTMa. TakuMm 06pa3oM, B 3TOM CIydae aJiro-
puTMBL paboTaloT MO HNPUHUMOY <KTO OBICTpees.

PexXyM HE3aBHCHMOTO HCHOJB30BAHUS AJTOPUTMOB SBJIAETCS AHAJIOTOM I1a-
paJjutesibHOM paboThl OpraHu3aupil HpH OTCYTCTBHH B3AaHMHOIO OOMEHA WH-
dopmanueit. Kak ananor peajlbHOH OPraHM3aIMM HAYIHBIX HCCICIOBAHHH ¢
obMenoM uH(bOpPMaUMeH B JUCKPETHRIC MOMEHTBI BPEMEHHM MOXET DacCMAaTpH-
BaTHCSL CNEAYIOMUE pexkuM paborsl. B Havasle KaXIOro NPOMEXKYTKA Bpeme-
HH lpg aNroputM A, IPOCMATPHBAET HEKOTOPYIO COBOKYITHOCTH NPHOIIMKEHMIT
M3 NOJIYYEHHBIX BCEMH aJrOPHTMaM¥M ¥ BbOHpaeT Hausydirnee OpubjivIKeHHe
UCXOJs U3 CBOMX mnosunwi. Hampmmep, oH MOXeT IpOCMaTpPUBATHL BCE UPH-
ONMMKEHUS TOCJIEOHEr0 LUKJIa Win NpHOSIMAKEHHs, IONyUeHHBbIE AJIOPUTMaMU
B KOHIAX BCeX IIPOMEXYTKOB I;j.

Wnorna MoxkeT NpHHECTH MOML3Y (JIENYIONIAs OPraHu3aius paboThl: Io-
cjle TOJy4YeHHs aJTrOPUTMOM A, npubimrkenus, OYeHb XOPOILETO € IO3HUIMI
anroput™a Ag, npemocrasisisiercs BpeMmsi st paGorsl anropurma A,.

Koneuno, me cemyer JAyMaTh, WTO HENOCPEACTBEHIIOC KONUPOBAHUE pai-
JIMYHBIX PEAJBHBIX €HCTEM BCErJa MNO3BOJHUT HAWJIYUIIAM OOpa30M PEeIInThb
PACCMATPHUBAEMYIO ONTUMHUIALUOHHYIO 3a/1adY.

IMogpenem obmuit uror Hamux paccyxkiaeHnit. OOGBIMHO 329K ONTHMH3A-
uur (PyHKOUE OOJBITOr0 YHEIA [IEPEeMEHHBIX OYeHb TPYAHBI; IPH peIlleHuwn
HOBBIX 3339 MPUXOJUTCS 3aTPAINBATh MHOTO, WIOTAa OECIUTONHLIX, YCHJIHH,
OpOU3BOAS TMPOOHBIE MPOCYETHI MO PA3JIMIHBIM H3BECTHBIM KU HOBBIM AJITOPHT-
maMm. OJQHako OpH HAJMYUK TAKHX OJraronpugaTHbIX (DAKTOPOR, KAK KOHTAKT
¢ OPAKTHYECKHUMH PAOOTHHKAME W BO3MOXHOCTEL AaHAJM3A YIPOIEHHBIX MOJE-
Jeil, eCTh BCE OCHOBAHMS COXPAHATHh YBEPEHHOCTb B OJIArONPUATHOM HCXOIE
[IONBITOK PENIeHus 3aa'H.

3aMeTnM, YTO 4YaCTO IJIsl YCIEHNIHOTO DEeUIeHHs! 3aJad ONTHMU3ALUHA Heob-
XOIUM JHAJIOTOBBIA pexxuM paboTel ucciepoBaress ¢ DBM.

He umesa nepesn coboif KOHKpeTHOH 33739, HEBO3IMOXKHO JATH DEKOMEHHN3~
MO, KAKUM METOAOM DElIeHUs CHCTEMbl HeJUHEWHBIX YPABHEHWH WJIM MUHH-
Muzanuu (QYHKUMH ClefyeT BOCIONB30BATLCA. KaK y»Xe OTMedJaloch BBIIIE,
BEJIMKA BO3MOXHOCTH CTOJIKHYTBCS C CHTyallMeil, Korua obaacmb crodumocmi
Memoda (MHOXKECTBO 3HAYEHHH HYJIEBOTO HPHOJIMMKEHWS, TIPU KOTOPLIX MEeTOX,
CXOOUTCSI) OYeHb MaJla.

OnpiT pelennst TOMOOHBIX 3373Y MOKA3BIBAET, UYTO B IIEPBYIO OUepesb CTO-
AT DOIpoBOBATH MPUMEHUTb METObI, NMEIOIINEe €CTeCTBEHHYI0 HAIVISIHYIO WH-
TepIpeTanuio, HAIIPUMED MeTOJ, YCTAHOBJIEHHS, WJIA METOHbl, AMHTHpPYIOIIHE
AefCTBUE YeJO0BEKA WJIM KHBOTHOrO B HOmoOHOH curyamuu. jga Beibopa Ha~
YaJIbHOIO TPHOMKEHUS HAJO TaKXKe IPUBJIEYb eCTeCTBREHHbIC HAlJISIHBIE CO-
obpakeHns, UMUTHUDPyIONIHe Takue gedcTBua. Ha TakoM HOyTu dYacTro yJaeTcd
JIOBOJIBHO OBICTPO TOCTPOHTH AJICOPUTM, MHO3BOJISIONMNA DPENIATDL 330a4y.

Tlpu ooHOKpaTHOM pENIeHHH IIPOCTHIX 33Ja4 HHOrAa IMpOIIe BCEro IpH-
MEHUTH IPOCTEHINH# HTepallMOHHBIA MeTOH, HaopuMep HsroTona, ¢ spladeit
Ha 9KPAaH X043 HTEPAIMHOHHOrO IPONECCA. 33AaBafCh Pa3TUIHLIMH HAYAJIb-
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HBIMH TTPHOJIMIKEHHAMH, 9acTO YJAeTCd JOBOJLHO ObICTPO yrajaTh HaualbHOE
npubIJIKEHHe, Jexamniee B 0OJACTH CXOMMMOCTH METOJa.

[Ipu penieHMM cHCTEM ypapHeHMH WY 33/ MUHUMU3ALAM, BO3HAKAIOIINX
[py ANNPOKCHEMAUHMH KpPaeBblX 331349 s JuddepeHIHalbHbIX YPaBHEHHUH,
[IOJIE3HO BOCITIOJIB30BATHCA OJIM30CTRIO (B COOTBETCTBYIONIMX HOPMAX) DELICHHi
TaKHX JUCKPETHBIX 33J1ad, COOTBETCTBYIOIIMX PAa3JIMYHBIM IIaraM ceTKu. Pe-
[IeHMe Ha KPYIIHOH CeTKe dABJAeTCd XODOUIUM UPHOJIMIKEHHEeM JJid DelleHUd
3a/la9H, COOTBETCTBYIOWIEH Oosee Mmenkoil cerke. B To ke Bpema KaxKibrif
mar WTEPAUMH Ha KPYIHOH CeTKe MEHee TPYJIOEMOK, M € TEMH XXE 3aTpa-
TaMi MOXHO IIPOBECTH DOJbITee YHCIO MIATOB WTEPAUMH, HAYAHAS € OJIIOr0
MM CO MHOTHMX HAYAJIbHBIX Opubamxkenuit. TakuMm o006pasoM, B 3TOM Cydde
pMeeT CMBICJI pellaTh 3aJady Ha TIOCTe/0BATEIBHOCTH CETOK, T.€. IOCIeN0-
BATCJIPHO PEIIATH HECKOJIBKO CHCTeM aarebpauveckux ypasienuii (mopsamox
cHCTEMBI M BO3pacTaeT: mjy1 > mj). [Ipu sTom pemenme j-it cucrembr X
HCIOJAB3YeTC IS TOJYYeHUs HATAJIBHOIO ITPUOJIHKEHHS X? +1 K PEIIeHHIO

(j + 1)-# cucremsr.
Taxk kak BekTOopnl X, M X? +1 HMMeoT, BooOIe IoBOpA, Pa3MYHYIO DPas-

MEPHOCTh, TO JJa nepexosa oT X; K X?-H OOLIYHO HCIOIL3YIOT HHTEPITO-
JIAUUI0 MHOTOYWJIEHAMH WM chJlaffHaMu. AHAJOIMYHBIA IIOAXOM HPUMEHHM M
K OpyIHM JHCKDETHBIM 3aJadaM, BO3HUKAIOMAM OPH ANINPOKCHMAIMH 33134,
CBA3aHHBIX C OTBICKaHHeM (hyHKIUH HenpepbIBHOIO ApPTyMEHTA.

B page cnydaes, HanprMep IpH IUIAHHPOBAHHU, TPeDYyeTcd MHOTOKpaT-
HO pemalh OJHOTHUITHBbIE 33aJa4d, IIPUUYEM B peXXHUMe PeaJIbHOrO BpPEMEHH, T.e.
PelIeHne 3aJJauy JOJKHO TOJIYHaThCA € OUEeHb MAaJIbIM OTCTABAHHAEM OT H3Me-
HEHUs BXOJMHBIX AAHHBIX 3a7a9id. B 3TOM ciyvae gjisl YCKOPEHHS CXOIUMOCTH
CIeflyeT HCIOIB30BATL BCE MHOTO0OOpAa3We OMHMCAHHBIX HAMH METOJOB.
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YucneHHble MeToAbl peLlueHus
3apauv Kowm ansg obbIKHOBEHHbIX
addepeHUManbHbIX YypaBHEHUN

Sajaua pemenns O6LIKHOBEHHBIX JuDEpEHIMAaNbHBIX yPABHEHHH JIOMKHEE
3aJ]a4d BBINHUCIIEHHs OJHOKPATHBIX WHTErPAJIOB, M JONsS 33Ja4d, HHTErpHpYe-
MBIX B SIBHOM BHJE, 3J€Ch CYIIECTBEHHO MEHBIIIE.

Kornma ropopsaT 06 HHTErpUpyeMOCTH B SIBHOM BHJE, HMEKT B BHIY, 4TO
petienrie MOXeT ObITh BBIYKMCIEHO IIPH IIOMOINK KOHEWHOO UM <«3JIEMEH-
TAPHBIX» ONEPANMNA: CJIOXKEHHUsI, BOHIYHTAHHS, YMHOXEHUS, JEJCHUs, BO3BEIE-
HH4 B CTeleHDb, JIOTapU(MHUPOBAHHKsS, HOTEHIHPOBAHUS, BLITHCIEHHI CHHYCA W
KOCHHYCA W T.I. YK€ B HEpPHOJl, HPEIHIeCTBOBABIINNA MosBacHuio IBM, nous-
TUSI «JIEMEHTAPHOI» OmepalMu HpeTepHesid H3MeHeHue. Pellienus HEKOTOPBIX
YaCTHBIX 3339 HACTOJLKO YACTO BCTPEYAIOTCS B HPHJIOXKEHHSX, UTO IPH-
[IJIOCH COCTABHTH TAOJUILI WX 3HAYEHHI, B YACTHOCTH TAOJHIBI MHTEIPAJIOB
Openens, dbynknuit Beccenst u psija Opyrux, TaK Ha3bIBAEMBIX CREUUBALHDIT
Ppyrnxyud. Ilpun Hagmuuuu Takux Tabumil UCUE3AET HNPHHIMIMAJILHAS Pa3HHIA
MeXIY BLIUHCIeHHeM (yHRUmA sinz, Inz, ... u coenuannHbix Qywokiui. B
TOM H APYTOM CJIyUasiX MOKHO BBIVUC/IAITL 3HAMEHHA ITHX (DYHKIMHA npu IO-
Moy TabJiHuilel, ¥ Te U Apyrue (PYHKIMH MOXKHO BBIUHCAATH, NpuUOIMKas HX
MHOTOYWJIEHAMH, PAIMOHAJILHBIMA OpobsimMu u T.1. Takum obpa3om, B KJacc
3a/a%, WHTEIPHPYEMBIX B $SBHOM BHIE, BKJIOHUIHCH 33JIa“H, DEIIeHHs] KOTO-
PBIX BbIpa)kalOTCsl depe3 crnenmasibHble (gpyukinu. OiuHako u 310T, Gojee IIW-
POKHI, KJIACC COCTABJSET OTHOCHTEIBHO MAJIYIO JIOAIO 3aJat, [PeIbABIseMbIX
K pemernio. CyIIleCTBEHHOE PaCIIMpPEHHE KJIacCa peasbHO pemaeMbix mudde-
PEHIIHAJILHBIX YPABHEHHI, a C(JIEJOBATENbHO, U pacmupenne chepbl mpuMeHe-
HHASI MaTeMaTHKH NPOH30LLIO ¢ Pa3paborKoi UHCIEHHBIX METONOB H aKTHB-
HBIM IIOBCEMECTHBIM HCIONb30BaHHEM IBM.

B mHacTtosimiee BpeMs 3aTpaThl HYeSOBEUECKOTO TPYAA IIPH pelleHuH Ha
9BM samaum Komm mys ob6bikHOBeHHBIX JH(pepeHIraJbHbIX ypaBHEHUH
CPaBHUMBI C 3aTpaTaMH Ha TO, YTOOBLI HPOCTO HEPEHNHCATL 3aHOBO (hopMysH-
POBKY 3To# 3agatn. Ilpuw KemaHHH MOXXHO NOAYYHTH rpachuk pelreHuss KA
ero n3obpakenue Ha dKpaHe. B pe3yiaprare 3TOro JJjisi MHOTMX KaTeropmil Ha-
YUYHBIX PabOTHMKOB CYIIECTBEHHO YMEHDBIIHJICS HHTEPEC K H3YTUeHHIO JacTHBIX
cnocobOB MHTErpHPOBaHUs OOLIKHOBEHHBIX Mu(pepeHnuaIbHbIX yPaBHeHHHE B
SIBHOM BHJIE.
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STa rjlaBa DOCBSINIEHA OMHCAHHUIO OCHOBHBIX METONOB peEIICHHS 3aAadu
Komm s OObIKHOBEHHBIX JU(ddepennuaibHpIX ypaBHEHHH, HMCCICLOBAHUIO
CBOMCTB 9THX METOIOB U OIEHKE HX IIOrPelIHOCTH.

ObpaTuM BHUMAaHHE Ha TO OOCTOATENLCTBO, UTO, KAK U B JAPYTHX CIyHdasX,
nepBOHAYAIBHBIA aHAIM3 NPAKTUIECKOH NPUTOTHOCTH METONOB M OTOpachiBa-
HUe HEIPUTOAHBIX MeTOHOB YAaCTO YAACTCS IIPOM3BECTH, H3ydas IpOCTedIIHe
3afauy, TOe TOYHOe M IPUOIMIKENHOE PCIIeHHUs 3a3JaTH BBIMUCHIBAIOTCH B AB-
HOM BHJIE.

§ 1. Penrenne 3amaun Koimnu ¢ moMoInbio
dbopmyssr Teitopa

Oxuu U3 TPOCTEHIIUX MO CBOEMY OIMCAHUIO METOJIOB pemreHHst 3amauu Komrm
OCHOBAaH Ha HCHONb3oBanum ¢dopMyasl Teitopa.
Ilycts Tpebyercs HaliTH Ha orpeske [rg, zo + X| pemenue nuddepennu-
aJIbHOTO yDABHEHHsl
yl = f('(l’v 'U) (1)

npu HavaubHOM ycaosuu y(zo) = wyo; f(r, y) — dyHkuma, ananuTHueckas B
rouke (Zg,yo). Hduddepenmupya (1) mo z, MMeeM COOTHOIIEHWST

y' = fa(z, y) + fy(z, v)y,
y" = fau(T, y) + 20y (2, Y)Y + fyu(z, Y2+ folm, )y, ..

HoncraBnaa © =zg u y =1yg B (1) ¥ B MOCHEAHUE COOTHOINEHUS, MOCIEINO-
BaTeJbHO TONytaeM 3HAUYCHUS

y' (o), v (z0), ¥ (z0), ..

Takum 06pa3oM, MOXKHO HANUCATH NPUOIMKEHHOE DPABEHCTBO
n , (Z) ,
4y (o) ;
y(z) = ) F——(z — o) (2)
1=0 '

Ecnu smauenue |z — 20| Gonbiie pamuyca cXoQuMOCTH pPsa

(i) :
Z y——l—(l‘@(ili - "EO)‘La
13

TO NOTPEIIHOCThL (2) He CTPEeMHTCS K HYyJI0 IPH 7 — 00 U IpeIjiaraeMblil

MeTOJ, HEeNPUMEHUM.

Wnorma nenecoobpasno nocrymuTs ciexytomuM obpasoM. Pazobbem orpe-
30K [z0, 29+ X] Ha orpe3ku [zj_1, z;], j=1,...,N. Bygem nocrenosarensHo
nonyvarh NpubnmkeHmst y; K 3HadeHusM pemeHns y(z;), j = 1,...,N, mo
caenyomeMy npaswiy. IlycTh 3HadeHue y; y»Ke Hafi[IEHO, BBIYMCJISEM 3HAYC-

(@)

HUA B TOYKE Ij HPOM3BOAHBIX Y’ PELICHHS HCXOAHOro IuddepeHnuanbHoro
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YPaBHEHHA, NPOXOMAIICro uepes TOuky (xj, y;). Ha orpeske [z, zj11] mo-
JIaraem .
()

y(@) % 7(@) = 3 (o ~ 2, (3)

M COOTBETCTBEHHO Oepem
Yir1 = 25(T541)- (4)

Pacemorpum cnyuait, xoraa zj4 —z; = h. Ecia 6p1 smauenve y; cosna-
JIaJI0 €O 3HAYEHHEM TOUYHOIO 3HAMEHH:A Y(2;), TO NOIPENIHOCTh OT 3aMEHLI
yj+1 Ha z;(x;41) uMena Obl TOPANOK O(h"“). [TockoabKy MBI BHOCHM Ito-
rpenmnocts Ha O(h™!) oTpeskax, TO MOMKHO OXHJATL, UTO TP YMEHLLIICHHH
mara Cerku OyIeT BBLIIOIHATHCS COOTHOIIEHHE

DIPiXN]?/l —ylz;)l = O(h™).
B page ciyyaeB Takoro poja pPACCYXKJIEHUE NPUBOAIT K HENPABUALHOMY 3a-
KJIOYEHHI0 O HAJUIHHM (PAKTA CXOJAMOCTH TNPHOIFKEHHOTO pelnenus K Tod-
HOMY, B TO BpeMs KaK B JeHCTBUTENLHOCTH 3TOr0 Her. [losTomy crporoe
0OOCHOBAHUE CXOAMMOCTH METOJIOB [PH YMEHLUIGHWH TIara, A TaKXKe IIoiyde-
HHUE OUEHKH MOTPEIIHOCTH WMEET He TOJIhKO TEOPETHTIECKOE, HO M BaXKHeilce
TIPAKTUYECKOE 3HAUEHUE.

Ilpu ucnonp3oBaHuM 3TOr0 METONA HYXKHO BBIYHCISTH 3HAYCHHA (DyHKOAH
[ u Bcex ee NMPOUSBOAHBIX fyiym-; Tpu m < n, T.e. BerAHCAATL n(n + 1)/2
3HadeHu# pazav4HbIX (pyHKuHk. D10 Tpebyer HANMCAHHA OONBINOrO THCIa
OJIOKOB BBIYHACJIEHUST TIPOM3BOAHBIX, UITO MPOTHBOPEYUT OCHOBHON TEHIEHIIMA
YIPOUIEHUS OTHOIIEHWH MexJiy losb3osareneM u IBM.

B macrosimee Bpemsi Ha HeKOTOpPHIX IBM wmMmerorcs makerhl nporpamm,
KOTOpBIE 110 3aJAHHONH ITpOrpaMMe BbIUMCICHHS 3HAUEHHH (GYHKIMH CTPOAT
UPOrPAMMY BBIMMCIIEHUS 3HAMEHUN ee upous3sofHbix. TakuMm obpazom, mpu Ha-
JIMYIAA TAKUX MAKETOB HPOrPAMM, KA3aJI0Ch ObI, OTIAAAET TIPUBEIEHHOe BBIIIE
BO3DAXKEHNE O CJIOXKHOCTH HCIIOJB30BAHUA OIMMCAHHOIO DAHee METO/A.

OfHAKO 3TOT METON TNPWMEHsIeTCd Peako. Kak mpaBuiio, IporpaMmsbl, CO-
37aBacMble C I[TOMONILIO TAKUX IIAKETOB, TpPH WO K€ TOYHOCTH Ppe3y/IbTaTa
TPebYIOT CymecTBEHHO OONBIINX 3aTPAT MAUIHHHOIO BPEMEHH, WeM IpOorpaM-
MBI, OCHOBAHHBIE Ha PACCMATPUBAEMBIX Jasee 6osiee MPOCTHIX METOJAX THIA
Pyure-Kyrra u Anamca.

B 1O xe Bpemsi ONMCAHHBIA BBIE AJTOPUTM MOXeT ObTh nosesen. Ha-
UpHUMEpP, IIPU DPAaCcueTaxX TPAeKTOpUil JBHXKEHHA HEDECHBIX TeJT MPHUXOMUTCH
MHOTOKPATHO HHTErPHPOBATH CHCTEMBI AW(hDEpeHIHAIbHBIX ypaBHeHH BIOJI-
He OIPEJIEJIEHHOr0 BHUAA TPH PA3JIMYHLIX HAYANLHLIX YCJIOBHAX ¥ pas3ind-
HBIX 3HAYEHHSIX [ApaMeTPOB B NpaBbiX 4acTAX. TO 0BCTOATENBCTBO, UTO BCE
BpeMsI pemiaercss OJHA W Ta ke cucreMa JaddepeHnUaIbHbIX ypaBHEeHHi,
' Jaer cyreyioulee TPEMMyYIIECTBO: KOHKDETHBIE (POPMYJIbI ISt ITPOM3BOAHBIX
MpaBBiX YacTed CHCTEMBI MMEIOT MHOIO ODITEro; OJHOBPEMEHHOe BBIUHCICHHE
BCEX 3TUX NPOU3BOAHBIX TPeOyeT OTHOCHTENHHO MAJIOrQ uuciHa apudmernie-
CKHX OIepalyii, H PacCMaTPHUBAEMBIA METOJ, MHOIJA OKa3blBaeTCs 3(heKTHB-
Hee JAPYIHX METOLOB YHCJIEHHOI'0 HHTErPHPOBAHUS.
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§ 2. Meroapl Pynre—KyTra

B uacTHOM Ciydae n = 1 ¢opmyna (1.3) mmeer Bujx
yiv1 = yj + hf(2j, y5), h =z — 2y (1)

DJroT METOJ] HA3BIBAECTCS Mmemodom Jiaepa. MOXKHO IMOCTPOHTH APYrOH Kitacc
pacdeTHLIX (POPMYJ, K KOTOPOMY NPHHAIJIEKHT METOL Ditnepa. YKaykeM CHa-
gaJia OPOCTeHINe MeTONBI 3TOroc KJacca, IojydaeMble M3 HaIISIHBIX Coobpa-
xennit. ITycts usBecTHO 3Hadenue y(zr) m TpebyeTcst BBIYMCIUTH 3HATEHHE
y(z + h). PaccMoTpHM paBeHCTBO

h
y(z + h) = y(z) +/0 y'(z + t) dt. (2)

[Ipu 3aMeHe HWHTerpaja B IIPaBOil 4YacTH HA BeIMIUHy hy'(z) HOrpemrHOCTH
mmeer nopgiaok O(h?), Te.

y(z +h) = y(z) + hy'(z) + O(h?).
Tlockoneky ¥'(z) = f(z, y(z)), orcioma umeem
y(z + h) = y(z) + hf(z, y(z)) + O(h?).

OrbpaciBast wien mopaaka O(h?) u obosmavas z = zj, T +h = 241, noIy-
quMm pacueTHyio dhopmyny Ditnepa (1). Jag nonydgenus Gosee TOUHON pacyer-
HOM POpPMyYJIBI HYKHO TOYHEE AIMIPOKCHUMHPOBATHL HMHTErPAaJl B IIPABOH IacTH
(2). Bocnonb3osaBmIuCh KBaJApaTypHOH (POPMYJIOH Tpalemuu, IIOIyIuM

vl +h) = y(@) + o (/@) + /(0 + 1) + O(R),
HHaue,

yle+h) = y(o) + 2 (1@ (@) + fo+hyle + 1)) + 00, (3

2

COOTBeTCTBYIOIIAsL pacierTHas (opMmysia

h :
Yir1 = yj + 5(f(xj, 5) + f(w501, yi41)) + O(K) (4)

HagwIBaercs HeAsHol Popmyaroti Adamca 6mopozo nopadka mounocmu. B Heko-
TOPBIX (JIy4agX, B YACTHOCTH, KOTZHa [ JIMHEHHA IO Y, 3TO ypaBHEHHE MOXKET
6biTh  paspemeno oTHOCHTENBHO Yji1. OBBIMHO JKe 3TO ypaBHEHHe HEpaspe-
IMMO $IBHO OTHOCHTENBHO ¥;41, IOITOMY IIPOM3BEAEM JaJbHeillllee mpeobpa-
30BaHME AJITOPHTMA.

3amenuMm y(z + h) B mpasoit wactu (3) Ha HEKOTODPYIO BEJIHYHHY

Yy =y(z+h) +O(h2). (5)

TOI‘,U,& IpaBad 4YacThb HU3MEHHUTCS Ha BEJIUYIHHY

g(f(z+h, y*) — flz + h, y($+h))) ngy(z“‘ha 7) (y*-—y(m+h)),
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rae § maxomures mexay y* u y(z +h). Benenersme npepnonoxenus (5) ata
pemuunia umeer nopagoxk O(h3). Takum obpasom, upu yesosun (5) umeer
MECTO COOTHOIIEHHE

h .
ylo+ 1) = y(@) + 5 (F@ y(@) + fl@+ b, y")) + O(H)
Yeaoruo (5) ymoBiieTBOpsieT pe3yJibTaT BelMucHeHuil 1o dopmyse Diiiepa
y* = ylz) + hf(z, y(z)).
Hocnenune COOTHOIIEHUS! ONPENEJSIIOT NApy pPacIeTHBIX hopmyn

Yie1 = yj +hf(z), v,
h . (6)
Yjr1 = yj + E(f(:ﬂj, Y;i) + (@541, yj+1))~

Ipu masbix h BeIpaxkeHue B 1papoil yacTd (4) yaOBJIETBOPSIET YCJIOBHIO CXKH-
maemoctu (§ 7.1), mosromy ypasHeHwe (4) TaKXKe MOMKHO PelIaTh METOIOM
NpocTo# WMTepamuu:

h

k k
yi =y + §(f($j, ;) + Fzj41, yj+1))-
Ecin y? +1 BBIYHCIAETCS IO MeTofay Jiliepa:

i = y; + hf(zj, yj),

TO yjl- 41, TONy4YaeMoe Ha lIEPBOM Iare MTEPANH, COBUANAET C Y41, TOMyda-

emom 1o ¢dopmyse (6). lampHeliuime wrepanuu HE TPHBOJST K IOBBILIEHHIO
HOPSAKA TOYHOCTH IO 1; B TO K€ BpeMsi MHOTJA TJIABHBIH ‘UIeH I[OTPEIIHO-
CTH YMEHBINAETCSI NPH TEPEXO[e OT yjl- i1 K yJ2 1~ BEciu Takoe ymeHbUIeHHE
[IOTrPENIHOCTH KOMIIEHCHDYET BO3PACTAHHME BLIYHCIMTEIBHBIX 3ATPAT HA IMIATE,

TO OHO IiesiecooBpa3Ho.

b4
MOo>XHO NpeaIOKUTh TeOPeTHYeCKH OOOCHOBAHHDBIN KpPUTEPHUil, MO3BOJISIONIHNA MTPH
MaJbix h BBIGUpATH KAXKJIBIHA pa3 Hambomee ueaecoobpasnoe yucao urepamuii. Oa-
HaKO €ro MCHOJIb30Bafue TpefyeT ovYeHb OONBIIOro 00beMa JONOIHUTEeNBHBIX BbI-
yncnernit. I1osToMy BBEIGOD MeXAy YHCIOM HTEPAuui, paBHbIM 1 Ui 2, 0OBMMHO
OCYIIECTBJIISIETCA HA OCHOBE MPEIIIECTBYIONIErO ONBITA, BBIYHACIHTENHHOIO IKCIIEPHU-
MEHTa HJIM NPOCTO <«BOJIEBLIM» 00Pa3oM.

Ilocrpoum apyryio napy ¢opMys ¢ MOTPEIIHOCTHI0 Ha MIare TaKOro XKe
nopsaaka. Viarerpan B mpasoit wactu (2) 3ameEum 1o (popmytie DpsAMOYTIOJIb-
HHAKOB:

y(z + h) = y(z) + hy/ (z + g) + O(r%),

MJIM, YTO BCE PAaBHO,

y(x + h) =y(z) + hf (z-{- g, J (z + g—)) + O(h?).
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Ecau A
y* =y (rv + 5) +O(h?),

10, KAK K B IIPEAUIECTBYIONIEM CIIy<ae, HMEeM
h
y(z +h) =y(z) +hf (:L +5 y*) + O(h?).

B kauecTBe ¥* MOXKHO B38Tb PE3YJBTAT BBIYHGIEHHA 10 Qopmyne Ditnepa
h
. * h .
¢ maroM o iyt = y(z) + 5f(z, y(T)). UM COOTHOMEHHAM COOTBETCTBYET

mapa pacudeTHLHIX opMyJ

h
Yj+1/2 =Y; + 3 f(zj, v5),
(7)

h
Yj+1 =Yy; + hf (fﬂj +5 yj+1/2)-

[Tony4eHHbIE METOABI OTHOCATCA K CeMefcTBY wMemodos Pynze—Kymma,
HMEIONMX cieayoimumii sug. B mporecce BoruuciaeHnit GUKCHPOBAHBI HEKOTO-
pBle IHCIA

ag,..., Qq, P1,.--,0 Bij, 0<y<i1<q;
IIOCJICAOBATEJIBHO IOy YIaeM
k1(h) = hf (2, ),
ka(h) = hf (= + agh, y + Buka(R) ),

ha(h) = hf (5 + cgh, y+ Boika(h) + -+ By kg 1 (h)

H 1oJiaraeM

y(z + h) = 2( ) + sz ;

PaccmoTpum Bompoc o Bribope mapameTpoB oy, pi, fij.  ObosHaumm
wh) = y(z+h) —z(h). Eam f(z,y)— mocrarouno riagkas (GyHKIMI CBO-
ux aprymentos, 1o ki(h), ..., kq(h) u @(h)—rmankue ¢yskIuME napa-
Merpa h. Ilpepmomoxum, uro f(z,y) HACTONBKO TII3JKasg, UTO CYINECTBY-
or npoussogueie ¢ (h),..., @Ct(h), a «;, pi;, Bi; BHOpamEl Tax, uTO
©'(0) =--- = ()0 0) = 0. Kpome TOro, mpeamosioXKuM, 4TO CYIECTBYET HEKO-

Topad riagkas ¢yskimusa fo(z, y), IS KOTOPOH COOTBETCTBYIOUIEE 3HAYEHHE
<.0(3+1)( 0) # 0. Cornacuo dopmyne Teiiopa BHLIIONHAETCS PABEHCTBO

@) (s+1) (s+1)

© (O © (6h) ® (6h)

h) s+l _ s+1

ol E h+ G h*Th = G h¥T, (8)
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rae 0 < 6 < 1. Benuunua @(h) Ha3plBaeTCa NOrPEMIHOCTBIO METOAA Ha miare,
a $— HOpAJKOM HOTPemrHocTH MeToda. Ilpm ¢ = 1 umeem

p(h) =y(z +h) —y(z) —phf(z,y), ©(0) =0,
¢'(0) = (' (z + ) = p1f (@, ¥)|, = Flz, 1) (1 = 1),
©"(h) = y"(z + h);
3neck u gajnee y = y(z). Pasencrso ¢'(0) = 0 BoImONHAETCT MJIA BCEX TIIAMKIX
byukumit f(z, y) aumbs B ciaydae p; = 1. JTOMy 3HAYEHMIO P COOTBETCTBY-

er Meron Siinepa. s morpemmocTH 3TOrO MeTOJA Ha miare, corsacmo (8),
[IOJIy4aeM BBIPDAKECHHE

o y"(z 4+ 6h)R?
p(h) = ( 5 M

Pacemorpum cayuait g = 2. Hmeem
w(h) = y(z + h) = y(z) — pihf(z, y) — p2hf(Z, §),

rae T = x + ash, § = Bahf(z,y).
BoruncauM npoussogubie dynkuun @(h):

¢'(h) =4y (x+h) —pi f (2, y) = p2f (&, §) ~ p2h (2 fa (2, §) +
+ Ba1 fy (2, 9) f(, ),

@' (h) =y" (@4 h) —2pa (a2 fu(E, §) + Bor £ (2, §) f(z, 9)) —
— P2l (03 foa (E, ) + 200001 fuy (&, §) F (2, ) + 551 Fuy (&, §) (£ (2, 1))?),

¢ (h) =y" (€ + h) — 3p2 (a3 fau (T, §) +
+ 2009801 fay (Z, U) f (@, y) + 81 £y (&, ) (f (2, ))?) + O(h).

Cornaceo mcxoguomy audbbepeHINAIBEHOMY  YPABHEHIIO

v =f Y =far ffs V"= fon 2 g f + Py f

Iopcrasum B Beipaxkenuda (h), ©'(h), ¢"(h), ¢"'(h) 3vauenme h =0 u BoC-
NOJB3YEMCS 3THMHM COOTHOLIEHHMSIMY; HOJLYSHM

p(0) =y -y =0,

¢'(0) = (1 —p1 ~p2)f(z, y),
¢"(0) = (1 = 2p2c2) fu(x, y) + (1 = 2p2 1) fy (=, 9) f (2, v), (9)
" (0) = (1 — 3p203) fra(, y) + (2 = 6p2fBr) fay (2, y) f (2, y) +

+ (1 = 3p283) fuu (=, ) (f(z, ¥))* + fylz, v)y" ().
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Coorromenne ¢(0) = 0 BbIIONHAETCA TPU BeeX f(z, y), ecnm

l—=p1—p2=0; (10)
coorHomernue ¢ (0) = 0 BhImONHSAETCH, €CITH
1—2p2a2:0 u 1——2p2ﬂ21:0. (11)

TakuMm obpazom, ¢(0) = ¢'(0) = ¢"(0) = 0 upm Beex f(z,y), ewn BBINON-
HEeHBl TPH YKa3aHHBIX Bblmie coorHomenus (10), (11) OTHOCHTENIBHO YETHI-
pex mapaMeTpos. 3ajaBas IPOM3BONBHO ONMH M3 HAPAMETDOB, TOMYYHM pas-
qrdHbe MeTOILI PyHre—KyTTa ¢ HOTpEITHOCTBI) BTOPOTO MOPATKA MAJOCTH
no h. Hampumep, upu p; = 1/2 nonmywaem py = 1/2, as = 1, B = 1,
4TO COOTBETCTBYeT mape pacuetHeix Gopmyia (6). Ilpu p; = 0 momyuaem
pr =1, ag = 1/2, fB3; = 1/2, 9TO COOTBEICTBYeT Iape PACUCTHHIX (HOPMYJT
(7). B cnyuyae ypasmemms y' = y, cormacuo (9) mmeem ¢"'(0) = y nHeszaBu-
CHMO OT 3HAYEeHWH p1, po, (g, fo1. OTCloma cienyer, UTO HEML3ST MOCTPOUTH
dopmynsr Pyrre—KyrtTta co 3Havenmsmm ¢ = 2 u s = 3.

B caywae ¢ = 3 pacuernwbix popmys, COOTBETCTBYIOIINX 3IHAYCHHIO S = 4,
gHe cymecteyeT. Haubosee ymoTpebuTe bHa COBOKYIHOCTE PACIETHBIX (GOPMYJI
opu g = § = 3

k k
ki=hf(z,y), ke=hf (r+—2£y+71>

1
ky = hf(z+h,y—ki+2k), Dy= (ki + 4k + k).

Ilpu ¢ = 4, 5 HeAB3sT HOCTPOHTHL PACIETHLIX ((OPMYJT PaccMATPHUBAEMOrO
BUJA CO 3HAYEHHECM § = 9; IpH ¢ = § = 4 wamboyee ynoTpebHUTEIBLHA COBO-
KYIIHOCTb PAaCYeTHBIX (HDOpPMYII:

. h k . h k
l\’,'l:hf(.'lf,’y), k2:h'j z+_’y+—l 7k3:h'j $+_ay+_2 3
2 2 2 2
1
6

Mb1 ucnionp3oBasIn Beine OPMYNUPOBKY «Haubonee ynorpeburesibabiity. JTa Gop-
MYJIHDOBKA, OTPAKAET HCTOPHYECKH CJIOKHBIIYKICH TEHAEHIHIO B MCIONb30BAHUA
THCIEHHbIX MeronoB. Ka3zasocek 651, B pYKOBOJICTBE 1O YHCIEHHBIM METOAM CJIe-
JOBAJIO 1€ MPOCTO OTPAXKATH TEH/IEHIMIO, 4 YKa3aTh, Kakasd (HOpMysa U3 JaHHOTO
cemeiicTBa pacdyeTHbIX (OpMyI sABIsgerca Hawrydmeil. OnHaKo OTBer Ha TakOoH BO-
TIpOC He IPOCT.

k4 = h’j(l + h’) Y+ k3)7 Ay = (kl + 2k2 + 2k33 + k4)

Y bopMys OIHHAKOBOTO NMOPAHKA TOYHOCTH 10 h TlIaBHbIE YIEHbl TOTPEIIHOCTH Ha
Imare 4acTo OKa3bIBAalOTCH HENponopuionaisaeu. Harpumep, senencreue (8), (9)
rIaBHbI 4iaeH norpeniHocrn dopmynnr (6) pasen

(B — A)h®,
e
1 1 .
B = ‘éfyyua A= E(sz + Zfa:yy’ + f'yy(y,)z)»
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a y gopmynsl (7)—
(B + A/2)R3.

ITosTOMY MOXKHO YKa3aTh J1Ba YPABHEHH TAKHX, UTO JJIA IEPBOIO YPABHCHUS MEHL-
YK NIOTPEIIHOCTD AaeT MeToy (6), a Iyis BToporo ypaBHEHHs — MeTo (7).

B noxo0HOM cUTyalid PEKOMEHIAUMH B ONbL3Y TOTO WM APYTOrO METOAA JOMAMK-
Hbl OCHOBBIBATbCS HA «BOJEBOM DEHIEHHH», NPHHATOM C YYETOM TPaJUUUH y
NPAKTHKY HCIOIb30BAHHsT MeTONOB. IIOHATHE NPAKTHKHM BBIMHCJIHTEJLHOH pabo-
ThI SIBJIAETCS JOBOJIBHO HEONPEHNENIeHHBIM. JUC/I0 DA3JIHYHBIX KJIACCOB DPEAJbHO
BCTpedalomnxcs nuddepeHInaibHbIX yPABHEHHI CYHIECTBEHHO NPEBOCXOAUT Yu-
CJIO 337134, Ha KOTODBIX IPOMU3BOJHMTCS CPABHEHHE METOIOB HUX YHCJIEHHOTO pe-
[IEHHs, MOITOMY CYXXOEHHs «C IO3MIUI MPaKTUKH» He Bcerma oObexkTupHBI. ()1
HAKO HECMOTPsS HA TAKYK HEONPENEeJeHHOCTh, KPHUTEPUN MPAaKTHKH YaCTO He-
cer B cebe ONperesIcHHYIO MOJIOXKHTENbHYI0 HHMPOPMAILHIO, KOTODAs 3a9aCTyIO0 HA
OAHHOM ITalle PA3BHTHA HAyKH He MKeT Obirhk (dopmanm3opana mwim 000CHO-
BaHa.

Eciu ucropuyecku NmepBhIi 13 METOIOB PACCMATPHBACMOIO KJIACCA OKA3AJICA MpH-
€MJIEMBIM, TO B JaJIbHEHIEM NOJb30BATENH IPHABBIKAIOT K HEMY. 3aMEHA TOrO Me-
TomA Ha ApYTo#, naxe bosee adhbdexTABIBLIE MeTOA TpeDyeT OMpeleJeHHBIX 3ATPAT
BPEMEHM Ha «IIPUBLIKAHHE» TIONbL30BATENEH K HOBOMY MeTOMy (a CJIeA0BATENLHO, U
ONpeeNeHHbIX NCHXONOIHIeCKHX 3aTpaT). Yrobel IMUPOKHE KPyr MONb30BATENEH ©
COMMACHIICS. HA TO/I00HYI0 EPECTPOHKY, HEODXOIUMO CYIIECTBEHHOE TIPEHMY LIIECTBO
HOBOI'O MeTOJa [0 KAKOH-JINHO U3 XapaKTepuCTHK.

IIpn panbHeiimieM paccMOTPEHMH AJisl HAac OyJeT CyLIeCTBEHHO, ITO II0-
rpemHocTh Merona Ha mare (h) uMeerT FJABHBIA YICH, 4 UMEHHO CIPaBel-
JIMBO IIpEJCTABJIEHNE BUIA

p(h) =Pz, y)B**' + O(R°+?). (12)

Hamerum ocHOBHBIE 3Tambl JOKA3aTENBCTBA 3TOIO COOTHOUIEHMA. [Ipemmo-
JIOKWAM, UTO IIpaBas YaCTh U BCe €€ NPOU3BOMHBLIE JI0 HOpAAKA S+ 1 BKIIO-
YHUTETLHO OrPAaHUMYEHbl PaBHOMEPHO B objactu G : zg <z < xzp+ X, —oo <
y < oo. Torma Takxke 6OyAyT pPaBHOMEPHO OIDAHMYUEHBI IIPOU3BOJHBIE BCEX
peliieHnii ypaBHeHHst g0 Hopsiaka s + 2 BrmoumTesnbHo. Cormtacho ¢opMysne
Teitnopa coorHomenue (8) MOXHO 3amucarh B yTouHeHHOH (Qopme

PUH©0) o1, P8I (0R)

— 5+2_
(s +1)! (s +2)! h

w(h)

HNmeem papeHcTBO

(,O(s+1)(0) — y(s+1)(0) _ Z(s+1)(0).

O6e senmumun yt(0) u 2(511)(0) sBHO Bmipakaorcs depes 3madenHus B
Touke (z,y) dyHKuME f ¥ €e UPOUIBOAHLIX NOPANKA HE BbIllle §; NPHAMEPSHI
TAKMX ABHBIX BbIpaxkenuit (UpM $ = 2) MBI y¥XKe HOJTydYAd.
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TlockoneKy mpapag uacts guddepernupyema s+ 1 pas, To oTcioma cie-
ayet, uro dbymkmma P(z, y) muddepennupyema B objactu G M ee 1mpo-
A3BOOHBIE Yz WM 1Py DPABHOMEDHO OTDaHWYEHBI B 3TOH objacTm. AHajormd-

HO YCTAHABITMBAETCHA, YTO BEJIUIHHA (p(s+2)(6h) PABHOMEDHO OTPaHHYCHA IIPU
o < T < 2+ h < zg+ X. Taxum obpasom, coornomenme (12) wumeer

MECTO.

§ 3. MeTopl C KOHTPOJIEM NOr'PEHIHOCTH Ha IIare

YacTo B XO4E pacyeroB ObIBaeT 1eecoobpa3HO M3MEHATh MIAr MHTErPUPOBA-
HAs, KOHTPOJIUPYs BEJMUWHY IOrPEITHOCTH METo[a Ha mare.  llpu npakru-
yeCKOH OIleHKe 3ITOH BeJMUMHBI MOXKHO, HAIIDUMEP, PACCYXKJIATH CIEIYIOTIUM
obpazoM. I'maBHBLIN “WIEH NOTPEMIHOCTH Ha IIare WHTEIDHPOBAHUS €CTh

(p(5+1) (O)h.s—H
(s+1)!

Touka (z+h, z(h)) Haxogurca 6aU3KO OT TOYKM (Z, Y), TIOITOMY HOTPEITHOCTD
Ha CIEIYIOUIEM IIare WHTETPHUPOBAHUSA OYAET MMETh TAKOW KE TNIABHBIA WJIEH.
B pesymbrare apyx maros Gyzer momydeno mpubmmkenme y!) k smauemmio
y(z + 2h) Takoe, UTO

(p(s+1) (0)hs+1

y) — y(z +2h) ~ 2 G

Eciu, ucxops w3 roukwm (z, y), upuMenuts meton, Pynre—Kyrra ¢ marom 2h,
TO momyunTca npubmukennoe smadenue y 2 mas Koroporo

¥ s+1)( )(2h)s+1
(s + 1)!

Us 3THX COOTHOIIIEHHHN BLITEKAET npeacTaBjJCHUE IVIABHO'O YIE€Ha IOr'PEITHO-
CTH Ha I1are

vy — y(z + 2h) ~

y(2) — (1)

vy —y(z +2h) ~ Lot Ay
25 —1

llpu xenamuu MOXKHO YTOUHMTBH HONyYEHHOE NPHONMIKEHHOE 3HAMEHHE, [PH-

0aBuB k HeMy BeJMYMHY TIJIABHOIO WIEHA IOTPEIIHOCTH, T.e€. IOJOMXKHTH

y® -y

2h) =~y
ylz +2h) =y + o

(1)

Anst Gomee rubkoro ympapjieHHs BHIGOPOM IIAra WHTErPHPOBAHAS HHOLMIA
KeJaTelbHO MMEeTh BO3MOXKHOCTH COBEPIIATH IIal WHTEIPHPOBAHHUSA M OLEHH-
BaTh I[OrPENTHOCTH IIPH MEHBIIEM KOJIMYECTBE BBIYUCISEMBIX 3HAYEHHHE Npa-
BLIX wyacTeil.
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TIpuMepoM coBOKyHHOCTH (HOPMYJI C TEMH K€ XAPAKTEPHUCTHKAMH TOYMHO-
CTH TIpW MeHbIIeM uHncile oOpamlleHu#l K IPAaBOH YaCTH MOMKET CIYXUTH CO-
BOKYTIHOCTEL popMyJr

/ k
.kl :hf(iﬂ, y)v k‘Z:hf (fl"_i_év 7J+ é)a
h
k3=hf<-’L' tsutyg (k1+}”2)>7 ke =hf(z+h, y— ka + 2k;3),

2k
ks = hf (x SL v+ 27(7/< L+ 10ky + k4)) (2)

7 (28k1 — 125Ky + 546ks + 5dky — 378ks ))

h
k6=h,f<x+ LY+ —

1
Ay = E(kl + 4ks + k4)
C TJIABHBIM YJIECHIOM HO[‘peIHHOCTI/I
y(z + h) = z(h) = r + O(h®),

1
r= 336(42k1 + 224ks + 21ky — 162k5 — 125ks).

Ecnu nomoxurs y(zg+h) = z(h)+r, TO mOIyUMM METOH PACCMATPUBAEMOTO
TUNA CO 3HAYEHMEM S§ = ) W COOTBETCTBEHHO ITOTPEINHOCTHIO HA IIare MOpsiJKa
O(hY).

B onsolt pacnpocTpaHeHHON CTAHZAPTHOM IIpOrpaMMe VIIPABJIEHUC IHa-
rOM HHTETPHPOBAHHS OCYIIECTBJASETCS IO MEeTOAy, OJM3KOMY K TIOpH30H-
TanbHOR uponeaype u3 § 3.17. 3aiyanTcsi MepaMu IIOPPENIHOCTH Ha  IIa-
re g¢g u €1 < €y ¥ HEKOTOpbIM mapamerpom M > 0 nopsaka y. O6pra4HO
e1/e0 = 274, rme [ —nopsnok Benmummbl r 1o h; wacto Gepyr €)/eg = 2L
Ecm tn(h) = |r|/ max(M, |y,|) > €p, To mar npusHaercs CIMIKoM 060Jb-
HIMM ¥ JEJAeTCs TONBITKA, HHTErPUPOBAHMS, HAaYUHAsE ¢ TeX Xe 3Hade-
it (T, yn), ¢ BaBoe 6osee menkum marom (h/2). Ecam i, (k) < g, 10
JOCTUTHYTAasE TOYHOCTH WPHU3HALTCS Y/OBJIETBOpUTENbHON. B cinydae, Korga
e1 € Yn(h) € g0, creayromuii mar Gepercs paBHBIM h, a B ciydae, KO-
ria Pn(h) < 1, — pasubiM 2h. Takoli oTHOCHTENBLHO TPOCTOH crocob BHIOO-
Pa TEpPEeMeNHOro MIara WHTEPHPOBAHUS TACTO IO3BOJSET pPEIuTh 3ajady C
CYIIIECTBEHHO MeHBIIMMM 3aTpaTamu ppemend IBM mo cpasHenuio co ciayda-
€M WHTErPUPOBAHHS C ITOCTOSHHBIM mIArOM (IIpH TOH Ke TOYHOCTU pe3yJib-
TaTa).
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i

§ 4. OLleHKN NMOrperHoCT OAHONIATOBbIX METO/10B

PacCMOTPHM MHOXECTBO BCEBO3MOXKHBIX METOJOB HHTEIPHPOBAHHUS, TIJe IO-
CJIeIOBATEITBHO MOJIyHAlOTCs NPUOIIIKEHns Y K 3HadeHuaM y(1;), 2o < 21 <
...<zy =z9+X. Ilycrs B mpouecce MUCICHHOTO MHTerpupoBanusa k Qukcu-
poBaHO M IIPH J = k 3HaveHns y; ONPeIe/sIOTCS KaK 3HAYCHUS HEKOTOPOTO

JyHKOHOHANA
Yi = O(f5 Tjy ooy Tk Yimls - Yjmk)- (1)

Takoii cHocod YHCIEHHOTO HHTETPUPOBAHMS HA3BIBAIOT k-wazosum. Bcee mo-
CTPOEHHBIE BBIIIE CIIOCOOBI MHTErPUPOBANMS MMEIOT CJIeJyloniee obiiee CBOH-
¢TBO: IPHONMIKEHHOE 3HAYEHHE DEIleHUd B CICAYIONIEH TOVWKEe OIpeAesdioch
TOMBKO B 3aBHCUMOCTH OT 3HAMEHWS PEUICHHS B IPEIbIIYIIeil TOUKE, Cilefo-
BATEJILHO, pacueTrHble (OPMYIbLI, COOTBETCTBYIOIHE 3THM CHocobaM, IpeacTa~
puMbl B Buze (1) co 3magenmeMm k = 1. Takume MeTOmpl HAZBIBAIOTCS 00HO-
WA206DLMU.

PaccMOTpUM CHENMANbHBIA CIIOCOD TOAYyUIeHHsl OUEHKH MOTPEIIHOCTH, HPU-
MEHHMBIN JIMIIL K OJHOIIATOBBIM METOIAM.

Bamumem dopmyay (1) B Buze

Yj+1 = o(f, T Tj+1 — :Bj’yj)' @)

Honyuyaenmsbie B mpolecce peajbHBIX BHIYHCIEHUN NPUOIMXKEHHS K 3HAYEHHAM
y(z;) cBasanel He coorHOmEHMSMH (2), a HEKOTOPHIMH COOTHOLICHHAMHU

Y1 = O(fo ), Tju1 — 35, 95) + 41 ®)

Hamnune cnaraemoro d;41 obycioBeHo CJIenylONIEME [IPUYAHAMY:

1) OKpyryIeHHEM YHCEJ IIPU BBIYHCJICHUAX;

2) norpemHoCTIMH B 3HaYEHMSAX MpaBoil vacTu f(2,y); 3TH NMOrPEIIHOCTH
BBI3BAHBI TeM, YTO pacCMaTpuBaeMas Hamd (yHKua f(z,y) sSBagercs ue-
KOTOpBLIM NpuOIVKEHHEeM K TpaBofl 4JacTu peaybloro muddepeHnpaabHoro
ypaBHEHHs; KDOME TOrO, 3a4acTyi0 B NpOUecce BbIMUCIIEHHs 3HadeHuil f(z,y)
B OBM sta dyHKIusa npubImKaeTcs JAPYrHEMH (DYHKIUSMH, WTO BHOCHT [0-
HOJIHATENBHBIE [IOTPEITHOCTH TPH BBIYMCIEHHWS X 3HAUEHMH IIPABO# 4YaACTH;

3) B HEKOTOpBIX CJIydasX 3HAYEHHE ;i ONPEIENSEeTCs M3 ypPaBHEHHI,
3KBUBaJIEHTHOrO (1), HO He DPA3PENIEHHOrO B SBHOM BUAE OTHOCHTEILHO II€pe-
MEHHOH y/;41; TOrJA BEJUYHMHA ;41 CONEPMKUT COCTABJISIONLYIO, SBJISIOIIYIOCS
GIecTBUEM OPUOJMAKENHOrO PENICHUs ITOr0 ypPABHEHHSI.

Xors morpemHocTh ;4 BBI3BAHA HE TOJLKO OKDYIVIEHHEM, €€ 9acTo Ha-
SBIBAIOT GUHUCAUMEADHOT NOZPEIUHOCTILIO HA ULQZE. '

Touno Tak ke HavadbHOE yCIOBHME Yy OTIMUAETCS OT 3HAYEHHS OTBICKUBA-
€Moro permenust 3ayaun y(rg) HM3-3a MOTPELIHOCTH B OIPEMETEHUH HCXOJHBIX
MaHHbIXx w okpywreHuil. Ilycts y(z) —uckomoe pemenue auddepeHnuansHo-
To ypapmenusi, a y;(x) — peiieHus, yIOBIETBOPSIOIME YCIOBUAM Y;(T;) = Yj;
(puc. 8.4.1).
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A
Yn(x,)
Yua 3 yn_l(xn)
| Yo%)
A + ~
yl(xn)
Yo(x)
y/ y(xn)
—
yo(xo) /
y(x,)
) ) -
xo X1 o Xp-1 Xn
Puc. 8.4.1

Iorpewnocts Ry = yn(zn) — y(Zn,) MOXKHO HPEACTABATL B BUJE
R, = yn(:vn) - yO(-'Bn) + yO(an) - y(In) =

- i(y]’(fﬂn) - yj—.l(l'.,,l)> + (yo(wn) _ U(ﬂvn)). (4)
=1

Paznocts pemenuit gudpdepeHuMaIbHOTO yPABHEHUS] B OIHOW TOYKE MOXKET
OBITH BBHIPAXKEHA {epe3 HX DPA3HOCTh B JIPYTOH TOUKE CIIEAYIONUM IIyTEM.

JIemma. ITycmo Yi(z) u Yo(z) — pewenua dubdepenyuanvrozo ypasnenua y =

flz,y), ede f(x,y) — nenpepwenas u nenpepvisro Juddepenyupyemasn no nepe-
mennot y dynxyus. Toada

B
() - 1) = (Ya(e) - Vi) exp { [ (e i)
20e §(z) saxmoueno mencdy Yi(z) u Yo(z).

Hoxazameavcmeo. BrlaTtem gpyr w3 Apyra pPaBeHCTBA

Y2I = f(waYZ)v Yll = f(.’II,Yl)
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Cornacuo dopmyine Jlarpanxka passocts f(z,Ys)—f(z, Y1) moxer 6piTe npes-
crasiesa B BHue fy(z,y)(Yz2 —Y1), rae § sakmoueno mexay Y1 u Yz B pe-
gyabTaTe NOMY<HTCa JNuHEHHoe MuddepeHInaIbHOe yPaBHEHHE OTHOCHTENLHO
Y, — Yi

(Yo —=11) = fyle, ) (Y2 = 11). (5)
QyHKILIHUA

_ FaYale)) — fla V()
Yy(z) = Yi(z)

HENPEPBIBHA, IIOCKOJBKY YHCJIHTENb M 3HAMEHATE/Ib — HellpepbiBHbIe (DyHKIHH,
a 3HAMeHaTesJb OwindeH or uyis. VI3 (5) ciemyer yTBEpK/ISHHE JIEMMBIL.

[Mycte « = zj, f = zp, Y1(x) = yj—1(2), Yo(z) = y;(z); rorma BaieucTnue
JIEMMBI

yi{en) —yj-1(zn) = (yj(fb'j) = yj—l(xj)) exp {/:n fylz, §;(z)) dﬂf} :

roe §;(z) 3akmodeno mexuy y;-1(x) u y;(x).
TouyHo TakK ke

(o) = v(en) = (snlan) ~y(an))exp { [, i) ds |

Tenepp papeHcTBO (4) MOXKHO 3allUCAThH B BHJIE

R, = ij exp {/l/n fylz, ﬂj(w))da;} + Ry exp{/zn Fylz, 170(«’5))5137} , (6)
j=1 zj Jag

e wy = yi(z;) —yj-1(zs), 3 =1,...
W3 (3) BbITeKaer COOTHOLIEHHE

wj = yi(z;) —yj-1(x;) = p; + &y,
IIe
pi = ®(f, zj-1, 2 — zj_1, yj-1) — yj-1{z;).

HocMorpum, Kakoif CMBICT MMeET BeJMYHHA piy RUf, i1, 25 — -1, Yj—1)
€CTh UMCNIO, MOJYyYaeMOEe B PEe3yJbTaTe BBIUYHCJIEHHIE 10 pacueTHOH (opMysie
(2), Yj—1(z;) —3Ha4enme B TOYKe T; TOYHOro pemenus JudPepeHInagIbHOTO
YpaBHeHHs, yAOBIETBOPAIOWIETO YCIOBHIO Yj_1(Zj—1) = Yj—1. Takum obpasom,
Pj €CTb IOTPemHOCTL OJHOrO IIara PACCMATPUBAEMOrO0 METO/3, €CJIH BbIYU-
GIeHMsT HauMHAIOTCA C TOUKH (Zj_1, Yj—1) U HpOu3BOAATCH 6e3 OKpYyIJICHH,
& mar paBeH (Z; — ;-1). BeinmuuHa p; Ha3LIBaeTCS NOZPEWHOCMIBIO Mmemoda
Ha waze.

Hpeanosnoxum, 910 Opu BCeX j, COOTBETCTBYIOMMX PACCMATPHBAEMOMY OT-
Pe3ky wuuTerpupoBamums T( < zj € zo + X, BLIOOJHAETCd HEPaBEHCTBO

lpjl < Ci(z; — zj)** (7)
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Mycrs
L= sup |fyl<x
ToLTLTo+N
n
H= max (z; —z;_1).
og}dg)f\v(lj vj-1)
Barpybass (7), umeem
lpjl < CLH*(zj — z5-1). (8)

Ilpu zg < 25 < 25y < 7o + X CHpaBeaMBLI HEPABEHCTBA
T
exp {/ fy(x, gi(x)) dm} < exp{L(xy, —z;)} <exp{LX}.
7]

Bocrnonp3oBaBiinch 3TUMU HEPABEHCTBAMHU JJisl ONEHKH NIpaBoit gactu (6), mo-

JYTUM
T

\Rn| < exp{LX} | D (lp)l + 16;1) + | Rol
7=1

IlpuMmenum Tereps K HOpeAblAyNIeMy HEPaBEHCTBY OUeHKY (8), nosmy«dum
7L
Rl < exp{LX} Y (CYH (z; ~ zj-1) +16;1) + [Rol | < |
- ©
L exp{LX}C1H(zn — z0) + nd + |Ry]) <
< exp{LXHC1XH®+ No + |Ryl);
agech § = max |0;]. W3 sroro cooTHOmenuMs ciaegyeT, <ITO max _|R,] =0
7 o<y L2+ X
opu H — 0, ecsin oxsospemenno N — 0, |Rg| — 0. Takun obpaszom, opn
JOCTATOYHO MEJIKOM IITare WHTErPUPOBAHHS W MaJiOH BLIMYUCIHTEILHONR I10-
TPENIHOCTH [PUDIUKEHHOE PEUICHHE, MOJYIAeMOe UPH VIOTPeOIeHur MeToa
Pyure—Kyrra, Gim3ko K TOUHOMY DENICHMIO.

Hacro pemenuve qudppepeHnuaibHOre ypaBHeHNd OTBICKHBACTCA Ha O6ONb-
moM npomexyrke. Torna B MOAYUEHHBIE OUEHKH MOTPElINOCTH BXOMUT KaK
MHOXUTENb 04YeHb Oosbinoe wucio exp{LX}. Hpn LX Gombmom moxker oKa-
34TbCd, YTO JOCTUYKEHHME HYXKHON TOYHOCTH Tpedyer CTONL MeJKHX MIaroB U
CTOMb MAaJIO¥ BEJIWYWHB! BLIYHCIUTEILHON IOTDENIHOCTH Ha MIare, 1To HCIIONb
30BaHUE DPACCMATPUBAEMOro merona Oyier menenecoobpasuo. [Hosromy xapak-
TEPUCTUKA METOJOB IO NPHU3HAKY — CXOUUTCH JH IPHOJHKEHHoe penieHne K
TOYHOMY 1IDYW W3MEJBUEHUH I1ara ¥ [OPH JOCTATOYHO ObICTPOM YMEHBINEHUH
BBIYHCHUTEHHON MOTPEUIHOCTH WM HE CXOIMUTCS — IBJISETCI elle HeJI0cTaTod-
HOI1.

Ecam fy(z, y) < =6 <0, To B onenke (9) MOXHO u30aBATHCH OT MHOKH-
Tens, Pe3Ko pacTyulero ¢ ysesimdennem X. Pacemorpum ciygait 1MocTOSHHOTO
mara z; — ;-1 = h. Torma

P {/a‘cnfy(z7 g(‘ll")) dx} < eXp{-—b(:L-n - 1:])} < exp {—'b(I’L - ])h}
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Iycrb |wj] < Crh*t 4 8. Ouenusast npasyo wactb (6), monytaem

n

[l < Z<Clh5+l + 6) exp {—b( {—bnh}. (10)
Jj=1
HnmeeMm , N
(=b(n— )b} < S exp {—bhkh} = —
X;QXP 4 VLIS i = oxp {_bh} .
j= =

KM ()6 a30M, IIOJIYy49aeM OKOHYATEJILIIYIO OIIEHK IHOTPECUIIIOCTH
a D ’ ) .

Cihstl 46

T—oxp o]+ Folexp {=buhj}. an

|Ral <

[ockonbky 1~ exp {—bh} ~ |blh, To Bepua Gosee mpocras 110 BHIY OUEHKA
|Rp| < Co(h® ++6/h) + |Ro|exp {—bnh}. (12)

@opMabHO 3TA OUCHKA HE 3aBUCHT OT JJIMHBl HPOMEXKYTKA HHTEIDUPOBAHHHA
X, ooHako JJIMHA NPOMEXKYTKa HHTCTPHPOBAHUS MOXKET HEdBHO BJIHITH Ha
spavenue koaddurpmenta Cy uepe3 ONCHKHU ITPOU3BOMNBIX,

Hamnuwe owmenku (11), me yxymmamomeiics ¢ yBeJIUIEHHEM NPOMENKYT-
K& WHTErPUPOBAHUSA, MO3BOSIET HCIIONB30BATL TAKUE METOMLI JIJis OTBICKA-
HUsl, HANPUMED, YCTONTHBLIX pellenuil audpepeHInalbubIXx YpaBHEHUNR IIy-
TeM YCTAHOBJGHUI. HauunaeM <HCIEHHOE HHTEIPUPOBAHWE ¢ MPOU3BOJBLHLIX
HAYAJbHLIX JAHHBIX M C TEYTeHWEM BPEMEHY BLIXOAUM Ha YCTORUUBOC Pere-
HUE. DTOT MOpUEM UACTO yHOnoTPebNsieTcss NPU OTHICKAIIME YCTONUHBBIX ITDe-
JEIBHLIX [UKJIOB CHCTEM ODBLIKHOBENHBIX JA(P(PEePCHIHAILHLIX yPABHCHTH,

B cBasu ¢ mosyucnHO#l onenkoit (12) 1 BO3MOXKHIOCTBIO MOJYYCHIST Alla-
JIOTHYHON ONMEHKH JUIsl CAyvasl IHCHelnoro peieHus sajaan Komm Juis cu-
creMm U depeHHANBHBIX yPABHEHUE ¢ OLICTPO COMIKAIOUIMMHACH PeIICHHSI-
MU OJIHOINATOBBIE METOMBl HAXOMNAT UIHPOKOE NPUMEHCHUE B BBIYHCIHTEIBHOH
opakTuke. B 10 K¢ BpeMst MeToAbl, HJIs KOTOPLIX B IOMOOHOH CHTyauuu Mo-
IPEUTHOCTh PACTET HEOTPAHUIENHO, HPAKTUYUECKH HCIE3Td H3 yIoTpeOJIeH s .
3amernM, uTO B Cilyuae fy 2 0>0 B cooTBeTCTBUM ¢ yTBEepKIEHHEM JICMMBI
Delnenusl pacxoAstTCsl € SKCIOHEHIHAJNBHOH CKOPOCTLIO, M MOITOMY IOTPEILT-
HOCTL J11o6Goro MeTo/a JOMIKIHA HEOIPAHWYCHHO PacT# IPH &, — OO.

Apyrunm A0cTOMHCTBOM OJIIOIIATOBBIX METOAOB SABJLETCS YIODCTBO M3Mene-
HUI mara MHTETPHPOBAHUS H OQAHOTHIIHOCTL BLITHCICIIHH BO BCEX PaCUCTHDIX
Toukax (y KOHKYyPUDPYIOIUMX € HAMH METOHOB AJamMca U3MEHCHHe ara HH-
TerpupoBaHus M HAYAIO BBINUCHENUH HPOU3BOJSITCA € HOMOIULIO HEKOTOPLIX
tnenuansaeIx (POPMyJI, KOTOpPBIE MBI HE DPACCMATPHUBAEM H3-33 HX TPOMO3J-
KocTn).
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8§ 5. KoHeuHoO-pa3HOCTHBIE METObI

Cpenn k-miaroBelX MeTofOB Hanbomee yHOTPEOHTEIBHBI METOAbl MHTETPHPO-
BaHMs HA CeTKe C IIOCTOSHHBIM IIATOM &; — Zj_1 = h = const npm momouy
COOTHONIEHUHA BHIA

k k

§ AQ_iYn—q — h _S_ Fi(h’ Tpn—1, yn—i) =0, (1)

i=0 =0
rie a; — HocTosgHHble, F; —HekoTopwie (GyHKIUW, onpenensemble QyHKIUes
f(z, y). B cBoto ouepenb, Cpeau TAKMX METOLOB TPAJMIIMOHHO Hambosee yro-
TpebUTENbHBL METOMbI

k k
Z a_iYn—i — hZ b~ifi(-’£n-—i: yn—‘i) =0, (2)
2=0 i=0

KOTOpPBIE MDHHATO HA3BIBATL KOHEUYHO-DASHOCTHBMY MEMOJAMU AITH KOHEHO-
PASHOCTIHBLMY  CLEMAMU.

B meiumciauTesnsnoil mpakTmKe npuMensiiorcs ¢popmysnt (1), (2) co 3ma-
weHmsiME ag 7 0, by = 0 — sa6nve, WM sxempanossyuonHle, 1 HOPMYABLL C
ag # 0, by # 0 — neasHvie, UAN UHMEPNOAAYUOHHDLIE.

Qopmyasi (1), (2) mpu ag =0, by # 0, HasbIBaeMbIe Popmyaramu ¢ 3abeza-
Huem 8neped, PACCMATPUBATLCS He OyayT, MOCKOJAbKY OHM HE HANLIA PaCIpo-
CTPAHEHHS B BLIYHCJIIMTEILHONW IPAKTHKE H3-33 CJIOXKHOCTH MCIIOJIb30BAHMUA.
Tem He MeHee MX CieAyeT NPUHUMATL BO BUNMAHHWE TNIPU TPOBCICHUH Te-
OPETHYECKUX DaCCMOTPEHHN, TaK KAK OHH PACHIHPAIOT KJACC HCIOAb3YEMBIX
KOHEYHO-PA3HOCTHRIX cxeM. B pasbueitiiem npemnosaraerca, aro ag # 0. Ilpu
by # 0 ypaBuenme (2) MOXHO 3anHMCaTh B BHIE

by

Un = ©n (yn); ‘Pn(yn) = A, + h;(; (-'L'na yn)'

3aech
k k
Ap = aal - Z a_iYn—i+h Z b—if(-'rn—ia Yn—i)
=1 i=1

HEe 3aBUCUT OT Yp. DyAeM pemarh 3TO YPAaBHEHMe MeTOMOM IpPOCTOit uTe-
panmn:

k k
yn+1 = ¥n (yn)'

bo
Iockoneky ¢}, (y) = h— fy(zn, y), TO IpH JOCTATOYHO MAaJBIX h BHIIOIHEHO
ag

YCIOBHE CXKEMAEMOCTH OTOOpaXKeHHs ©n(y) M MOITOMY MTEpPAIMOHHbHA 1PO-
necc cxomurcea. Hawanenoe mnpubmmkenne y0 onpenenserca u3 Kakop-nubo
ABHOH (HOpMYIBI

] ]
Zaiiyn—i ~h Zbl_if(l‘n_i, yn—-i) =0, aé :/‘é 0.

=0 1=0
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/

Yucao UTepaluii Ha IIare OIPENessIeTcd U3 Pa3yMHOTO COOTHOIIEHHS Me-
KAy TPYJAOEMKOCTBIO HMTEPalMi W TOYHOCTLIO HOJYYAeMBIX B IIpONecce HTe-
parai npubIMKeHHi Tak Ke, Kak B crydae (opmyinsl (2.4), sBisomeics

qaCTHBIM clIydaem ¢dopmyiter (2).
[Ipocreiiune Meroasl Tuma (2) mHONyJaloTcs Ha OCHOBE KBAJPATYPHBIX

gopMyn. Beskasi KpanparypHas dopmyna

0 m
flz)dz =h> b_if(=ih)+r, m>0, (3)
—ph i=0

pae T — OCTATOYHBIA HJIEH, MOPOXKIAET COOTBETCTBYIOLLYIO (hOPMYJy HHCIEH-
HOr0 MHTErpHpOBAHUsI OOBLIKHOBEHHBIX MU (pepeHIMaNbHbIX ypaBHeHuil. [leii-
cTBATENIbHO, moacTtanisst B (3) coornomenwe f(z) = y'(z, + x), umeem

.0 m

) () dz = y(zn) — y(zn_p) = h Z b_i (i) + 7.
P i=0

Bamenssa y'(z) Ha f(z, y(z)) u orbpaceiBas 7, IOJyUHM
m
y(mn) - y(mn-—p) ~ hzb——if (mn—ia y('{[;n—i)>' (4)
i=0

COOTBeTCTByIOHJ,‘dH KOHEYIHO-PA3HOCTHAS CXeMa 3alluuieTrcd CJielyIonumM o6pa—
30M:

m
Yn — UYn—p — ILZ b—if(l‘nwiy yn—i) = 0.
=0
Hanpumep, dopmyne Tpanenwit

'/_1f(w) dx =~ g(f(O) + f(—h))

COOTBBTCTByeT HHTEePIOJMAIIHOHHAA (bOpI\/IyJIB,

h, .
Yn — Yn-1 = 5(.fu + fn-—l): (5)

bopmyne Cumncona

0

$(o)da = 5 (70) + 47 (-h) + 7(~28)

—2h

h .
" MHTepHONAIMOHHAL (POpMYyNa Yn —Yn_2 = §(fn +4fn_ 1+ fu_2); 3m€CH  fr@m =

fzm, Ym). KBaIpaTyproit dopmMyse NpsMOyronbHHUKOB, 3AIIMCAHHOH B BHJIE

0
f(z)dz ~ 2hf(z),
2h
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COOTBETCTBYET 3KCTPANOIANTAOHHAA d)opMyJIa
Yn — Yn—2 = 2hfn_1. (6)

Ecnn OCTATOYHBIH YIEeH KBagpaTypul  (3) OLICHUBAETCH uepes
D(q)max |f(@(z)]h9*!, To mnorpemmocrs pasemcrsa (4) Gyser onEHMBATBCH

qepes  D{g) max |y(9+D (z)|hot!.

B nacrosiiee BpeMs U3 KOHETHO-PA3HOCTHBIX METOIOB, KaK NPABUIO, YIIO-
TPeOAAIOTCA HA TPAKTHKE TOJBKO METOMbI, COOTBETCTBYIOMME p = 1: HX wHa-
3BIBAIOT Memodamis Adamca.

Jpyrue m3BectHbte MeTonbl Buaa (2) He BBLICDKAIH UCTLITAHHS Ha I1PaK-
THKE MO CICAYIONIMM TIPUYWHAM:

1) orcyTcTByeT CXOOUMOCTH [PH YMEUBIUCHHUU 1Iara (B UPCHIIOIONKEHUR OT-
CYTCTBHMA BBIMUCIHTEJbHOR TOTPEMIHOCTH) naxxke s GeckoHedHo auddepen-
nupyeMbIx npaBbix uacreit f(x, y);

2) mpu HAMAYHHE CXOMMMOCTH IPOMCXOIAMT SKCIOHGHIUAIBHLIN poct (¢ yBe-
JgmaeHneM X ) IOPPEINHOCTH B PACCMOTPEHHOM B IpeslaymieM laparpade
caydae, Korma f, < —b < 0

3) [s HEKOTOPBHIX CXEM HPH p > 1 BOBHUKAIOT JONOIHWTEIbHBE (MO CPaB-
HEHHIO €O ciIydaeMm p = 1) HeygobeTBa 1PN U3MEHEHHH I[Ara, NHTerpUupOBAHUL.

Henwe gopmysss Adamca 0OBMIO 3AMICHLIBAIOTCA B BHIC

m
i
Yn —Yn—-1 = hZ'Yiv fo—1,
=0
a HEAGHHIC — B BHIAEC
™m
= 7
Yn ~ Yn—-t = I Z'Yiv S
1==0

a3nech, Kak u B § 2.10,
i

Vifn = Z(—l)jcijfn__j.

j=0
Koaddumgenrsr 7v;, 4; BHUHCHAIOTCT 1O POPMYJIAM
i

%‘:/OIH(l—%)d% Yo =1,

k=1

1
;Yiz'Yi"’Yi—l:“/ -
0 %y

3agmaua 1. [Toxasars, d9To

1(1—%)du npu > 0.
1

s]’g’
.
)

i

const _ const
?

-~ - ——  [pH 1 —> OO.
v Ins ilni p
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o
§6. MeroJ HeonpeiereHHbIX k03pbHUIHEHTOB

O6nr9HO MeTompr AgaMca HCIONB3YIOTCs 10 cliemylouteii cxeme. Cnagadia
pBITHCISIETCH Hysiepoe npubsmxkenue no asHodl Qopmyne Anamca, u 3arem
[POM3BOAATCA 1-2 MTEpaluu HA OCHOBE HEsIBHOI dopmysb (¢ Tem xe 3ma-

qeHHeM ).

§ 6. MeTton HeonpenesJeHHbIX KO3DDUITMEeHTOB

Jlnst mocTpoeHus HOpMyJI UHMCIEHHOTO HHTETPUPOBAHUSA MOXKIIO TAKXKE HC-
[OJIL30BATH METOJ, HEeOUPeJeSeHHbIX KOI(MDUIHEHTOB. 3aMEeHUM TPOU3BOIHYIO
y'(zn) ¥ 3uaveHne flxy, y(zy)) HEKOTOPHIME BLIPAXKEHUAMUI

k
(T
:UI(-'L'n) ~ Z ___l;/_g_”_)’ (1)

3 h
1=0

f(;r:n, y(:vn)) ~ ib_i f(xn_i, y(:z:n_i)) (2)
=0

(mpemmosaraercst, 4To a_; u b_; He 3aBucar or h). Orcloma momyuaem npu-
OJIMKEHHOE PABEHETBO

i _ii(_j_’l___’__ ~ Zbﬂf(zn_l, y(cr,_l)) (3)

1=0

EMy COOTBETCTBYCT KOHCTHO-PA3HOCTIIaA CXeMa

k
. Zg:i;*:n;z'zb—lfn—z—o (4)

i=0

Benuunna

b a (z

71—-1
T'n = E b_if ('Ln,—u (-Tn—L))

3==0
HA3BIBAETCA NOZPEUWHOCTILIO ANNPOKCUMAUUY UCTOOH020 JuPdepentuarbrozo
Ypasrenua cremoti (4).
Onpenenenne. Pasnocmmuas crema annpoxcumupyem uddepenyuasvhyo Ha

ompesxe [zg, o + X], ecau

— 0 h
Irll =, _max  lral >0 npu b0,

Bcenomunas, gro f(xn_i, y(:cn_i)) =y (Tn_s) B Tp_; = T, — th, HoAyIUM

k
Ty = Z—-zy—(—— Zb i (zn — ih).

=0
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IlpenmonoxkuM, 9TO BCe NIPOM3BOMHBIE DEIIEHHS JI0 MOPSAAKA ¢ OTPAHHYUEHDI:
Iy(p) NW<SM,<oo mpu zg<z<zo+X, p=0,...,q

IIpexcraBuM Bce Bemu<uubl y(z, —th) u y'(zn —th) ¢ nomomen GopmMysn
Tefinmopa ciaeayiomuM o6pa3om:

Kk (—ih)P
y(zn —ih) =Y _y¥(z,) ot ;,
p=0
Ci (—ih)P~
Y (zn —ih) =Y oy (z )—————— ’,

p=1

IZie COIVIACHO OIIEHKE OCTATOYHOrO wieHa psima Teisopa mmeem
Bl < My(ih)?/q!, Il < M(iR)T™! /(g — 1)

IMoactaBuM Bouipakenust y(z, —th) u y'(z, — th) B upaBylo 4acrb IpejcTa-
BIEHAA T, ¥ cobepeM ko3 (pPUIMEHTH PR y(p)(:nn). Hosmy~im

= Eph~ y( 71) + EIJ (l'n) e+ Eq—lhq_zy(q—l)(l'n) + &n; (5)
3JIECh .
EU = Za—ia
=0
k k
a_i(—)P boi(—)P!
E, = - , > 0, 6)
? ; p! ;0 p-nr > F (
k a i k
=D Tt T b = O
=0 =0
Nnmeem
len] < DyM A,
rIe

k ) k .
74 74—1

= a_; — + b-i —_—,

2 Mol g+ D bl oy

Kax mpasuno, npoussoist Gostee aKKypaTHYIO OICHKY, MOXXHO yMEHBIIATD
snadenne D, B oneske |e,|. Eam Ey = -+ = Ep, =0, 0 ¢, = O(W™)
TOBOPSIT, uTO cxema (4) umeer m-i nopadox annpoxcumayuu. Bceakas cxeMa
M-T0 NOPASKa AMMNPOKCUMAIIHH SIBIISIETCA CXEMOM ¢-r0 NOPSAKA AIIIPOKCHMA-
muu opu ¢ < m. BEam Ey =-.- = E, =0, a Epy # 0, 10 ropopsaT, 4TO
NOPAJOK ANNPOKCUMOYUY CTPO20 PABEH T1L.
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Corsacro (1), (2) s moboit riaaxoit y(xr) vMMeeM COOTHOLIEHWS

* a_iy(z —ih)

> =y

- ™
; i (@ =ik, y(z —ih)) = fla, .
’ILI_IR) 2. b f(z ih, y(z —1 z)) f(.'L y(:c))

Jemma. Coommnowenus (7) swnosnenst mozda u moavko mozda, xk020a

Ey=E,=0, b+ ---+b_=1. (8)

Jlorasameavcmeo. Cormacuo ¢opmyne Teitnopa mmeem

y(z —ih) = y(z) — ily'(z) + O(h?),

fz—1h, y(z —ih)) = f(w, y(.’L‘)) + O(h).
IMoacTapJsisd 3TH COOTHOIMCHHS JJIS JIEBBIX wacTeir B (7), mosydum

k k
lim (Z a_zy(ar)) + Za—i(—é)y/(-’li) + O(R) | = y'(2),

h—0 h
- i=0 i=0

k

tiy ( (Y0 ) £, ) + 000 | = 112, v(o)
=0

,H.Hﬂ CIIpaBedJINBOCTHA 3TUX COOTHOIIEHUH HeO6XO,[LHl\dO " J0CTATOYMHO BBIIIOJI-

HEHHd YCIOBHHI &

k k
) Za_i = 0, —Zia_i = 1, Zb,i =1.
2=0 1=0

=0

JleBasi wacTh TEpPBOro M3 ITHX PaBEHCTB paBHa Ey, pa3sHOCTL JIEBBIX YacTeit
BTOpOoro u rtpervero pasHa F|. OTciona cienyer COpaBeJIMBOCTD YTBEPXKJE-
HHSA JIEMMEL.

Ypasuenus Eg = --- = E,, =0 06pa3yloT OZHOPOAHYIO CHCTEMY JIMHEHHBIX
arebpamyeckux ypaBHEHUH OTHOCATENLHO 2k + 2 Heu3BeCTHHIX. Beld 9HcIo
HEeU3BeCTHHIX Oosible YMCiIa ypasHenwi, T.€. 2k+2 > m+1 (wmm, uro To xe
camoe, 2k > m), TO 3TA CHCTEMa HUMEET HEHYJIEBOE perieHne. MoXHO ToKa-
3aTh, yro mpu 2k = m 3Ta CHCTEMa MMEET ONHOTAPAMETPHYECKOE CEMEHCTBO
HEeHyIeBBIX peIleHHHi

a_; = cagi, b_; = cb(li,

k
opudyem w = E b2, # 0. Bubupas ¢ = w™!, nomyunM pasHOCTHYIO CXeMy
=0

2k-ro mopsaka annpoxcumamm. MHOrIa BO3HUKAET HEOGXOAUMOCTH TIOCTDOUTE
fBHy10 cxemy (bp = 0). Pemasn cucremy ypasmemmit by = 0, By = -+ =
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k
Fs._1 = 0 u Boibupasi pemeHue c g b_; = 1, momyuaem cxemy (2k — 1)-ro
MOPAJIKa, ANPOKCHMAIIHH. =0

IIpumepsi. Ilpu &k = 2 obiiee pemenue cucTeMbl ypaBHeHmWdA Ejy = .- =
C
37
Uz ycnosus (8) mosywaem ¢ = 1/2; pacuernas cxema MMeeT Bul
QP—T;L/E:‘% - (éfn + ‘i‘fn—l + éfn—2) =0.

3aMeTHM, UTO BBINIE 3Ta cxema Oblta mosyveHa u3 (gpopmysisl CHMIICOHS.
Ecnn norpeboBarh BbIOHeHMst paBeHCTB by = Fg = By = By = Ey =

0, To momyuuMm cxemy
Yn + AYn—1 — SYn—2

6h

E; =0 mveer Bum a9 =c¢, a_1 =0, a_y = —¢, bg = b_y =

«

4
[)4 = SC'

~ (34 3h2) =0 9)

OTmeruM ciiemyioniee obCTOATENLCTBO. KCau paBeHcTBa

k
Y (o) w3 L) (10)

h
1=0

P .
f($n’ y(zn)) ~ Zb—if(l'n—i) y(l"u,—i)) (11)

i=

BBIIIOJIHAIOTCS ¢ TOYMHOCTBIO 10 wieHos nopsaaka O(R™), To Bemumuuna 74,
paBHasg PA3HOCTU NOrPEHIHOCTEH ITUX COOTHOMmMEHHH, mmeer nopagoxk O(h™)
H, crenosaTelnHo, cormacno (3) Fy = = E, = 0. Oquako s BLIIOJHE-
uusi yenosust v, = O(h™) me ofgsarespno TpeboBaTb, UTOGLI IIOrPEIIHOCTH
npubmkenusix coorsomenuit (10), (11) umesnu nopsaox O(h™). Hanpumep,
JUtst Tociemueit cxeMel 1, = O(h?), B TO BpeMsl KakK IIOIPENIHOCTH COOTHO-
menuii (10) mopsaaka O(h).

Kpome mocTpoeHHBIX BBIUIE MeTOA0B THIA Pynre—Kyrra n KomeuHo-pa3sHOCTHBIX
METOJOB CJIellyeT OTMeTHThL I'DYIIY METOJ0B, I'ie IPH HaXOXKIeHUH KarkJ0I'o HOBO-
IO 3HATEHHU Y, NUCIOIb3YeTCA HECKOJALKO NpeInecTBYIOMNX 3HaYeHull y,_;, KaK B
KOHEYHO-PA3HOCTHBIX METOIaX, HO B TO K€ BpeMsd Ha KayKJOM LIare IpOU3BOJATCA
HECKOJIBKO BBIMHCIEHUH OPaBOi 4acTH, KaK B MeTonax Pynre—Kyrra.

Ilpumep MeToma 3TOH IPYIIIBL:
h
Yn—1/2 = Yn-2 + g(gfn—l +3fn_2),

1 h
y}z = —(28yn—1 — 23yn_2) + ’1’5(32fn—1/2 —60fn_1 — 26fn—2),

5
1 h 1
Yn = 5(32?/71—1 ~ Yn—2) + 55(64fn—1/2 +15f, +12fp1 — fn-2),

norpemnocTs Ha mare nopagka O(h%); smecw f = f(zpm, yk,).
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§ 7. Uccnenopanue CBOICTB KOHEYHO-PA3HOCTHBIX
METO/[0OB Ha MOIeJIbHBIX 3a/Ja4ax

[Tocjle KOHCTPYMPOBAHHA HOBOIO METOJA DENICHHd 3aJavl, HAOPHMEP MeTo-
na pewenus AuddepeHIuaNbHBIX ypaBHEHHH, HeJ1eco0bpa3Ho, npexne deMm
QHCATH IIPOTPAMMY, HOCMOTDETh, KakK OymerT paborarn 3TOT MeTON Ha IIPO-
CTEHINX MOAENBHEIX 33Ja4YaX, Ie TOUHOE ¥ MPUOINIKEeHHOe DEIeHHs] BhI-
qUCJISIIOTCS B SIBHOM BHje. Heanm Aas TakoH 3a1add METOJ, JlaeT HeyJaoBJie-
TBOPUTEJIBHBI DPe3yJaLTaT, TO OT NPHMEHCHHS 3TOTO MeTOla, CKopee BCero,
CTOUT OTKa3aTLCH.

YacTo MepBOHAYAIBHO KOHCTPYHMpPYETCA HE OJUH MEeTOM, & HEeKOTOpoe ce-
MEHCTBO METOIOB, 3aBHCAMUX OT OJHONO IJIM HECKOJILKHX napaMerpos. Hs-
y4eHMe MONENBHOTO IIPHMepa MOXeT ITO3BOJIMTL CPABHUTL 3TH METOIbI H BhI-
fpaTh ONTHMAaJIbHBlE 3HaUeHHs mapaMmeTpon. Ha mpumepe perraemoit B aBHOM
BHIE 3aJa9M MOXKHO TIOHATH PEAJIbHYI0 CUTYAIIMI0, BO3HHKAIOUIYI) IIPU pea-
JIN3AIHH  METOJA.

Takoit mogaxon wacto Gojiee TPEANIOTTHTENEH, YeM TOAPOBHOE TeopeTHde-
CKOE HCCIIEIOBAHNE, MOCKOILKY JaeT OONLIION BLEIMI'DEHIII IO BPEMEHH.

U3 dopmynnl (6.4) MOKHO HAXOOUTL 3HATEHUE Y, €CJIH H3BECTHLI 3HAUE-
HOA Yn_ky, --+,Yn—1; TIOITOMY, UTOOBI HAUATh BRIUMCIEHHS, HYXXKHO 3HATh ¥;
B Kk HAYAIBHBIX TOYKAX Y0,Yl,---, Yp_1. OHE MOPYT OBITH Hal/IEHL KAKUM-
mubo obpazoM 3apanee, Hanpumep ¢ nomonisio ¢gopmynbl Tednopa umu me-
TogoMm Pynre—Kyrra.

Paccmorpum Bompoc O TOM, HACKOJBKO BJIMAIOT [OTPEHIHOCTH B HAYAJIH-
HEIX JAHHBIX PA3HOCTHOH 34Ja9U Yo, Yl,---, Yk—1 HA €€ pEelleHHe.

Iycre ys (s = 1, 2) — pewieHus: pa3nocTHOH 33041

k . k
E a_iYn—i —h E boif (Tn—iy Yn—i) =0 (1)
i=0 =0

IPH Ha9aJbHBIX JAHHBIX Y{,..., Y4_; coorBercrpeHHo. Ha ocuosammu (op-

Mysnpr Jlarpamxka umeem
2 9
f(xma '!/m) - f(*"f'mv Uyln) = lpEm;

_ _ _ 1 2 .2 1
30eCh by = fuTm, Tm), Gm JTEKAT MEXKLY Yy ¥ Yo Em = Y2 — Y-

Brrurem wm3 coormomenus (1) npu s =2 TO Xe COOTHOIIEHHME IIPH 5 = 1.
Honyqum ypasmenme OTHOCHTENBHO PA3HOCTH €p:

k

Z(a_i - hb—iln—i)5n~i = (. (2)

=0

Oka3zmiBaercs, YTO JOBOMBHO CyINECTBEHHYIO HHMOPMAIMIO O IHOBEJCHHUH
HOrpentHocT MOXKHO MOJIYYATH, paccMarpuBas mpocreiimee gudpdepeniuann-



384 I'masa 8. Uucnennsle MeTOOb! pemieHus 3a1a4u Kommn

Hoe ypaBHende y = 0. B stom ciyuyae (2) mpespamiaercs B ypaBHEHHE ¢
IIOCTOAHHBIME KO3 hUITHEeHTAMH

k
Z a-ien—i = 0. (3)
=0

CoOTBETCTBYIONMIEE XAPAKTEPUCTUIECKOE YPABHEHWE WUMEET BHJ,

k
— k—i _

Fy(p) = E a_ip~ b =0. (4)

=0
IIycTte gy —MaKCMMAaJIBHBIM [0 MOJYJII0O U3 KOpPHEH 3Toro ypaBHenus. Ilo-
ckonbky Fy = Fy(l), to ycnosme Ep = (0 DaBHOCHABHO TOMY, 4TO i = 1
spnsiercst kopreM (4). Iostomy |u1] > 1. Cerounas ¢yuxuus e, = const - u?

ABJIAETCA DeurenueM ypasHeHus (4).
a2l

IIycrs p; BemecTseHHO. PaccMOTpHM CHTyanuio, KOTHA £ = Y — Yp =
Spn R |ui] > 1. PasmocTs Mewjly 3HAUEHHSIME DeIleHHE Y. w y2 B Ha-
YaJNBHBIX TOYKAX HE IIPEBOCXOMUT §, B TO BpPEMd KaK

. X/h—k+1
max |en] = ol
nh<X
9KCIIOHEHIUAJIBHO DPAacTeT ¢ poctoM dvucia uraros N = X/h.

Takum o6pa3oM, B wiIydae fy = max |u;| > 1 Majble BO3MYILIEHUST HAYAJIL-
HBIX JAHHBIX MOTYT IPHUBOJAUTH K KATACTPO(HUYECKOMY BO3MYIIEHHIO PEUICHUS
yXe Npd He OYeHb OOJIBIIOM YHCIE INATOB.

.o _ n—k+1

IIycte p1 HeBemecTBeHHO; ceTouHble QyHKIHH €,1 = Re(dy) )
U e,2 = Im ((5;1{‘_1‘“) Oyxyr pemenusimu ypasHenus (3). ITlockonbky

max{lal, [yl} > |z + iyl/VZ, 10

o { s fenl g enal} > ol VR
nh<X nh< X V2

Takum 06pasoM, W B Cllydae (] HEBEWECTBEHHOTO, |u1| > 1, pemenue ypas-
Heuus (1) MOXET CHIIBHO WMCKABUTHCI NPH MAJOM BO3MYIIECHWM HAYAJILHBIX
JIAHHBIX.

Paccmorpum cnygail, xorga nce KOpPHU ypasHenus (4) He MPEBOCXONAT IO
Mogymo 1, HO cpenu KODHEH, MO MOJYJIO PABHBIX 1, €CTh P-KPATHBIA KOPEHb
1, |pil =1, p > 1. g upocToThl HPOBEJEM HOCTPOEHUS Ui CJIydast fil

p—1
_ n
semtectseHHoro. CerouHas byHKuud e, = dul kel <k———1) COOTBETCTBY-

€T BO3MYWIEHHIO HAYAJbHBIX JNAHHBIX Yg,..., Ypr—1 He Oosilee yeM Ha 0, B TO
BpeMs KaK B KOHIlE OTPe3Ka BO3MylleHHe mmeer mopamok &(X/h)P~L.
Tako# cremeHHO# (IO OTHOIIEHHIO K YHCIY Y3JI0B) DOCT BJIHSHHSA BO3MY-
IIEeHAs HAYAIbHBIX JAHHBIX HHOTJA ABJIAeTCs nomnyctuMbiM. OgHako Ha IpH-
Mepe MOJIEJIBHOTO ypaBHenus Yy = My MOXHO NOKa3aTh, 4TO B clyuae p-
KPATHOTO KOPDHA HA I'PaHUIE €IHHHIHOTO KPYTa BO3MYINEHHE HCXOINHBIX IAH-
HBIX CKa3bIBaeTcsa Oosiee cylmecTBeHHbIM ofbpasom. Ilpm f(z, y) = My Bce
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ln = M u ypasrenne (3) OTHOCHTENBHO £, SBJIACTCS JIMHEHHDIM PASHOCTHBIM

aABHEHHEM
yP .

Z(a_l- — Mhb_i)En_i = 0.
1=0

COOTBGTCTByIOIH.ee XAPAKTEPUCTUIECKOE YpaBHEHHNE HWMEET BH/

k

Z(a_i — Mhb_;)uF~ = 0. (5)
=0
HaJioxXxuM OTpaHH4eHHe

k
D b £ 0.
1=0

B npoTHBHOM CiIyvae Pa3sHOCTHOE ypaBHenne (1) 3anuchiBaeTcs B BHIE

k-1 k-1
(Zc—iyn—i - hzd—if(wn——iy yn—i)) -
=0 1=0
<Zc_,yn 1— i"‘hzd—zf Tpn—i—1y Yn—i— 1)) =0.

1=0

PaccMmorpenne Taxux ypaBHEHUIT HE OPEJICTABASAET UHTEPECA, IOCKOILKY PElIeHe
6oJiee 1IPOCTOrO ypaBHEHUS

ZC iYn—i ]’Zd_Lf .Ln is Yn— Z):O

=0

TAKOKEe OKA3BIBAETCHA DENIeHHeM ypaBHeHH: (5).
Ipenmonoxum Taxxke, 9to ag # 0. Cnpasemiusa

Teopema (6e3 moxaszarenscrsa). 1. Ecau p > 2, mo cpedu kopret ypasHerus
(5) ecmv mopens, yoosaemeoparouuil Hepasenemey

|,u1(MH)| > exp{cthll/p}, c>0.

2. Ecau p = 2, mo uau npu M > 0, uau npu M < 0 cpedu xopneti ypasHenus
(5) ecmov wopenw, ydossemaopaowul Hepasencmsy

],ul(Mh exp{cth]l/p}

) Takum obpaszom, mpu p > 2 mim ypasmennio y' = +|M|y, wnin ypasrennio
¥ = —|M|y cooTBeTcTBYeT pPOCT BO3MYIIEHHS pPEUICHHS B

~ exp{cthP/p—';i} = exp{c[Mll/thl/p‘l} pas.
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Bosmymeune peurenusi pacrer Obicrpee J0OOH CTENeHH YHCIA [IATOB; TAKO
POCT BO3MYINEHHA VXK€ TIPH HeDOJBIIOM UHCIE IIATOB TAKXKE SBJSIETCS He-
JOTIYCTHMBIM.

B ¢Bsa3¥ €O CKA3AHHBIM IHPAKTHYECKHd MPUTOAHBLIME MOTYT OKA3BLIBATLCS
JMIUL CXeMbl, YJOBJETBODSIONIUE CIEAYIONIEMY YCAOGUIO (x: 68CE KOPHU Tapaik-
mepucmuneckozo ypasrenus (4) sencam 6 eQUHUNHOM KDY2e U HA 2panuye edu-
HUMHOZ0 KPY2a Hem KPAMHKL KOpHel.

Moskuo Obiio 6bF HOZyMaTh, UTO BCE JEJNO TOJABKO B OKDYIVICHHSX M TI0-
IPENTHOCTAX MCXONHBIX NAHHBEIX: ecIM Obl X ne OplIO, TO, MOXKeT ObITh, pe-
IIeHHe KOHEYHO-PAa3HOCTHOU 3ajaud cxommioch Obl kK pemennio guddepen-
uupasisroit?! Ha camom Jieste juisi ro00# PAa3sHOCTHOH CXEMbl, HE YAOBJIETRO-
psionIeil yCJIOBMIO (v, MOXKHO ITOCTPOHTL IpHMep I pepeHupabHOrO ypas-
HeHus ¢ GeckoneuHo auddpdepeHITUPYeMOil MpaBOil HACTHIO, AN KOTOPOrO H
[IpH OTCYTCTBUM OKDYIVIEHHH M MOTPENTHOCTEH B HCXOMHBIX IOAHHBIX PelleHue
KOHEYHO-DA3HOCTHOH 33/la4M HE CTPEMHUTCH K perieHuio audypepenrmaIbHoml
Np¥ HM3MEeJIbIEHUH IHara.

Ha mepBriit B3misii MOXET IHOKA3ATHCS 1EJ1eCOOOPA3HBIM CTPOUTL CXEMEBI C
BO3MOXKHO OOJIBIIMM IOpsSAKOM amiapokcnmauuu m (Ey = --- = E,, = 0). Og-
HAKO OKa3bIBAETCSI, UTO BCE CXeMbl ¢ OOJBITUM m He yJIOBJETBOPAIOT YCIO-
BHIO Q. '

Teopema (6e3 gokazarenscrBa). B caywasaz: a) cxema (6.4) asnas, m > k; 6)
crema (6.4) neasnan, k newemno, m > k+1; B) cxema (6.4) neasnaa, k uemno,
m > k+2, cpedu xopHel Tapaxmepucmuueckozo ypasrenus (4) umeemes Kopenn,
no modymo boavuwud 1.

Janee Oymer mOKa3aHO, YTO NPH HEKOTOPBHIX JONOJHHUTENBHBIX YCJIOBHIX
Ha NOTPENTHOCTH HAYAJBHBIX JANHBIX PAa3HOCTHON 3a3a9YH M BBINUCJIHTESH-
HYI0 HOIDEIIHOCTH IIPM BBITOJHEHHH YCJIOBHS (¢ PEIIeHHe DPA3NOCTHOW 3aJadn
(1) cxomurcs k pemenuio nuddepeHunanbHOR 3anauK. ByneT npuBemneHo Bbi-
pa)KEHHE IVIABHOI'O wWieHAa TMOIrPEIIHOCTH, M3 KOTOPOro BHIHO, UTO IJIABHBHA
4yeH BeleT cebsi NPUMEPHO OJUHAKOBO IJis BCEX DPA3HOCTHBIX CXEM OLHOTO H
TOr0 K€ MOPSJAKA TOUHOCTH, YAOBIETBOPSIONIUX YyWIOBHIO «. (QOHAaKO 3TO HE
03HaAET, YTO HA NPAKTHKE OHHU SIBASIOTCA NPUMEPHO 3KBHUBAJICHTHBIMH.

PaccMmorpuM moBesieHMe DeIIeHUH MBYX PA3HOCTHBIX CXEM BTOPOro NOPIIKA
ATNPOKCHUMAITAN:

Yn — Yn—1 _ f(zna yn) + f(In—ly yn—l) (6)
h 2 '

Un — -

_../n_2_gn_2 = f(zn—l, yn—l) (7)

Ha IpuMepe MojenbHoro ypasHenud y' = My, M = const. PasnocTable cxeMbl
(6), (7) MOPOXIAIOT KOHEYHO-PAZHOCTHLIE yDABHEHWS

Yn(l — Mh/2) —yn—1(1 + Mh/2) =0,
UYn — 2Mhyn_1 — Yn—2 = 0.
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B mepBOM Cllydae pemleHHE yPaBHEHMs JUIsl TNOTPEIIHOCTH MMEEeT BHUJ

1+ Mh/2\"
P YT £0;
1— Mh/2

n —

Jro pemenue pacrer mpu M > 0. DTo eCTECTBEHHO, MOCKONbKY Juia judde-
peHuua.anoﬁ 3aJa4M DPAa3HOCTH JByX pelleHuii €(x) ¢ PA3JIUYHBIMH HAYANb-
HEIMH YCJIOBHSIMH 3aIHCHIBAETCA B BHJIE

&(zn) = exp {M(zy, — zo)}e(wo)

a Takke pacter mpu M > 0. Ilpg M < 0 xKak &,, Tak u &(z,) yObBa-
jor. PellleHne BTODOTO YPaBHEHHS HMeeT BUZ, Cip) + Copty, TAE iy H fio —
KOPHM XapaKTEePHCTHYECKOTO ypaBHeHHs pp — 2Mhpy —1 = 0, Te. py o =
Mh)?
Mh £+ /1+ (Mh)2. Umeem p3 = Mh+ /14 (Mh)?2 =1+ Mh+ (——2—) +
O((Mh)?) = exp {Mh(1 + O(Mh))}. Buece u manee Mbl momb3yemcs Hop-
mysioit Teitiopa 146 = 1+ % + O(e?). Otcrona crefyer papencTBo u} =

exp {Mnh(1+ O(Mh)?)}. Taxum ob6pazoM, claraeMoe cjf} COOTBETCTBYET pe-
MEHUI0 PA3HOCTHOTO ypaBHEHHsI, BeAylleMy cebs KadeCTBEHHO TaK Ke, Kak
pemenue nudPepPeHIMAIIBHOIO YPAaBHEHHs. AHAJOTHYHLIM 06pa30M IOIyTIaeM

21,2
tp = Mh — /15 M2h2 = —1+ Mh — M—Qh— +O((Mn)?) =
— — exp{~Mh(1 + O(MR))}.

Umeem p = (—1)" exp{—Mnh(1+ O(Mh))}; ciraraemoe p} Bener cebst kKade-
CTBEHHO WHAye, YeM pelmieHue JudpepeHnuanipbHOr0 ypaBHeHust, M, TITO OCO-
BeHHO cylecTBEHHO, 0HO go3pacmaesn 1o Mmodyaro npu M < 0, ¢ mo epems xaw
mouHoe peusenue yoveaem. Paccyxmas Tak 2Ke, KaK BBIIIE, 3aKJIIOYAEM, UTO
BLIYMCIUTE/IbHAS TIOTPEIIHOCTh MOXET HMCKA3UTHh PEIeHHe Ha BEJHYHHY IIO-
paaka ¢ exp{—Mnh(l + O(Mh))}. Tlpu M <0 u 6ossiom 3HadeHuu |Mnh|
9Ta BEJIMYKMHA MOXET OKa3aThCd HEOOMyCTHMO OoubInoif, ocobeHHo mna domne
ybriBamomero pemenus eM(@-0),

IMockonpKy pacMaTpuBaeMbIi MeTOi JaeT HeydOBJIETBOPUTEIbHBIN pe3yJib-
TaT ajd Takoi IpocTelnieid MOAeAbHOR 33Javu, €ro BPAM JIM MOXHO PEKO-
MEHIOBATH JJId WIMPOKOTO ymoTpebienus, Tem 6ojee B CTAHJAPTHBIX IHPO-
paMMax YHMCIEHHOTO HMHTEIPHPOBAHHA JU(PPepEeHIUalbHbIX YDPABHEHHMIA.

Mb1 orbpakoBasu BTOpoi#l MeTon Ha IpuMepe 3amaud, tne M < 0 u Be-
mwanna deM®l memomycrumo Gonmpmas. B mocienmme COPOK JIET B TIPHJIO-
*KEHUSAX YaCTO CTAJIM BCTPEYATHCH 3aJaUd C PE3KHMM [EePEeXONHBIMH MPOIEC-
CaMm, rie pelleHHe CYIIECTBEHHO MEHSAETCA Ha MAJOM IMPOMEXYTKE BpeMe-
Hu. Tunuunoit MojenbHOM 3amavell sBisieTca 3agadva Komm s ypaBHEHHS
Y = My, M < 0, roe BesmumHa |M|X HaCTONBKO BeJIMKa, UTO YHCJIO INa-
ros nopsaka |M|X ssaserca HemomycTuMbiM. Eciim 0pu pa3yMHOM €HCIE
maros nmo BpeMmeHu |M|h > 1, TO ucnoNb30BaHHE NTEPBOH U3 PACCMATPHBA-
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eMBLIX PA3HOCTHBIX CXE€M TAaKXXe MOKeT IIPHBECTH K HEYJOBJIETBOPUTENbLHBIM
pesyabraTam. Jlns 3TOil cxeMbl ¥WMeeM

1+ MR2 L42/(MB) 4 1
M=T"0n2 T iy 2/(Mh) exp{Mh +0o <(Mh)2)}'

Taxum 06pa30M, pelleHHe DPA3ZHOCTHOIO YPABHEHHS HMEET BU/L

yn = (—1)" exp { <T;7§ +0 <(—M—1]7)—2>) n}yo =
= 0o (0 () ) oo =20 o

M CYWECTBEHHO OTJIWYAETCH OT TOTHOro peiueHus madyepenuumannuoil 3ana-
an y(z,) = yoeME—%0)  manpumep, npu [M|h? > 1 (peurenue pasHOCTHOTO
ypaBHeHHUsI IO MOAYJI0 OiH3KO K 1, a pemenue gudpdepeRuuagLHoro ypas-
HEHAA MAJo).

B kadecrBe WTOra HPOBOOUMOTO BBHIIE AHAIW33, CBOHCTB NEPBOTO METO-
Ja MOMHO 3aKJIOYUTH, 9YTO ITOT METOJ NPUMEHMM JUUIS pellelus! JOBOJb-
HO UIMPOKOTO KPYra 3amad. B TO e BpeMs CYIIECTBYIOT OIpeeSieHHbIe TH-
Ibl 33J1a4, Ha3bIBaeMble ocecmiumuy (Mogenupyemble ciysaem M < 0, |M|X
OYEHb BEJINKO), B KOTOPBIX K TPUMEHEHHIO 3TOTO METOIA HYKHO OTHECTHUCDH
C ONPENESEHHONH OCTOPOXKHOCTHIO. lg peimenust TaKux 3a7a9 pa3pabOTaHmH
crennasbibe MeToanl (eM. § 9).

§ 8. OumeHka HOrpenIrHocTu
KOHEYHO-PAa3HOCTHBIX METO/IOB

IIponzseseM OLEHKY HOrPEHIHOCTH NPUOIMKEHHBIX PelleHuil, KOTOpBIE MOy-
YaloTCsl PH HCIOJIH30BAHWH KOHETHO-PA3HOCTHBIX MeToaoB suaa (5.2), yuo-
BJIETBOPSIIOUIMX YCJIOBUIO v. IlosywgaeMmeple B Ipomecce PeasbHBIX BBITHCICHHH
BeJIMYUHLL Yp, ABJISIONMECs NUPHOIMKEHUIME K 3HaucHUsM y(p), CBA3AHBI
Ha CaMOM Jiesie He cooTHowmenweM (5.2), a COOTHOLIEHUEM

k k
> iynei = D b_if (Tn—i, Yn—i) = On, (1)
i=0 i=0

rae O, MOXeT GBITh OTJIHYHA OT HyJsi (HPUIUHDLI HOSBJIEHHS Op yKe ObLIN
yka3zaHel B § 4).

C mpyro#t cropons:, B § 5, 6 ycramosneno, uro 3Hauenus: y(r,) TOTHOTO
pemenusa guddepenuanLHOil 330a98  YI0BIETBOPHAIOT COOTHOIIECHUIO

k k
S aciy(inei) = D boif (#nis ylons)) = hrus (2)
=0 i=0
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[p# COOTBETCTBYIOMIEM nopbope Ko3b UIHEHTOB ¢_; U b_; OKa3BIBAJIOCh, UTO
ro = O(R™), tne m > 0. Bermmras (2) u3 (1), noayuum ypaBHeHMA JUIA
gorpemHocTH R, = y, — y(z,). Ha ocroBammm dopmynst Jlarpakxa umeem

paBeHCTBO
f(zn—ia yn—i) - f(l'n—ia y(l'rw—i)) S (3)

e ln—i = fy($n~ia Un—i) M fp—; JEKUT MEEKAY Yn—i U Y(zn—i). C yduerom
(3) pasmocth coorHomennit (1) u (2) samumerca B BHIE

k k

Z a_iRy_;i—h Z boilp— iRy i = gn, (4)
‘ —

1=0 1=
tae gn = On — hry.
Teopema (00 omeHKe morpewHocTH). Iycms pasHocmmuas crema YooGACME0-

paem yeaosuro & u | fy]l < L npu zg < © < 29+ X. Tozda npu o < zp, < 2o+ X
BHINOAHACTNCA HEPABEHCTNEO

Ri’ +Z lgj‘ ’ (5)

=k

|Rul < (L, X) | max
0<i<k

ede ¢(L, X) < 00 — HeKOMOPaA NOCMOANNAA, 3AGUCAUAR OM KOIPHULUEHMOE
a_i, by uom L u X.

Hoxasameavcmeo. [Insa mokazaTesbeTBa HaM HOHAJOOUTCA YACTHBIA CITydait
JemMMmbl U3 § 3 . 6: mycTh Bce cOOCTBEHHbBlE 3HaYEHUA MATPUILl A Jexkar
B Kpyre |A| < ¢ W Ha rpaHHUDE Kpyra HeT KPATHBIX KODHEi; TOrja MOMKHO
yKazare Marpuny C Ttakyio, ato ||Dllw < q, rme D = C1AC.

Hdna ynobersa onmenku npeofpasyeM ypasueHue (4) B OJHONIATOBOE BEK-
TOpHOe ypaBHeHHe. B masnbpHelimeM JJis ONpeAeseHHOCTH mpeamonaraeM h Ha-
crompko MasteiM, uto |hbgL| < |ag/2|, Torna xoaddunuent ag— hbyl, mpu R,
B (4) mo momymio me memee |ap/2|. Tlepemoca B (4) Bce ciaraemble, He CO-
Aepxamue R, B mnpasyio wacth u Jens na kosdduuuent npu R,, monyaum
PaBeHcTBo

k

—a.i+ hb_;l,_; g
R — 1 AN 'LR . T . 6
" ; o —Fboln T G0 hibol, (©)
onoxum
—a_; + hb_;l,_; AN o -
ag — hbpl, ag
b_japln—1 — a_;bol, [b_sao| + |a_;bo|
in = , . < i
Vi (ap — hboly)ag Jvin] < 2 |ao)? L

Beenem B pacecmoTpenume BeKTOpBE

Zn = (RTH tee Rn—k—f—l)T
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Coornomenne (6) paBHOCHILHO DPABEHCTBY

Z,=AZ, | +hV 21 + W, (7)

raoe g
n
Y 1in  Ukn ag — hbyl,
0 - 0 0
VTL = b Wfl = )
0 .. 0 0
_ea _ag _ek o
agp ag ag ag
1 0 0 0
A= 0 1 0 0
0 0 1 0

JelicTBATENbHO, TIPUPABHUBAS II€PBbIe KOMIIOHEHTHI BEKTOPOB B IIPABOI M Jie-

Boit wuactsx (7), MBI mosyuMM paseHcTBO (6), a NpUpaBHUBAsSI OCTAJbHBIE
KOMIIOHEHTBI, IIOJIYYaeM TOXKIECTBA

R, , =R, ,;, i=1,...,k—-1.
BrrunciuMm XapaKTepHCTHYECKHI MHOrOWIEH MaTpUIBI A:

P(\) = det(A — AE) =

T e 2 o e

ag ag ag ag
1 —A 0 0
= det 0 1 0 0
0 0 1 —A

na sToro ymHOXHM mepsBblif crTonben Ha A u npubaBuM KO BTOPOMY, 38~
TeM — BTOPO# Ha A U npubaBuM K TpeTbeMy uH T.A. B pe3ynbraTe mosyIHM

(A p2(N) cor o pe=1(A) pre(N)
0 0 0
PO) =det| 0 1 0 0
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a_y a_2 a1
A) = ==L ), A :~——+/\<—————/\> . (A) =
roe pi(}) o p2(}) ” " Pr(})
_g—_k+/\< 2= k+/\( 2k +/\<————/\> >) Packpeisas
ao ag Qg ao
onpeesuTeNb MO HocaexHeMy cronbuy, umeem P(A) = (—1)FTlp () o,
4TO TO JK€ CaMmoe,
(—1)FP(A) = AF 4 Zzlyk-1 oy Ok
ap a
1 ‘
= —(CL()/\,c +a_; Pl + - ta_g).
g

XapaKTePHCTUUICCKOE yPABHEHHE MATPUIBI A OKA3aJIOCh MPONOPIHOHAIBIBIM
xapakTepucTadeckomy ypashenuio (7.4) pasmocrroii cxembl. CorsacHo mpea-
HOJIOKEHHIO (¢ BCE KODHHU XaPAKTEPHCTHYECKOrO YDAaBHEHW: MaTpHibpl A Je-
KaT B Kpyre |z| < 1 u Ha rpanmme Kpyra HeT KPATHBIX. I103TOMy 10 OTHO-
MICHUIO K MaTpuile A yWIOBHE JIeMMbI BBLIMOAHEHO €O 3Hadenuem ¢ = 1. Crne-
JoBaTenbHo, cymecrsyer Mmarpuiia C takasg, uro C1AC = D u ||D]ls < 1.
[poussemem B ypasHenuu (7) 3ameny nepemenunix Z, = Cz,. Iocne ymmuo-
xenus ciesa ma C~! oHO mpuBemerca K BmIy

Zy = D2y + hvpz,_1 + Wy, (8)

rue
D=C71'AC, v,=C"V,C, w,=C"'W,.

B marpune V, HeHyneBble SM€MEHTBI HAXOAATCA TOJILKO B TNEPBOH CTPOKE;

MO3TOMY
k
[b_sao| + |a—ibo] \ .
Valleo < (2; a% L=vL
u
”Un”oo < ”0—1“00 ”Vn”oo ”C”oo <ol “0‘1”00 ”CHOO
Nmeem '
n < -1 Wn oo — -1 g_n < -1 oolg_nI
Wil < 1O o (Wl = 167l | ) < 20 e 12

Ilocne onenku mHOpM cniaraemeix B mpaBoii wacTu (8) MOXKHO 3ammucaTh He-
PaBeHCTBO

1Znllco < Blgn| + (1 +YLA) |Zn-1]lcos (9)

rae
1C Moo
lao| ’

Lnsa ouenkn ||zl 4vepes ||Zn—1llco W BemmuMEBI |g,| mocTymmm ceny-
omum obpasoM. Boimmimem uepasemcrBa (9) mpu j = n,..., k. B npasoit

p=2 ¥ =10 oo ICllco-
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YacTH OUEHKH ||Zn|lcc Uepe3 ||Zn_illc omenuM ||2,1)loo epe3 ||z,—2]lc0, 3a-
TEeM B NPABOM YAaCTH MHOJIyYMBHIETOCH HEPABEHCTBA OUEHUM [|Z, 2|l Uepes
|Zn-3llcc ¥ T.x B pesymbrare nomyunm

lZnlloo < Blgnl + (1 +YLR) (Blgn-1] + (L + YLA)(Blgn_a] + - --
+ (L +yLR)(Blge! + 1+ yLh)zp-1llec) --.)),

WM, YTO TO XK€ caMoe,
n .
1Zalloo < B> (1 4+ L) g+ (14 vLh) ™ Yfzp 1 |oo- (10)
j=k

YrpocTuM 3Ty OUEHKY, OJHOBPEMEHHO HECKOJBKO 3arpybus ee. Ilpm mzy <
zj < op < 29+ X wmmeem (n — j)h < X; mosromy

(1 4+ yLh)" 7 < exp {vLh(n — 5)} <exp {vLX}.
Tenepr uz (10) monyvaem
lZnlloo < exp{yLX} (ﬁZ\g;I + llzk- 1“00> : (11)
Jj=k '
CupaBeyiiBel HEPABEHCTBA
|Bnl < 1Znlleo < IC |l 120 ]oo;
-1 et _
ool < 1C e 12 sl = 1O s gy IR,
H TO9TOMY
1Znlloo < IClco exp {vLX} (ﬁZlgjl + 10 Moo ”Zk“l”oo) . (12)
=k
Jlajiee momydaeM OLEHKY ITOTPENIHOCTH
|R,| < exp{yLX} <M1 Z(g;{ + Mg Joax R |)
=k

tne M; = B|Clloo, M2 = ||C]loc [C o B y— HEKOTOPBIE MOCTOSIHHBIE, 3ABH-
cAmpe TONBKO 0T KO3(DDUIHEHTOB a_;, b_; MCXOMHOE DPAIHOCTHOH cxembl. B
qacTaocTH, M; m My 3aBHCAT TOILKO OT KO3((DUUUEHTOB «_;. YTBEPKIE
HUE TeOpEeMbl JOKA3aHO.

Togcrasasigs B (12) 3nauenne ¢; = 6; — hrj, TIONYUNM HCKOMYIO OLEHKY
[IOrPENTHOCTH

|Ryn| < exp{yLX} ( Z(I(SJI + hlrjl) + Mo Qax |Ri[) . (13)

=k
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W3 onenku (13) BuaHO, UTO JJA CXOAMMOCTH DPeUIeHHMs Pa3HOCTHOI'O ypaBHe-
gHfA K PemIeHHI0 aud¢epeHIHaibHOrO JOCTATOYHO BBIMOJHEHHS yCIOBHH

n n
Z|5]-;—>o, th;—)o, 012%|Ri|——>0.
Jj=k Jj=k

Onenka norpemsoct (13) BoO MHOrHX (yyasdX SBJISETCS CYLUIECTBEHHO 3a-
ppirennoit. Hampumep, mist mMerosoB Amamca MOXHO [OJIYYATh OLEHKY IIO-
[PEIIHOCTH, OCTAIONLYIOCA OrpaHWveHHOH B ciywae fy, < —b < 0 mpu ckosp
yrogHo GOJNBUIOH JIMHE ITPOMEXYTKA MHTETPHPOBAHUA B HPE/IONONKEHHH, TTO
[OTPEIHOCTH OKPYTJICHWS §; M IOTPEMIHOCTH ANNPOKCHMALMH 1j PaBHOMeEp-
po orpanmveHsl: |0;| < 40, |rj| < r. 3aMerdm, 9TO M3 OUEHKH MOTPENTHOCTH
sl ONHOUIATOBBIX MeTomoB (§ 4) ciemyer OIEHKa MOTPENIHOCTH MeToga Jif-
jepa, SIBJISIIONIETOCS “ACTHBIM cilydaeM weromos Apmamca. B To e Bpems
p3 (13) Opu TaKUX NIPEINOJIOXKEHUAX IeJb3sl MOJYyUUTh DABHOMEPHOH orpa-
HAYEHHOCTH NOTPEIIHOCTH HITerpupoBanust. lns momydenus Gosee peasbHOTO
NpPEJCTABJIEHUS] O BEJIMMHUHE IIOTDEITHOCTH IIOJE3HO PACIOJIATAThH BBIPAXKEHHEM
Jyis TJIABHOTO <IJIGHA MOTPEHIHOCTH.

HamMeruM nyTh NOIydYeHHsS 3TOrO BBIpaXKeHus. [Ipd mOCTATOYHO TIIAIKOMN
dbyuknuu f(z, y) cormacHo (6.5) cHpaBeIJIMBO pPaBEHCTBO

Ty = Em+1hmy(m+1)(xn) + o(h™).

k

IMockombky Y. b_; =1, TO 3TO BBIpaXKeHME MOXHO Iepenucats B Gosiee ymob-
1=0

HOM [T HAC BHIE

k
_—1m m—+1 N m
™ =h 5 b i By ™D (z) + o(h™).
=0
[IpenmonoxuM, 9TO BBIMUCIUTENBHAS NOTPEINHOCTh MAJa 110 CPABHEHUIO C
NOTPEIHOCTBI0  ANNPOKCHMAINH, TOuHee, max |[d;] = & = o(h™1).
j

Ilpy BbIMONIHEHHH YWIOBHiI TeOPEMBI OO OINEHKE ITIOTPELTHOCTH PELICHHE
Pa3HOCTHOI 3aJa9M CXOAWTCH K pemenuio muddepennuansaoii, mo3ToMy
CnpaseqnmuBO PaBeHCTBO by, = fy(Zn, Un) = fy(zn, y(za)) + o(1). C yuerom
BBEIITMCAHHBIX BBINIE COOTHOINEHUII PABEHCTBO (4) MOXHO NEPENHCATb B BHJE

k k
R, 1 Ry_; R,
L?l (ﬁ) 7 Za—i hmz - Zb—i(fy(%—i, Y(Tn—i)) hmz -
1=0

=0

~ Bpniay ™D () = o(1).

Taxum obpasom, cerounas dynxnua z, = R,/h™ IpHOTHXEHHO yIOBIE-
TBOpseT cerouHoMmy ypasmemmo L9(z,) = 0, koTopoe mnomyuaercs IHpH amn-
OPOKCUMANMK ypaBHEHHS

# — (£4(@, ¥(@)2 = Bnaay™(z)) =0. (14)
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B nmpeamonoxenun, 9To 29,..., zk—1 = 0(1), paccy>kmas Tak e, KakK HOPH JO-
Ka3aTeJbCTBe TEOPEMBI 00 OHEHKe MOTPEIHOCTH, MOJYUYAEeM, UTO 2z, OIM3KO K
pentennio ypasuenus (14) mpu HadanbHOM ycnosuu 2(zg) = 0. Drto pemrenme
MOXHO BBINUCATH B SIBHOM BHJE:

2y & 2(zy) = —Em+1/ exp {/ fy(t, y(t) dt} y("‘H)(x) dz. (15)
o z

Takum obpasom,
Ry, = h"z(z,,).

CcopMynnpyeM aHAJOTMYHBLA PE3y/bTAT, OTHOCAINMICA K (JIYYaio WHTEDHPOBa-
Hus CHCTeMb! ypaBHenwmit. Jnst cucremsr ypasuenuit y) = f(z,y), xorma y u f—
BeKTOPBL Y = (¥1,---5 )T, £ = (f1,..., fi)¥, BbIpaskenue MIABHOTO “WieHa no-
rpeumiocT# (15) uMeeT Buy

Yn = y(zn) ~ h"z(z,),

z(z,) = / ’ VV(I,mn)y(mH)(:{:) dx.

3aecs marpuua Wa, b) aBnserca pelieHHeM MATPHYHOIO Iu(epeHIHaIbHOTe
YPaBHEHHS

W'(a, b) = f, (b, y(0))W(a, D)

npun HadansHOM yeiaosun Wa, @) = E, rne E —emunudnas marpuna, f,(z, u)—
Marpuua ¢ snemenTaMu O0f; /0y e, ¢, 7 =1,..., L.
[IpoBenenubIe BBILE PACCYKAEHWSI, KAXKIBIH ITAl KOTODBIX MOXKET GbITh CTPOrO
obocHoBaH, uHOTHA obnexarT B Gosee rpybyio dopmy. Tounoe pemenue nudde-
PEHIHAIBHON 3381891 YAOBIETBOPSET COOTHOIIEHHIO

Lp(y(nh)) =~ By h'”y(""ﬂ) (z),

e

k k
1
Lhzn = ]—IZ Ap-—-iZpn—i — Z b—if(mn——h Zn—i),
i=0 i=0
a npHOIMIKEHHOE DEelreHye — COOTHOLIEHHIO
LIL (yn) = 07
MOITOMY MX PA3HOCTH YIOBIETBOPAET DABEHCTBY
Lh(yn) - Lh(y(nh)) ~ —En1+lhmy(m+l)(x)'
IMockoneKy Yy, 1 y{nh) Gau3KH, 3TO COOTHOLIEHHE MOYKHO 3alHCaTh B BUIE
L) (yn — y(nh)) & = Epi by ™ (2);

3aech L}, — npoussonuas oneparopa Ly. [TockonsKy oneparopst L u Ly B onpeae-
JIEHHOM cMbIciae GJIH3KH, TO MOXHO HAIUCATDH

L'(y(nh)) (yn — y(nh)) & —Emi1 Ay (2).
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HanoMuum, yro mpon3BoJHAas olepaTopa L onpenensdercs DABEHCTBOM

o () +t6()) - L{y(x) _

L'(y(2))é = li

—0 t
— }Lr'% ((3/ + td)l - f(.lI, Y +tt6)) _ (yl - f(za y)) =4 — fy(-'L'7 y(.L))5

Orcroga nojiyyaem npubIIDKEHHOe PABEHCTBO
8 — fyle, y(z))d ~ - m+1hmy(m+1)(z)a

rae § = yn — y(zy,), u 3arem — (15).

BTopo#l nyTh BBHIBOAA BBIPAYKEHHS [Jisl NIABHOTO WJIEHA MOTPENTHOCTH YKE He T0J-
JAETCsT HEHOCPEACTBEHHOMY ODOCHOBAHHIO M B IPUHIMIE MOMKET HMPHUBECTH K He-
BEPHBIM 3AKJIIOYEHHUAM. ITO BHAHO XOTA ObI M3 TOrO, UTO HUTAE He NpOsSBHJIOCDH
yciioBue ¢, 6€3 KOTOPOro HE UMeeT MecTa caM (hakT MAJOCTH BEHYHHBL Yy, — Y (Ty ).
CrnpaBeyIMBOCTD MOJTYUAEMBIX Ha TAKOM IYTH PE3yJbTATOB TPEOYET CeluaibHOro
060CHOBAHMS.

B 10 xe BpeMs ero cjieyer Mpu3HATH KPajiie TMOJIe3HbIM, TOCKOIBKY HE U3BECTHO
HH OJIHOTO TPOTHBOPEYAIEro NMpuMepa, KOraa Obl ero MpHMEeHEHHE MPHBOAMIIO K
HENPABUJILHOMY BBIPAYKEHHIO JiJIsl TJABHOTO YJIEHA MOTPEIIHOCTH 6 CAY%ie, ECAU
pewenue paznocmnoti 3adanu crodumes K peuwenuto duddepenyuaivhot.

Jliis HeKOTOpPBIX MeToaoB, HampuMmep Ajamca u Pynre—KyrTa, pripaskeHue
[JIABHOT'O WYJIEHA TOTrPEIIHOCTH, KaK MPABUJIO, JAET PEalbHOE IIPeICTARIEHUE
0 BEJHMYMHE IOTPEIHOCTH. B Apyrmx ciydasx, Hanpumep ajis meroma (7.6),
ABJALIONIErOCsd HPOCTEHIIMM CIIyYaeM TaK Ha3bIBAeMOro Meroma MuiHa, 310
BBIpasKEHHE CJIEAYeT pPACCMATPUBATHL KAK HEKOTODYIO OIEHKY CHHM3Y mJis pe-
AJILHONM BEJIMYUHBI HOTPEIIHOCTH.

Paccmorpum cirydait metoma (7.6) m ypasnenma y' = My. Tounoe pemenne
MMeeT BHIL

Z/(iL') - yoel\l(:c~zo)’
a E3 = 1/6. Cornacuo (15) mmeem
1 [on 1
2(zn) =~7 / MmO yoeM 0 dy = — e My (@ — 20). (16)
o

Onennm |ve™| B obmactu v > 0. Ilockonbky 3Ta YyHKIHMS CTpEMHTCA K
Hymo mpu v — 0 W mpu v — oo, TO ee Haubosbluee 3HAYEHHE MPHUHUMA-
eTcsi B TOUYKe, TOe ee NPOM3BOmHAsI DaBHa Hymwo, T.e. upu v = 1. Orcioma
crepyer, uro |ve”?| < e”! mpu v > 0. Pacemorpum ciaywain M < 0. Ilox-
cTapmsis v = —M(zy, — 7o), momyanm |MeM@n=0) (g — 14)| < e7l. Orcioma
u u3 (16) cienyer |z(z,)| < M?|yo|/(6e), u, TakuM 06pa3oM, INIABHBIA TiieH
TIOrPEIIHOCTH DABHOMEPHO OrPpAaHMYeH NpU Ty < Tp < 0o. B To ke BpeMs u3s
PacCMOTpEHHsT HTOr0 MOZEJIHHOTO NpUMeEpa, IMPOBENEHHOrO B § 7, BBITEKAET,
YTO peajibHasl BEJIHYMHA TOTPEHIHOCTH JOBOJBHO CHJIBHO PAacTeT BCIICNCTBHE
Gonkmoro BIMSIHHA HOrPEIIHOCTH HAYAJIBHBIX 3HAYCHHH Yo, Y1
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Kazasocy Ob1, B 0OOpUCOBAHHOMN BBILIIE CHTYAIMH €CTb KAKOE-TO MPOTHBODE-
uue. [OBOPUTCA O rVIABHOM *UIGHE TOrPEITHOCTH, HO B TO )K€ BpeMs yTBep-
KJIAETCS, UTO OH He SBJISETCS ONPeAeNsIONMM B PEajbHOH BeIMYMHE I10-
rpemHocTr. Jlesro 3akIiYaercs B CIEAyIONEM.

Ilpy nosnyveHMH IIaBHOIO WieHA NOTPELIHOCTH MMEJOCh B BHJIY, UTO JLJIH-
Ha, TIPOMEXKYTKA MHTerpupoBaHnsi (puxcuposana, a d/h u h crpemsarcs k my-
mwo. Ilpu paccMoTrpeHnH MOAEJBHOrO TpHMeEpa B § 7 peddb NHLIa O IOBENEHUN
norpergHocTy npu h  (UKCHPOBAHHOM, T — g — 0.

Kak moxasajio pacCMOTPEHHE 3TOrO MOJAEIBHOIO I[IPHUMEPA, BIHAHHE TIO-
IPENIHOCTH MCXOAHBIX JAHHBIX CYIIECTBEHHO YXKE€ NPH HE OvYeAh OOIBIINX 3HA-
yenussx |M|(zn — xo), mO3TOMY IUMpOKOe mnpumeHeHwe Mmeroga (7.6) B pealb-
HOW TpAKTHKE SIBJISETCS HENeaecoOOpPa3HbIM, HECMOTDS Ha MaJjoe 3HAUCHUE
[JTABHOTO “JleHa orpemtHocry upu 0/h, h — 0 u =, — £y DUKCHPOBAHHOM.

8 9. OcobeHHOCTH MHTErPUPOBAHUS
CUCTEM ypaBHEHUU

IIpoBoguBIMECS] BBINIE MOCTDOEHWS, B YACTHOCTH pacyeTHbie (HOPMYJIBI, IPH-
MEHHMBl 0e3 BCAKUX HW3MEHEeHHuil B ciaytuae CUCTEM YPaBHCHHH

"= f(z, y). (1)

QopMaabHOE OTJWYIHUE COCTOMT B TOM, YTO B COOTBETCTBYIOMIUX COOTHO-
[IEHASTX BMECTO CKAJIAPHBIX BEJIWYHUH YIaCTBYIOT HEKOTOPBIE MATPHIBI HJIU
TEeH30PHI.

st BhISIBJIeHHST OcobeHHOCTElH, KOTOpBle MOTYT BO3HHUKHYTH IIPH THCJICH-
HOM HHTETPUPOBAHHK CHUCTEM OOBIKHOBEHHBIX JU(D(EPEHIINAIBHBIX ypaBHe-
HUH, paCcCMOTPUM MOJENBLHBIII NpPHUMED JMHEHHON CHCTEMBI ¢ IIOCTOSIHHBIMHA

koadunmenTAMI

B crydae HCIONB30BaHMS KOHEYHO-PA3HOCTHOM ammporcumamuu (5.2) co-
OTBETCTBYIOIIASl CHCTEMa KOHEYHO-PA3HOCTHBIX ypaBHEHWN WMeeT BHUJ

k
PP Zb_lAyMJ (3)

1=0

Jns TPOCTOTHI TPEINOIOXKHAM, UTO XXOpAaHOBa (OpMa MATPHIB! TPOCTAs:
C1AC = A, A— ,zmaFOHaanas{ MATPHIA ¢ JAWATOHAJILHBIMHI 3JIeMeHTaMH
Alyevry AL Honome C~ 'y, = 2z, u ymuoxum cucremy (3) ciesa ma C~ L
Tlonyunm

k k
3 9-‘—711‘:— ~ 3 b0 AC i =0

=0 =0
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HJIHA

k k
Z 'a—-%g-_—l - Z b_iAZ”_i =0.

=0 1=0

Dra cUCTEMa PACHaJaeTCdad Ha CHCTEeMy CKaJIAPDHBIX KOHEUYHO-PA3ZHOCTHLIX YPaB-

HEHHH OTHOCHUTEJIBHO KOMIIOHEHT Zpn BEKTODOB Zp = (Zlm ey zin)T:
1 k k
E E Q_i2p n—i — E b—i)‘pzp,n—i = 0, p= 1, PN ,l. (4)
i=0 1=0

Coornomtenue (4) CcOBHAJAET ¢ KOHEYHO-PA3HOCTHON AaNMpOKCHMAIHed st
ypaBHEHHHA

S = -

Zp = Apzp. (5)

. . . — -1

Ecm B (2) mepeifTH K HOBOH HEM3BeCTHOH BeKTOp-byHKIMH z = C7'y
¥ yMHOXHTL (2) cnesa ma marpuny CT!, To TOJyuHmTCs CHCTEMa CKAISAD-
AbIx ypasuenuit (5), p = 1,...,l. B coorBercTBHH C OmpeneseHHEM BEKTOD-

bynxuuit z(z) W Z, WMeeM DPABEHCTBO
Zy — Z{Ty) = c! (yn — y(xn))

CrenmoBaresibHo, JUis TIOMyueHns: peiieHus y(r) ¢ Majoffl HOrpemHoCThI0 He-
00XO/IIMO ¥ JOCTATOYMHO, ITOOBI peIleHust z,(x) ypasHemus (5) mOMy<aluch ¢
MaJIO MOrPEIIHOCTBIO B CJIyvae WHTEPUPOBAHUS C MOMOIIBIO AINMPOKCHMAIH
(4). Tlpu sTOM HMeETCH B BHJY, YTO €CThb COOTBETCTBHE MEXKIY AIIPOKCH-
MAIlMAMH HAYaJbHBIX yCJIOBHI

yj:C'z]-, j:O,...,k—l.

ITpoBoas aHAMOrMYHBIE MOCTPOEHMS, MOXHO IOJNYYUTH TOT K€ BBIBOJ, H
00 OTHOIMIEHHIO K MeTogam Pynre-Kyrra.

Pemenne ypasaenus (5) mmeer BUL zp = zp exp {A\p(€—20)} u cymecrsenHo
H3MEHsIeTCs [PU M3MEHeHuH T Ha paccrosuue Az = [1/X,], T.e. xapakTepHbIit
PasMep u3MeHeHusl pemeHust nopsiaka 1/|\p]. Ecau rosopure o Bexrtope z(z)
KaK O EIWHOM [eJIOM, TO XapaKTepHBIi pa3Mep €ro H3MeHEeHHs — BEJIMYHHA
nopsaka 1/ max |Apl; TOYHO TakoH 2Ke MOPSIKOK XAPAKTEPHOTO H3MEHEHWS

Oyner m y Bexrtopa y(z).
TIar waTerpupoBaHusl AOMKEH OBITH CYILIECTBEHHO MEHBIIE XaPaKTEPHOTO

Pa3mepa wu3MeHEHHs1 pelleHus, T.e. h & Orciona crenyer OleHKA

max |Ap|’
P
CHH3y AJIs YHCJIA IIArOB WHTErPUPOBAHES

X
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Ecnn wncno maros, muoro Gosmbinee BeTHYHHBI max |Ay|- X, Henpmemaemo mo
P

3aTpaTaM MAIIMHHOTO BPEMEHH, TO KeJATEeJbHO NPHMEIHTb METOHbI, HCIIOMTb-
syomue cruenudHuKy I[IOBEIEHUSA pPelleHus.
B cayuae, korma
IAp|X > 1 npu Becex p,

OJs OMHCAHUA PENIEHHST MOXKHO 0510 Obl IPUMEHUTH ACUMITOTHYECKHE METO-
gpl. OgHakO Ha IPAKTHKE YacTO BCTPEYAIOTCS 3aJavuu, KOTAa ITO YCIOBHE He
BBIITOJIHEHO, U 1IO03TOMY IIPHUMCHEHHE ACHMIITOTHYECKHX METOLOB HEBO3MOXKHQ
WM KpallHe 3aTpyJHNUTENbHO.

KoneuHo, BO3HUKAET BOIPOC, O KAKUX TPOOIEMAX UAET PeUb, HOCKOMLKY DellleHue
cucremsl y' = Ay sbinuceiBaetcd B ssHOM BHAe? J1eno B TOM, YTO MBI TOBOPHM
06 3TOM 3a7a4e KaK O MOIENBHOMN; PEANBHO YK€ METOXL [IPUMEHSETCS IS pelleHus
KaKOH-TO, KaK HPAaBHJIO, CJIOACHON 33,041, ¥ MbI CMOTPHM, KaK BeACT ceDsa MeTo B
NpUMEHEHUH K OpgcTeiimeil 3aaade, IAC BCE BBIMUCHLIBACTCS B ABHOM BHIE.

HIwpokuii Kpyr OpUKAAIHBIX UPO6JEM CBOLMTCS K PEIIeHHI0 334349 Ko-
A AJI8 TaK HA3bIBAEMBIX Jicecmrur cucmem AuaddbepeHIuaNbHBIX YDABHEHHIT,
B wacTHOCTH, K TAKHM CHUCTEMAM OTHOCSITCSI CHCTEMBl yYPaBHEHHH, BO3HUKAIO-
e I[P IIPHMEHEHHHM METOIOB YCTAHOBJIEHUS

dx . d*x dx
— 4+ Vf=0, = +t7--+Vf=0
di dt dt
[p¥ MHUHUMHU3ALUKH (YHKIUHA f, y KOTOpPBIX JIMHUH YPOBHSI HMEIOT (POpMY
AUTAIICONIOB ¢ BOIBIMHUM paszbpocoM HOJIYyOCeid.
B kayecrBe momenm Takux cucrem OepeTcsi cucTeMa ypaBHEHHN

!
y' =4y, (6)
YJOBJIETBOPSIIONIAsl OIpPENEIEHHBIM YCIOBHAM HA CODCTBEHHbiE 3HAYUEHHSI Ma-
tpurbl A. He cymecTByeT yCTAHOBHBINEIOCS OIPEJENIEHHUSI JKeCTKHX CH-
crem. O6piano cucremy (6) OTHOCAT K KJIACCy IKECTKHMX, €CIM BEJIMYHHA
(max ReA,) X He spasercsas GONBIIMM IOJOXKUTEIBHBIM UHUCIOM, a BeJMIHHA
P
(max [Ap))X > 1 u
P
a) Bemmyuua (max [Im\,|) X ne spaserca GONBINNM HOJOXHUTENbHBIM H-
P

CJIOM, HIW

| Im Ay
6) —————- < ¢ OpH YMEpEHHBLIX 3HadYeHHAX b u c.
b—Rel,
Hemuueiinyo cucremy y’ = f(z,y) ormocsT K KJacCy >XeCTKHX CHCTEM,

ecM NpH BCEX I W3 HEKOTOpOoro orpeska uimHbI X > 0, IpuHAIIEKAIIEro
061aCTH MHTErpHPOBAHHS, CHCTEMA YDaBHEHHIA

y = £(Z, y(Z))y

OTHOCHTCH K KJIACCY J>XECTKHX CHCTEM B CMbICJIE IPHBEACHHOTO BhILIE OINPe-
JIeJICHHUA.
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W3 npoBoguBuInXCd BBIIIE DACCYXKAEHHN JJIsT ciydas cucteMmbl (6) BHIHO,
qTO UMCIEHHOe perneHue 33Jaud Koimmm g Takux cucreM Tpebyer paspa-
HOTKH CIEIMANBHBIX METOAOB pemenus. Takue MeTOALI B HACTOMINEE BpeMs
pa3paboTaHbl, ¥ Ha MX OCHOBE CO3JAHBI COOTBETCTBYIONIME KOMIUIEKCHI CTaH-
JApTHBIX TPOrPAMM.

PaccmoTpuM IpocTeiilie BapuaHTH Hanbomee pPaciipOCTPAHEHHBIX METOIOB
peLIeHUs] KECTKUX CHCTEM.

1. Ilyctes yxXe HaiimeHno npubikeHue y, K 3Ha4YeHUO y(r,) U HIeTcs
npubIIIKeHne K 3HAYEHMIO Y(Zni1), Tne1—Ly = H. PasnoxuM npasyo vacTb
f(z, y) B pan Teitnopa B Touke (zn,yn)

8f($n7 Yn)
or

B mnpukIJagHBIX 3a7a4aX, KaK IIPAaBUJIO, BO3HMKAIOT TAKHE MKECTKHE CHCTe-
Mbl, uT0o f(Z, y) He 3aBUCHT OT I WJIM MEHSIETCS OTHOCHTEIbHO MEIJICHHO C
u3MeHeHHeM Z. B 3TroMm ciyvae IVIABHBIMHM “WI€HAMHW B I[IPABOH YacTH SBJIsI-
10TCH IepBBIf ¥ TpeTuil. 3a y,41 NPUMEM 3HAYEHHE B TOUKE Ipy] PELICHAA
CHCTEMDI

f(fE; Y) ~ f(ﬂ?m yn) + (.’E — (I‘n) + fy (.’L‘n, y(mn)) (y — Yn) 4o, (7)

2’ = f(2n, yn) + £, (mn y(mn)) (z - yn) ®)

Py HAYAILHOM yIoBHH Z(Z,) = y,. [IpoussemeM ciemyiomniyio 3aMeHy liepe-
MeHHBIX Z(z) — Yy, = u(z), £ — 2, =t 4 BBemeM OGO3HAYEHUA

£(zn, yn) = b, fy(:cn, y(:L'”)) = A

s onpenenenusi z(Zp+1) HyXHO HajiTm snadenue u(H) pemenusa cucre-
Mol W' = Au + b npu HawanpHOM yciosuu u(0) = 0.

Ora 3amaya pemraercsd B SBHOM BHJIE, OLHAKO JJIsl ee pelleHus Tpebyercs
3HaTH BCe COOCTBEHHBIE BEKTOPHI W COOCTBeHHBIE 3HAveHus marpuusl A. Ecin
pa3mepHOCTE MATpHUIBI A CKOJIBKO-HHOYAb Gosbliasi, TO HARTH UX — AOBOJILHO
TPyLoeMKas 3ajada. IlosTomy uesnecoobpasnee JIeAYIONMH MyTh HAXOXKICHNS
u(H). Pemenue cucrembl ypabHenuit u' = A(t)u+b(t) npu HagasbHOM yCIIO-
Bur u(0) = 0 3amuMchIBAE€TCA B BHIE

u(t) =/0. W (r, t)b(7)dr.

Marpuna W (r, t) sBagercss peieHHeM CHCTEMBI

dw (1, t)

2 = AW (7, 1)

OpH HavaJeHOM ycnosuu W(r, 7) = E.
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B uactHOM Ciyuae A, b = const umeem u(t) = w(t)b, rue marpuna w(t)
HMeeT BHIL .
wlt) = / exp{A(t )} dr = A~ (exp {At} - B).
0

3navenue w(H) MOXHO ObII0 OBl TOUBITATHCS BBIUHCIHTH, HOJIb3YIChH PAa3Jio-
’

kenuem B payg Teitmopa
oo

WH) ~HY %(AH)i“l. (9)
i=1

OpHako B Cydae KECTKHX CHCTEM IHPH DEasbHO JIOUYCTUMBIX 3HAUenuax H
sequuba fJA||H > 1 n

a) IS JOCTUXKEHWs] TIDUEeMJIEMOM TOYHOCTH TPEDyeTcsl B3SATh CJIUILKOM
MHOI'Q CJIATA€MBIX;

6) B Tex ciydadx, KOLJa Tpebyemoe JuUlsd JOCTHKEHWs HYXXKHOH TOUHOCTH
YUCIO CIAPAEMBIX JIONYCTHMO II0 YUMIYy aApNdMETHYECKUX AeHCTBUH, MCIOJIb-
zoanue pasznoxkenus (9) upu ||A||H > 1 moxer 6pITh HenmpuemIeMo HO Apy-
rOf UpAYMHE: CPEJM YYUTHIBAEMBIX B HPABOU YACTH CJATAEMBIX BCTPETAIOTCH
oueHb OOJBINME, M OTHOCHTEJbHASI HOrPENHOCTh, BbI3BAHHAS OKDPYIJICHUSMH,
HEJOTIYCTUMO BEJIMKA. :

Marpuiia w(t) yIOBJIETBOPAET COOTHOLIEHHUIO

w(t) = (%) <2E+Aw (%)) (10)

rje F —epuunuanas marpuna. [lostomy uacto OniBaer uemecoobpa3no 1OHTH
o cienyiomeMy myTu. Beibupaem s takoe, uro [|A||H-27° « 1; 0CHOBBIBAsICH

Ba (9), BBIMHECIAEM
HY HS1( H
o(5)=r %5 (45)
1

1=

a sarem w(H/257Y),... w(H/2), w(H) c momompio peKyppeHTHON (GOpPMyIIbI
(10).

B ciyuae numeiinot cucremnr y' = A(z)y anropuTMm pemieHus 3aJadu MO-
KeT OBITH HECKOIbKO YUPOINEH. 3/€Ch B OMMCAHHOM BHIIE AJTOPUTME Ha Ka-
KJOM IIare BO3HHUKAET HEOOXOUMMOCTH peutesud cucremul y' = A(z,)y upH
HAYANBHOM yiosuu y(z,) = y,. Torma

Yn+1 = @(H)yn, 1ae @(H) =exp{AH}, A= A(z,)

Ha nepBolil B3IJIsL MOXKET HOKA3aThCA DA3YMHLIM ieAylomui nyts. Marpu-
va @(H) yAoBIETBOpSieT COOTHOUIEHHIO

w(t)=<p(%)<p(§), (11)
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O03TOMY 330aJUMCs HEKOTODBIM S H BbIMHUIAEM

a 3aTeM

[oab3ysck pekyppeHTHON Gopmysoit (11). Takoit nyrs npu 6oasmiom s
IPHBOOMT K CYIIECTBEHHOMY HAKOILICHHIO NMOTrPEIIHOCTH. I10aToMy mOIoXKHM
Y(H) = p(H) — E, Beraucaum

k ]
H 1 /AH
(2)~%3(5)

=

u zarem P(H/2°71), ..., (H), noas3yscs pekyppeHTHOH (popMyJIoi

wo=(3)e+o(2))
Tanee maxommm @(H) = E + (H).

IIpu f, # 0 meroxn Tounoctn O(h?) nonyuaercs, ecnu B (7) TaK«Ke y<IecTh BTOPOE
caaraemoe. Torma norpebyercsi aHAJNOTUYHBIM 0OPa30M CKOHCTPYHUPOBATL TOUHBIMN
METOJ, PEIIEHUA BCIIOMOTATEIbLHOIO YPABHEHHS

of

w=Au+tb+4ct, c= ——
ox

(Zn,yn)
B cnyuae pettrenus nuHediHoi 3azadu u' = A(z)u + f(z) MOXHO MPENIOKATD JO-
BONIBHO NPocTBie MeToanr Tognocty O(hY).

2. Npyrag rpynma MeTONOB DeIUEHHS MKECTKWX 3aJad CTPOUTCH CJieryto-
uM obpazoM. 3aTaguMCca HEKOTOPbIM £ u IpubiIusuM npousBoguyn y'(z,)
OAHOCTOPOHHEH annpokcuManueii k-ro mopsaka TOYHOCTH

1< Viy *a Vi
/ ~ T no__ —iYn—i

Bupaxenne f(z,, y(z ocTtaBUM 6e3 wusMmeHenums. [lomyumM KOHEUHO-
) n
Pa3HOCTHYI0 ANNPOKCHMAIIAIO

k
Q- i¥Yn—g

3 —-}yl—— — £(zp, yn) = 0. (12)

1=0

Pacemorpum cnywait momensHOro ypasmemms y' = My, xorga (12) npespa-
maercd B KOHEYHO-PA3HOCTHOE ypaBHEHHE

=0
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Perlenvie 5TOT0 ypaBHEHHs BBIIIHCHIBAETCH Uepe3 KOPHH XapaKTEPHCTHYECKOTO
ypABHEHUS

k
Z a_ypF~t — hMpk = 0.
1=0

[Ipn k = 1,2 KOpHM 3TOrO ypaBHEHMs YIOBJIETBOPSIOT ycIoBMIO |u] < 1
obsactn 3uHavenmit M : ReM < 0; npu k = 3,4, 5, 6 —ycnosuo |u| < 1
obnactn sHagenuit M : |Im M| < —arRe M, rne o > 0.

B
B

B uHenuneiinom ciyuae 3HaveHne y, TpeDyeTcst HAXOAUTh W3 HEJIHHEWHOR Cucre-
mbl (12).

AJIrOpUTMBI peIIeHUsT JKECTKHUX CUCTEM PAa3JINIaIOTCs CNOCODaMH HAXOKICHHA Ha-
YAILHOrO NPUOMHKEHHA K periernio (12) u aaropurMaMu npubIInAKenHOro perte-

wusa (12). PaccmorpumM npocrefimuit ciayuait & = 1, korga (12) npespamaerca s
HESIBHBIH MeTo Dimepa:
_}:’l——;lzn__l- _ f(.zv”’ yn) = 0. (13)

Mormo 651 110Ka3aTHCA PA3YMHBIM HANTH HAYAIBHOE IPUOIHIKEHNE K ¥, € IOMOUIBIO
SBHOM hbopMyabl Ditsiepa
0 _ -
Yo =Y¥Yn-1t hf(-Ln—ls YH—I),

OZIHAKO 3TO He Bceraa uenecoobpasno. B ciyuae f(z, y) = My umeem y2 = (1+
Mh)yn-1 u npu [MhE| > 1 MOXeT CyumTBCSI, ITO TaKOe npubjmzKenne OygeT
CITHIITIKOM JaJIeKO OT HCTHHHOTO pemenuns. [loatomy Gonee 6e30nacHbIi, HO HE BCeraa
cambiit 3pPEKTUBHBIN BAPHAHT — 3TO NOAOKHTb YO = y,_;. llepenumenm (13) B
BHJAE CHCTEMbI HeJMHEHHBIX ypaBHeNUl OTHOCUTEBbHO Y, !

Yn — Yn—-1— hf(.’lin, }'n) = O,

U NpUMeHUM HTepanuoHHblil Meros Hororona. B gJaHHOM KOHKPETHOM Clydae HH-
Tepuonsinponnas ¢gopmyna HpioTona npuobperaer Buz

-1
Yt = vk — (B = bty (2a, v5))  (¥h = ya1 = Mlon, ¥5)), (14)

rae k —HOMep urepanuy.
B 04HOM U3 METOJIOB DENICHHA YKECTKHX CHCTEM 33 Y, NPUHHMAETCS 3HAUEHHe Y.,
nony4aemoe u3 (14) npu y% = y,_;. Torga umeem

~1
Yn = )’711 =¥n-1-t h(E - hfy(fl?na yn)) f(.’l?n, yn—-l)-

Pacemorpum ciyyait ckanapHoro ypasaenua y' = My; Toraa

MR !
Yn = Yn—-1 1— Mhyn—l =1 Mhyn——1~

Ecmu Re M < 0, B wactrocTH, ecniu M peitcrpurenshio 1 M < 0, 7o npu mo6oM h

HMeeM <1lmu IIOPEMIHOCTH, BO3HHKAIOIIHE B IIpOIEeCcce CYeTa, y6bIBa}OT-

1
1—-Mh
IToaromy Takoit MeTom MOKeT ObITH HPUMEHEH K DELICHUIO YKECTKUX CUCTEM.
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3. YkaxkeM eme oOHH IOTOOHBIH MeTOn, peuleHus 3amaum Kowmm 1iist
HKECTKUX CHCTeM JOBOJLHO PAaCIPOCTPAHEHHOI'O BHJIA

7' = F(z,z), u = Gy(z,z)+ Gi(z,1)u,

¢ KOHTPOJIEM JIOKAJIbHOH NOIPEHIHOCTH uepe3 HEKOTOPYIO BEJIUUYHHY .
Wcxonsg u3 npubiivKeHUs Z,, U, OEXAeM HOMLITKY WHTETPAPOBAHUS C 1a-
roM hy. Wcnoms3yeTcss annmpOKCHMAIMsT IIEPBOTQ IIOPSAKA TOYHOCTH

Zn+l — P = F(znaxn) + [QE

hn 0z
Upt+1 — Up
hn

] (Znt1 — 2n),

(Zn,In)
= Go(Znt1,Tnt1) + G1(Zng1, Tnt1) (WUnp1 — uy).

B pesynbrare ABYX INArOB HOJYYAIOTCA NPHOMMKEHUd 2z} 4o 1 ul 42 K 3Ha-
genusiM z(z, + 2h,) u u(z, +2h,); HaxomgTca UpubIMIKEHUS Z%+2 u u%+2 B
pesyJIbTaTe IPHMEHEHHsI TOW K€ allPOKCHMAIus ¢ JBOHHBIM 1maroMm 2h,; Be-
maanEst R, = z) 4o — 72 4o BTy = ul 4o — u? 4o WCIONB3YIOTCS YIS KOHTDOJIS
[Iara MHTECPHPOBAIHUS.

Ecam A, = /[|R||? + |Irall? € 4, To 3a okoHuaTespHBIE TPUOIMKEHHbBIE
sHauenus z(r, + 2h,) u w(z, + 2h,) npuHEMaOTCS z}l+2 +R, u u,ll+2 +r,,
coorsercreenHo. [Ipu A, < §/4 cnenyiomumii mar Geperca B jgBa pasa 60Jb-
me. I[Ipu A, > ¢ jmenaercda TMONBITKA IIOBTOPHOTO HHTErPHPOBAHMSA, MCXOMd M3
TOYKHM X,, HO C yXKe BJBOE MEHBLIIMM LIATOM.

[Monyyaemas B UTOre ANNPOKCUMAIMS MMEET YXKe BTOPOH ITOpsiIOK.

Bagaga 1. Ha npumepe ypasrenus u'+ Mu = 0 moigyuuTsb SBHYI0 (OpMYILY,
BBIPAKAIOIILY 10 u,ll 19 T T HEPE3 Up: “711 totTh = A(M)uy,. Tlpn raxux M
BBIIIONHsIETC HepasexcTso |A(M)| < 17

4. Kak yxXe 0TMedasioch DaHee, SBHbI€ METOJABI YHCJIEHHOTO HHTEPHPO-
BAHHs LIS KECTKHX CUCTEM OOBIKHOBEHHBLIX JU(PPEpPEHITHAJILHBIX yPaBHEHHI
HEIIpUEMJIEMbI BCJIECTBHE OrPAHWYEHWN HA Inar WHTerpupoBaHud. [leficTBu-
TEJIBbHO, PACCMOTPHM MOJIETBHOEC YpaBHEHUE

u + Mu=0, u(0)=ug (15)

M TIpUMEHUM JiJIsi €r0 pelieHds Meroy Jiliepa:
w1 =" — Mhu™ = (1 — Mh)u™, u° = up. (16)
Pemenue 3amaum (15) mpm M > 0 wummeer BHj MOHOTOHHO yOnIBaromiei
skcmonentel u(z) = uge~M?, B TOo Bpemsa xaxk pemenme (16) WMmeeT BUA

u" = (1 — Mh)"ug. Takum obpasom, npu |1 — Mh| > 1 pemenne 3ana9u
MeTOAOM Jiepa IKCIIOHEHIMAILHO BO3PACTAET M HEe MMeeT HHUero obmiero c
peaspHBIM pemenueM. Bosee. Toro, ewmn gaxe |1 — Mh| <1, Ho 1—-Mh <0,
TO pemenue (15) IKCIIOHEHNIUAIBHO yOLIBAE€T, HO TPH MEPEXOJEe OT IAara K
mary MeHsieT 3HaK, T.e. MeTOJ Jiljepa B 9TOM CJIydYae TaKyKe HEIPHMEHUM.
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Takum ofpa3oM, U3 IPOBEAEHHBIX BBIIIE PACCYKJEHHMH MOXKHO CIENATD
BBIBOZI, UTO MeTOJ Jfliepa JaeT HPUOIMIKEHHOe PpeIlelHe, IIPABUIBLHO MOJe-
Jupyomiee noBejerue perneHus aud@epeHIHanbHOR 32Ja49H IPU BLITOTHEHUY
VCJIOBASL Ha IIAr MHTErPUPOBAHHUS
1
M’
uro npp bompmux mo momymio M Bieder 3a cobo#l HEmoMepHOe yBeJHYeHpe
BBIUHCIIATENLHBIX 3ATPAT.

Mozxer moKa3aThCs, UTO SBHBIE METOABl YHCIEHHOIO HHTErPUPOBAHUA BO-
obuie HeNPHMEHHMBbI JJIsT PelleHHs XXeCTKHX CHCTeM OOBIKHOBEHHBIX auQQe-
peHnManbELIX ypapHemui. Oxpmako arto #e Tak. He Tax masmo Obul mpes-
JIOKEH METOJ, YUCJIEHHOTO HHTCTPUPOBAHUS JKECTKUX CHCTEM OOLIKHOBEHHBIX
nuddepeHnTaNbHLIX YPABHEHHH € IIOMOIIBIO SBHBIX METOINOB (B HUaCTHOCTH,
MeTOHa Jinepa), KOTOPBIE MO3BOISMIOT CYIMECTBEHHO COKPATHTDL BHITHCJIATE b~
uple 3arparbl. CyTh METOKA COCTOMT B IIEPEMEHHOM WIAre HHTErPUDOBAHHA.

M3n0XXuM OCHOBHBIC HIEH METOJla Ha IIpUMepe MOIeNbHOH 3amauu. B ka-
YecTBe TAKOH 33Ja49W PACCMOTPUM CHCTEMY OOBLIKHOBEHHBIX JH(bepeHIHAD-
HBIX ypaBHEHHH ¢ CHMMETDUTHOI HEOTPUIIATENbHOW MaTpuieil A:

h< (17

du .
— +Au =0, u(0)=u,. (18)
dt
Bymem mpejnonaraTh, @ro crektp marpuisl A mMoxeT ObITh pasjelieH Ha
Be YACTH: TJHATKYI0 — A1,..., Ap = O(1) # XKECTKYIO — Akii,..., Am > 1
max A; = M. Pemenne 3amaun (18) mmeer Buj
u(t) = e~ tay. (19)

Pemenue samauu (18) 6ymem wuckars Ha orpeske [0, 7], HCHONB3yd MeETOZ
iiiepa

Upe1 = U, — hAu, = (E — hA)u,,

OTKY A2
u, = (F — hA)"uy. (20)

Paznarass ug 10 COBCTBEHHBIM BEKTOpaM MarTpuilbl A, MOTydYuM

m
Ug = Z a;e;.
i=1
Torma uz (20) umeem

m
u, = Z aj(l — h)\j)"ej. (21)
j=1

Borencreue (19) mopma pemenus |lu(t)|| nuddepennuansnoil 3anadau HE
Bo3pacTaeT. Eciau noTpeboBaTh, 4TOGB HOPMa PEIIEHHs JUCKPETHOH 3313ty
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raK)Xe He Bospacrasa, TO u3 (21) MOXHO MONYy9YUTH, UTO MIAI MHTEIPHPOBA-
gas h JOMKeH yHOBJIETBOPATH YCIOBHUIO

1—h)N|<1, j=1,...,m,

OTKY/Ja TIOfAYydJaeM OIeHKy jia h:
h <2/M. (22)

Yenosue (22) siBusiercd HeoOXOAMMBIM JUIst yCTOWHUHBOCTH MeToma Jifiepa
(20). Haxe B ciywae, KOLAA Mbl HAaXOAUMCA B OOJIACTH, TJE COCTABJISTIONIAS
pELIEHNS, COOTBETCTBYIONMIAsK JKECTKON YacTH CHeKTpa, OiMsKa K HyJIO, MBI
BBIHY?KJICHBl BBIOMPATH IIAI HHTEIDHPOBAHHUIA, YJOBJIETBOpsommil (22); B npo-
THBHOM CJIyYae IPOMCXOTUT 3KCHOHEHIIHMAJBHOE HAKOIJIEHHE BLIMHCIHTEIBHON
MOTPEUIHOCTH.

TIpeAnonoKuM, 9T0 Mbl 33JaJNK THCIO IIATOB HHTErpUpoBanud, pasHoe N.
Torma 3a N miaros, ucnosb3ys Merof Diiepa (20) u ycaoBme yCTORIUBOCTH
(22), MBI MOXKEM IOJNYYIUTh NPUOJIMIKEHHOE DEIleHHe JIO0 MOMEHTA BpPEMEHH
r=2N/M. TlocraBumMm creayrowyio 3ajady. Mcrnonb3yd IepeMeHHBUA 1ar Me-
Toda JUnmepa, MONyuuTh 3a N IMAaros TUpuOIMMKEHHOE pelIeHre Ha KaK MOX-
HO GoJIbIIEM TPOMEXYTKe. ECTeCTEEHHO, TITO NPH 3TOM HCIOJb3yEeMBIH METO/T

JOIKeH OBITh YCTONYUBBIM.

du
YTounuM JaHHYIO HOCTAHOBKY JMJisS Ciayuas oOIIero ypaBHEHHs =

f(t, u), u(0) = uvg. Ecim u,, u3BecTHO, TO Upy; OyAeM HCKATD, I/ICI’IOJ(IiIt)BySI
CJICOYTOIANA AJrOPUTM
Yat1/2 = Un + hp 1 f(tn, un), tni1/2 = tn + My,
Yoil = Yngi/z + hat1f(tny1jo, Yoy12),  fat1 = tog1jo + Ao, (23)
Uni1 = Yat1 + Yatthagt (E(tn, un) = £(tntr/2, Yat1/2)) s

3/lech +y; — HEKOTOPBIE IIOCTOSIHHDBIE, KOTOPBIE HApAAY € hj HAJA0 OUPEACIHTD.
Paccmorpenme merosa (23) Gymem upososuTh Ha npumepe 3agaun (18).
HOnst cnyuaa sagaam (18) meronm (23) mmeer Bup

Yn+1/2 = Up — hnq1Aun, tnt1/2 = tn + hntt,
Yo+l = Ynt1/2 = hat1A¥nq12, gt = tog1y2 + by,
Unt1 = Ynt1 = Yot1hns1 (Auy — Ayny)2).
C momormpio smemeHTApHBIX IIpe0OPa3OBaHUil OTCIOAA TMOIYYaeM COOTHOIIEHHE,
CBASBIBAIOIIEE Upy1 M Upy:
Uny1 = (E — hny14)% 0, — yngrbngr (Atn — A(uy — hay1Aug)) =
=(E — hpt14)%0n — Yny1hl A, = (24)
= [(E = hnt14)? — Ynp1hd 1 A%] up.
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Takum 06pa3soM, MBI MOXKEM 3aIHCATh COOTHOUIEHWE, CBA3BIBAIOIIEE Uy U ug
B BHJIE

uy = Qan(A)uy, (25)
rIae
N
Qv (N) =[] [( = had)? — k222, (26)

=1

3aMeTuM, dUYTO
N
Qan(A) =1 "2Zhi/\+"‘
i=1

W3 mnocranoBkm 3amaum BHAHO, 4TO KOIPGDHUIMEHT NpH A B MHOrOWIe-
He (Qon()\) Kak pa3 M ABIAETCS BEJIMIUHOM, KOTOPYIO MBI JOJIKHBI MU-
HUMU3NPOBaTL. KpoMme 9TOro MJONKHO BBUIIONHATHLCS YCJIOBHE YCTOHIMBOCTH
lQan(A)|| < 1, uro skBuBamenTHO BhONEEeHMIO HepaseHcTBa |Qan(A)| < 1
opu A € [0, M].

Takum ob6pazoM, MBI HOPHUHIIIN K (JIEIYyIOmIed MOCTAHOBKE 3aja4vu. BBelem
kjgacc P wmuHorownenop creneHn 2N co cBoOOHHBIM tjeHOM 1, He NPEBOCXO-
Jamux no momymo 1 Ha orpeske [0, M]. Ha srom kiacce rpebyercsa wnaii-
TH MHOTOYJIEH, TIPOH3BOJHAA KOTOPOTO B HyJI€ SIBJISICTCS MHHHMAJIBHOH, T.e.
Tpebyercss maittu (o € P Takoi, uro

Qan(X) = arg min Py (0). (27)

CupapeyiuBa  CJIEIY IOIIAST

Jlemma. Y
argpgliigPPQ'N(O) =Ton (T) = Qan(N);
3neck Thny — MHOrowinen Yeboimesa crenenun 2N .

Joxasameavcmeo. VI3 ompenenennss MHOTOYIEHOB UeObInieBa JIETKO BHACTD,
yro Toy € P. IlpeamonoxuM, UTo yTBEpXKJeHHE JeMMbl HeepHo. Torma cy-
mecTByer Mmuorowien Poy € P Takoit, uro Pj,(0) < Q45 (0). PacemorpuM
pasaoctb T(A\) = Qan(A) — Pon(A). D1a pa3HoCTh fABIsSETCd MHOTOWICHOM CTE-
menn 2N u B Touke ( obpamaerca B HyJdb, Tak Kak Py, Qan € P. IlycTp
A0, - -+, AoN — TOUKH 3KCTpeMyMa (Qan; mpH 3ToM Ag = 0, Aoy = M. Tak Kak
Q2N MHOrOUWIEH dUeTHOH cremeHu, To signQan(Ag;) > 0, signQan(Agj1) < 0.
OTciona ciaemyer, YTO T YOOBJIETBOPAET YCIOBHIO

signr(Ag;) =0, signr(Agj11) < 0. (28)

Hafizem Koam4ecTBO KOpHeH MHoroweHa r Ha orpeske [0, M]. Ha orpe3ke
[Xo, A1) Bcerma mmeercst mBa KopHsi. Heficrsurensuo, 7(Ao) = 0 u, mo mpeano-
noxenuto semmbi, 7/(X\g) > 0. Ilockomexy (A1) < 0, To 370 U o3HadYaer, ITO
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ga [Ao, \1] MMmeerca He MeHee aByx Kopmeil. Ecam 1o TOYKH Agj41 BO BCex
yanax Ar ( 3a mCKiIOUEHHEM Ag ) MMeJI0 MeCTO CTpOroe HepaseHCTBO (28),
Ha OTPE3Ke [Ag, Agj41] mmeerca 2j+2 kopus 7(A). Ilyers r(Ayj41) = 0. Torma
BO3MOXKHBI JiBa Ciydad: Wi 7(A\) MEHACT 3HAK B OKPECTHOCTH TOUKH Agj41,
JUIH 3HAaK B OKPECTHOCTH Apj41 He MeHslercda. B mepsom ciyuae sTo osmadaer,
4ro Ha OTpe3Ke [Ap, Agjt2] MMeerca 2j + 3 kopusa. Bo BTOpoMm ciywae Touka
Agj+1 ABIAETCA KpaTHbIM KopseMm 7(A). Taxum o6pazom, 0 TOUKH Agjip MBI
paccMOTpeNTM BCE BO3MOXKHBIC CIIyHaW U yCTAHOBHIH, UITO 7(\) mMeer ¢ ywe-
TOM KDAaTHOCTH Ha [Ag, Agji2] He meHee 2j + 3 kopueil. Ilpogomskad mporece
[o/ICYeTa KOpIei, OKOHUATENLHO IONYYaeM, UTO Ha BCEM OTpe3Ke [Ag, Azn]
muorowier r(\) crenernm 2N umeer me menee 2N + 1 kopmeit. Ionyuernoe
IPOTHBOPEYHE 3aBEPIIAET JOKA3ATEIBCTBO.

Crnemyer OTMETHTB, UTO HCXOAHAA 33Ja4a JO CUX IOP HE peIIeHa, TaK Kak
MBI JIMIOb HAILTIH (DYHKIHUIO M3 Kiacca P, yJOBJIETBOPAIONIYI) YCIOBHMIO IKC-
rpemyMa. OJHAKO HHOTKYJa IIOKA HE (JIEAYeT, 4TO ITa (DYHKIMs (MHOTO'LIEH)
npeacrauma B Buje (26). Ilokaxkem, aro 310 jeiicTBuTensHo Tak. Muoro-
qJIeH QgN(/\) = Thy (QAA_JM) umeer Ha orpeske [0, M| poBHo 2N KopHeii:

A= Moy M cos =7

2N

j=1,..., 2N, KOTOpBIE PACIONOXKEHb CHMMETPHY-

HO OTHOCHTEJILHO TOYKH 7~cepeﬂnHm orpeska [0, M]. Beona Benmuuns ¢;
2 - M )

M :
TaKhe, 4ro A; = > +¢&, 7=1,...,N, uckomelit muorounen Thy i

(- sg) (- g) -
N (29)
=11

MOXXHO 3anucaThb B BHIEC

20— M
e (854 -

M2/4 52 [(M/2 - )‘)2 _512‘] :

[TpupasauBasi npu (PUKCHPOBAHHOM j BBIPAXKEHHE, CTOMAIIEe II0J 3HAKOM
npouspenenus B (29), K BBIPAXKEHWIO 107 3HAKOM Ipou3BeAeHust B (26) mpu
TOM e j, IOJy4daeM COOTHOIUNEHHe JUIsl OIpPEeJeJIeHHs NapaMeTpoB hj, «;:

M A€z
_ I 30
hi M2z 282" VT M2 (30)
- M )
Takum obpasom, muHOrOousmeH Qon(A) = Ton. 7 JeHCTBUTENLHO

SBJISIETCA pellIeHHeM IIOCTABJICHHOH 3aJaun. Brramcamm 3mavenue 4y (0).
Ans mMuorounena Yebrimesa Thy(z) cnpasesnuea (dopMyiia

Vz2 = 1) + (z — V22 — 1)V -
T2N(z)=($+ z?2 1)2 ';( 2 1)2 , z:%\/{. (31)
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Torma

dTZN _ / 2N 1 2z
dx [x—l— (M Myz2 — )

- ‘%V_ [(ggzzv_l N =1 a? 1o (Ve 1) (1 N \7?21?) .

+ (xQN_l — (2N = )2 /22 — 1 4 o( V22 — 1)) <1 - \/—ZQLT—1>J =
- ?‘% [2#1"—1 +2(2N = DNl 4 0 (\/:ﬂ 1 )} .

—_

(32)
Tak kak
dhon (B70) | _ dDn(a)
) T Tax |,
A=0 =
To u3 (32) mmeem
dTyn (25 8N? ,
dTon (T) =27 (33)
dA M
IA=0

Takum obpasoM, 3a 2/N IMIAroB YHCJIEHHOrO WHTEIPHPOBAHHS KECTKOH CH-

CTeMbl yPaBHEHWI C IOMOIIBIO METOAA JUJIepa Mbl MOYKEM MOJIYYHTHh NpubIH-
4N

XKeHHOe pemieHue Ha orpeske [0, %] B TO BpeMs KaK IPHA WHTErPHPOBAHHUH

TOM K€ CHCTEMBI ypaBHeHnn C IIOMOIIBIC ABHOZ20 memoda ¢ nepemeﬁm)tm wa-

20M MOXKHO HONY4YHTHh NPHUOAMXKEHHOe pemienne Ha orTpeske [0, 8—17—] 3a TO
XKe KommdecTBO ImaroB. OTCIOfa CIIEAYET, YTO HCMNOJNb30BAHUE IEPEMEHHOTO
Iara WHTETPUPOBAHMS IO3BOJSET YBEJIHIUTHL IIPH TEX YK€ 3aTpaTax MpOIec-
COPHOI'O BpEMEHH JJIMHY OTpe3Ka HMHTErpHPOBaHUg B ~ N pa3, T.e. MeToA
byner ocobo adbdexkTuBHbiM mpu bonsiiux N. B HacTosimee BpeMs pacueTh
110 YKa3aHHOMY METOAY NPOBOAATCH A0 3HaUeHWH N, JOCTHUrAIOMWMUX MOPAAKS
105, TIpu stom N Boibupaercs B KaxIOH PACYETHOH TOYKE B 3aBHCHMOCTH
OoT rIagKocTH pemenus. Kak npasuno, N BuOmpanoT cpenu ducesr N = 9.3k

Cuemyer ormeTuTh TOT (PAKT, YTC NHPHU TMPAKTHIECKONW pea3alin pac-
CMOTPEHHOrO BBIHIE METOMNA, KaK U B ciaydae eOnlieBCKOro ycKOpeHUs MWTe-
PAIMOHHBIX METOJOB, OYEHb BAXKHON sBIgeTcs HpobieMa IPAaBHIBHOTO YNO-
PANOYHUBAHUS IapAMeTPOB IPOIECCa. B HacTodliee BpeMsl ITH 33Ja4dd perle-
Hbl U Ha UX OCHOBe cO3jaH KoMmIuiekc mporpamm Jlebemesa «DUMKA» gnd
pEHIeHHsI JKECTKHUX CHCTeM OOBIKHOBEHHBIX A pepeHIMaNbHbIX ypaBHEHHH,
KOTOPBIH TIOKA3AJI CBOK BBICOKYIO 3((PEeKTHBHOCTL Ha MHOTOUYHUCAEHHBIX 3313~
qax 3toro knacca. Ocobenno »dgekTaBeH JaHHBIE METOH 110 CpapHeHHio ¢
JAPYTHMHA IIPM HCIIOJb30BAHHM MHOTOIIPONECCOPHON BBIMHMCIUTEIBLHOA TeXHHKH,
TaK KaK OH JIErKO PaclapallieBaeTCH.
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§10. MeToabl YHUCJIEHHOTO MHTErPUPOBAHNS
YPaABHEHUI1 BTOPOro mopsjakKa

BBeeHHEM HOBBIX HEHM3BECTHBIX (YyHKIui gudpepeHIHanbuble ypaBHEHU
OgoOpAAKA BBIIIE IIEPBOIO M HX CHCTEMBI CBOJSATCH K CHCTEMaM ypPaBHEHUI
pgepBoro nopsika. Takum obpasom, npu GopManbHOM MOAXOAE BOIPOC O HH-
cjleHHOM pemneHun 3ajaun Komwm [yig ypasHeHHH BBICIIMX HOPEIKOB MOXHO
GLUIO OBl CIUTATH HCUEPIANHDLIM.

OpHAKO METOABI, HPHUCIOCOOTIEHHBIE CIHEMUANLHO JJIS PENIeHUs] ypPABHEHUE
BHICIIMX IHOPAIOKOB, acTo bonee addextupnnt. [Ipn paspaborke Takux MeTo-
0B HY>KHO TaKXXe MMETh B BUJy IIHPOKOE DACIPOCTPAHEHHE CHCTEM YDaBHe-
HU# BBICOKHX IIOPAAKOB CIENUAJBLHOIO BHIA, YUYET CHEIMM(DUKA KOTOPBIX MO-
x)eT enie Oonee NOBBICHTH 3dEKTHBHOCTL METONOB. Hamnpwunep, pan 3amad
HeOeCHOW MeXaHMKH CBOJUTCH K MHTETPUPOBAHUIO CHCTEM YDaBHEHMIMA

o \
= f(y).
PaccmoTpnM HeCKONMbKO Donee IMUPOKHR KJjlace ypPaBHEHMH
"o__ o
y" = flx,y).

Kak u BLIIIE, PACCYKIECHUA ITPOBOAATCI OJd OOHOTO YPABHECHHHA, ITOCKOILBKY
IIEPEHOC PpeE3YyJLTATOB Ha cnyqaﬁ CUCTEMbBI OCYIIECTBJIAECTCA aBTOMATHYECCKH.
Tpa,H‘I/IHI/IOHHO naunboJiee paciapocTpaH€HHbIMU MeTOdaMU HHTErpUpoBaHUA Ta-

KHX yYPaBHEHUH 